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NMR SPECTROSCOPY

Figure 1.1. Protein struc-
ture determined by NMR
spectroscopy. Four struc-
tures of a 130 residue pro-
tein, derived from NMR
constraints, are overlayed to
highlight the accuracy of
structure determination by
NMR spectroscopy.

Nuclear magnetic resonance (NMR) spectroscopy is
a powerful technique that can be used to investigate the
structure, dynamics, and chemical kinetics of a wide
range of biochemical systems. Due to the complexity
of this technique it can be challenging for the novice to
become a practicing NMR spectroscopist. This text is
primarily designed to provide a practical, as well as the-
oretical, guide to modern NMR spectroscopy.

A brief survey of the important features of NMR
spectroscopy is provided in Chapter 1. The acquisition
and processing of one-dimensional NMR spectra are de-
scribed in the following two chapters. Sufficient theoreti-
cal background to understand modern multi-dimensional
NMR spectroscopic methods is developed in Chapters 4
through 12. Three appendices provide information on
Fourier transforms and other mathematical tools. The
last appendix describes building blocks of NMR experi-
ments, facilitating the analysis of complex NMR experi-
ments. The resonance assignment process, an important
step in the analysis of protein NMR spectra, is described
in Chapters 13 and 14. Chapter 15 guides the reader
through the process of acquiring and processing multi-
dimensional NMR spectra.

The remaining chapters of the text discuss several important applications of NMR
spectroscopy: structure determination, molecular dynamics, and chemical kinetics.
Protein structure determination by NMR spectroscopy is discussed in Chapter 16. This
method can be be used to determine the atomic level structure of proteins in solution,
often providing structures as accurate as those determined by X-ray diffraction (see
Fig. 1.1). Although structure determination by NMR is limited to proteins with mole-
cular weights less than 40-60 kDa, NMR techniques provide an alternative method for
structure determination if a protein cannot be crystallized, or if there is concern that
crystal packing has distorted the true structure in solution.
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Figure 1.2. Characterization of molecular dynamics with NMR. The time scale of motions
in proteins are indicated below the axis and NMR techniques that can be used to characterize
motion on the various time scales are shown above the axis.

One of the more powerful attributes of NMR spectroscopy is its ability to detect
molecular motion in proteins and other polymers. Other methods of detecting mole-
cular motion, such as fluorescence spectroscopy, are limited by the small number of
sites that can be probed and the narrow time scale over which the motion can be
characterized. The ability to observe and characterize resolved NMR resonance lines
from individual atoms provides information on dynamics from a large number of sites
within the protein. Furthermore, it is possible to characterize the dynamic properties
over a wide range of time scales. The time scales for a number of biological processes,
as well as the NMR techniques that are applicable to these time scales, are shown in
Fig. 1.2. The applications of chemical exchange and spin relaxation to characterize
dynamics are discussed extensively in Chapters 18 and 19. Residual dipolar coupling
is discussed in Chapter 16 and the reader is referred to [159] for the application of this
technique to protein dynamics. Amide hydrogen exchange is discussed in Chapter 15,
and the application of these measurements to the characterization of protein dynamics
has been recently reviewed by Dempsey [50].

Lastly, NMR is useful in probing molecular interactions, such as protein-drug or
protein-protein interactions. The binding site can often be detected from changes in
NMR resonance frequencies that occur when the complex is formed. The kinetic
rate constants for binding can be measured over a broad time scale using the same
techniques that are used to measure molecular motion.

1.1 Introduction to NMR Spectroscopy
In this chapter we will employ a semi-classical model of the nuclear spins to ob-

tain an intuitive understanding of many of the fundamental aspects of modern NMR
spectroscopy. This treatment will highlight a number of important features of NMR
spectroscopy, including:

1. How energy states are created by the magnetic field,

2. How resonance signals are detected,

3. How the detected signals are transformed into spectra,

4. How the relaxation properties of the excited state are affected by the environment,

5. How the relaxation properties affect the NMR lineshape,

6. How the absorption frequency of a nuclear spin is affected by its environment,

7. How the characteristic NMR absorption frequencies of amino acids are interpreted.
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1.2 One Dimensional NMR Spectroscopy
1.2.1 Classical Description of NMR Spectroscopy

The basic phenomenon of NMR spectroscopy is similar to other forms of spec-
troscopy, such as visible spectroscopy. A photon of light causes a transition from the
ground state to the excited state. In the case of visible spectroscopy an electron absorbs
the energy, while in the case of NMR spectroscopy the absorbed photon promotes a
nuclear spin from its ground state to its excited state.

NMR spectroscopy differs in a number of important aspects from other forms of
spectroscopy. First, the generation of the ground and excited NMR states requires the
existence of an external magnetic field. This requirement is a very important distinc-
tion of NMR spectroscopy because it allows one to change the characteristic frequen-
cies of the transitions by simply changing the applied magnetic field strength. Second,
the NMR excited state has a lifetime that is on the order of 109 times longer than the
lifetime of excited electronic states. This difference in lifetimes follows directly from
Einstein’s law for spontaneous emission that relates the lifetime of the excited state,
τ , to the frequency of the transition, ω:

τ ∝ 1
ω3

(1.1)

The long lifetime of the excited state implies extremely narrow spectral lines since
the ability to define the energy of a transition is proportional to the lifetime of the
excited state1. In the case of small organic molecules, linewidths less than 1 Hz are
easily attainable. Thus it is possible to detect small changes in absorption energies that
arise from subtle differences in the environment of a nuclear spin. The persistence
of the excited state also facilitates multi-dimensional spectroscopy, the cornerstone
of modern multi-nuclear NMR studies on biopolymers, by allowing the resonance
frequency information associated with one spin to be passed to another. Finally, the
long lifetime of the excited state permits the measurement of molecular dynamics over
a wide range of time scales.

1.2.2 Nuclear Spin Transitions
For all forms of spectroscopy it is necessary to have two or more different states

of the system that differ in energy. In a system with two energy levels, the one with
the lower energy level is often referred to as the ground state and the higher energy
state as the excited state. In the case of nuclear magnetic resonance spectroscopy, the
energies of these states arise from the interaction of a nuclear magnetic dipole moment
with an intense external magnetic field. Excitation of transitions between these states
is stimulated using radio-frequency (RF) electromagnetic radiation.

1.2.2.1 Magnetic Dipole
The nuclear magnetic dipole moment arises from the spin angular momentum of

the nucleus. All nuclei with an odd mass number (e.g. 1H, 13C, 15N) have spin

1This is one form of Heisenberg’s uncertainty principle: ∆E∆t ≥ �/2.
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angular momentum because they have an unpaired proton. All nuclei with an even
mass number and an odd charge (e.g. 2H, 14N) also have spin angular momentum.

The spin angular momentum, �S, is quantized (as is all angular momentum) and
the different quantum states are indexed with the spin quantum number I . The total
angular momentum of a nuclear spin is: �S = �

√
I(I + 1). We will generally be in-

terested in the z-component of the angular moment, Sz , which is restricted to integral
steps of � ranging from −I to +I . For example, a spin one-half nuclei would have
two possible values of Sz: + 1

2�, and − 1
2�, corresponding to spin quantum numbers

mz = +1
2 and mz = − 1

2 , respectively. The magnetic moment of a nuclear spin, �µ,

is proportional to its spin angular momentum, ��I , by a factor, γ, which has units of
radians sec−1 gauss−1.

�µn = γn��I (1.2)

The magnitude of γ depends on the type of nuclei. Useful NMR properties of various
nuclear spins, including values of γ, are shown in Table 1.1. NMR active isotopes of
hydrogen, carbon, nitrogen, and phosphorus exist, thus it is possible to observe NMR
signals from virtually every atom in biopolymers. Protons (1H) and phosphorus are
highly abundant in natural biopolymers, while in the case of carbon and nitrogen it is
usually necessary to introduce the appropriate isotope into the sample by biosynthetic
labeling. Also note, that with the exception of deuterium (2H), all of these nuclei have
a z-component of the spin angular momentum of �/2. Consequently, the material
presented in this text applies to all of the above atomic nuclei, except for deuterium.
Deuterium with a spin quantum number I = 1 is a quadrapolar nuclei and in certain
instances needs to be treated differently than spin-1/2 nuclei.

Table 1.1. Properties of NMR active nuclei.

Nuclei1 γ (rad × sec−1× gauss−1)† I Natural Abundance (%)

1H 26,753 1/2 99.980
2H 4,106 1 0.016
19F 25,179 1/2 100.0002

13C 6,728 1/2 1.1083

15N -2,712 1/2 0.373

31P 10,841 1/2 100.00

1The term “Protons” is used interchangeably with 1H in the text.
2Fluorine is not normally found in biopolymers, therefore it has to be introduced by
chemical or biosynthetic labeling.
3These isotopes of carbon and nitrogen are normally found in low levels in biopoly-
mers, therefore the levels of these two spins are generally enriched, often to 100%, by
biosynthetic labeling.
†CGS units are used throughout the text.
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Figure 1.3. Orientation of magnetic dipoles.
A. Orientation of nuclear magnetic dipoles in the absence of a magnetic field. A unit sphere is
shown and the dots on the surface illustrate the various orientations of the dipoles in space. The
orientation of one dipole µ is indicated by a line drawn from the center of the sphere.
B. The orientation of the nuclear spin dipoles in a static magnetic field along the z-axis. Note
that approximately one-half of the spins are pointed up and the other half are pointed down.
Also note that they can assume any value of φ, but only two values of θ. φ and θ represent the
orientation of the magnetic dipole in spherical coordinates, as shown on the right part of this
figure.

1.2.2.2 Nuclear Dipole-Magnetic Field Interaction
When a collection of nuclear spins is observed in the absence of a magnetic field,

all possible orientations of the magnetic dipole are possible, as shown in Fig. 1.3.
However, once the spins are placed in a magnetic field, the direction of z-axis becomes
defined by the direction of the field, and the magnetic moments of spin-1/2 nuclei
assume two orientations, either in the same direction as, or opposed to, the magnetic
field (see Fig. 1.3). Note that the magnetic moments cannot orient parallel to the
magnetic field because of the restrictions placed on the value of µz by the quantum
mechanical properties of the system.

The energy of a state depends on the interaction of the aligned magnetic dipole with
an externally applied magnetic field. The size of this interaction can be found from
classical electromagnetic theory. For example, consider a magnetic dipole in a static
magnetic field, �B, with the magnetic field along the z-axis, as shown in panel B of
Fig. 1.3. The energy required to change the angle, θ, is

E =
∫

Γdθ =
∫

(�µ × �B)dθ = |µ||B|
∫

sin(θ)dθ = −|µ||B| cos(θ)

= −�µ · �B (1.3)

where the torque, Γ, arises as the static field attempts to align the magnetic dipole of
the nucleus. The energy of interaction, or Hamiltonian2, between the field and the
dipole is therefore given by the dot product of the two vectors: H = −�µ · �B.

The actual magnetic field that is present at the nucleus is usually attenuated, or
shielded, by the presence of electrons that surround the nucleus, giving a modified
field at the nucleus, B:

B = (1 − σ)Bo (1.4)

2The Hamiltonian is a quantum mechanical function, or operator, that can be used to determine the energy
of the system, provided the quantum state of the system is known. See Chapter 4 for more details.
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Figure 1.4 Effect of magnetic field on the energy levels
of a spin-1/2 particle. The energy separation between
the ground and excited state increases as the magnetic
field strength is increased. The diagram shown applies
to a spin with γ > 0. The diagram would be identical
for γ < 0, except that the quantum numbers would be
interchanged.

where σ represents the degree of shielding and Bo is the strength of the applied mag-
netic field. An extensive discussion of shielding effects is found in Section 1.5.

Assuming that the magnetic field is along the z-axis, the energy of each state is:

H = −uzBz (1.5)

At this point the result is entirely classical and it is applicable to any magnetic di-
pole that is placed into a magnetic field. To relate the energy of a nuclear spin to its
quantum state, we make use of the relationship between the magnetic dipole and the
z-component of the spin angular momentum, µz = γ�mz , giving the energy for a spin
in a quantum state, mz:

H = −γ�Bmz (1.6)

This is often referred to as the Zeeman Hamiltonian. Using Eq. 1.6 it is possible to
draw an energy diagram for a spin-1/2 particle (mz = ±1/2) as a function of magnetic
field strength, as shown in Fig. 1.4.

The ground, or lower energy state, referred to as α, corresponds to mz = +1/2,
and the excited, or higher energy state, referred to as β, corresponds to mz = −1/2.
The energies of the two states can be calculated using Eq. 1.6,

Eα = −γ�B

2
Eβ = +

γ�B

2
(1.7)

The energy difference between the two states is easily computed,

∆E = Eβ − Eα = γ�B (1.8)

and using the relationship, E = �ω, gives the well known Larmor equation:

ωs = γB (1.9)

In the above equation, ωs refers to the absorption, or resonance frequency, of the
shielded nucleus, i.e. its observed resonance frequency. The Larmor equation is one
of the key equations in NMR spectroscopy, it states that the absorption frequency of a
transition is equal to γ multiplied by the strength of the magnetic field at the nucleus.

The energy of an NMR transition is quite low, requiring radiowaves to excite the
spins. The small value of ∆E has two important consequences:

1. The population difference between the two energy levels is very small, on the order
of 1 part in 106. The actual population difference can be easily calculated from
Boltzmann’s relationship:

Nβ

Nα
= e

−γ�B
kT ≈ 1 − γ�B

kT
(1.10)
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The consequence of having a small population differences is that NMR spec-
troscopy is a relatively insensitive experimental technique because of the small
excess of spins in the ground state. In any form of spectroscopy the presence of
electro-magnetic radiation induces transitions from the ground to the excited state
and vice versa. Consequently, the net absorption depends on the population differ-
ence between the two states. Due to the low sensitivity, it is common to increase
the signal-to-noise of the spectrum by signal averaging. In addition, typical NMR
experiments require protein concentrations on the order of 1 mM. However, in
some cases concentrations in the range of 50 µM have be used.

2. The lifetime of the excited state can be quite long, on the order of msec to sec. As
discussed above, a long lifetime provides three benefits: narrow resonance lines,
experimental manipulation of the excited state in multi-dimensional experiments,
and sensitivity to molecular motion over a wide time scale.

Bo

B1

Top View

Side View

Excitation/receive
coilx

z

y

Sample

Figure 1.5. Geometry of magnetic
fields around the sample. The sample is
contained in a glass tube. The diameter
of the sample tube is typically 5 mm and
the sample volume is approximately 0.5
ml. The directions of the static B0 field
and the oscillating B1 field are shown.
The B1 field is usually applied us-
ing two paddle shaped Helmholtz coils,
shaded dark gray. These coils are also
used to detect the magnetic field pro-
duced by the excited spins. Magnetic
field strengths (Bo) that are commonly
used range from 7 Tesla to 21 Tesla,
corresponding to proton resonance fre-
quencies (νH ) of 300 MHz to 900 MHz,
respectively.

1.3 Detection of Nuclear Spin Transitions
We have seen how placing a nuclear spin in

a static magnetic field generates a ground and
an excited state. Irradiation of a sample with ra-
diofrequency (RF) waves of the appropriate fre-
quency, ωs = γB, will excite transitions from
the ground to the excited state due to the in-
teraction of the magnetic dipole with the oscil-
lating magnetic field component of the electro-
magnetic radiation. This excitation field, called
�B1, must be orthogonal to the direction of the
magnetic dipoles, such that �B1 × �µ �= 0, to gen-
erate transitions of the nuclear spin state. The
relative orientation of the static B0 field and the
oscillatory B1 field are shown in Fig. 1.5.

The B1 field can be applied to the sample
in one of two ways, either by scanning through
multiple wavelengths (continuous wave NMR),
or as a short burst of high power RF that excites
a broad range of transitions (pulsed NMR). Each
of these methods are discussed below.

1.3.1 Continuous Wave NMR
In continuous wave (CW) spectroscopy the

NMR spectrum is obtained by using a technique
that is similar to traditional UV-visible spec-
troscopy, namely scanning the wavelength of
the incident light and detecting the absorbance
as a function of frequency. Prior to the intro-
duction of pulsed methods in the early 1970’s,
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all NMR spectra were acquired in this way. Low sensitivity and the general restriction
to one-dimensional NMR experiments are the principal reasons why continuous wave
spectroscopy is no longer used. Due to the low inherent sensitivity of NMR it is
necessary to average signals. Consequently, the overall sensitivity depends on how
fast each individual spectrum can be acquired. A continuous wave scan takes much
longer than pulsed excitation because it is necessary to wait for the excited spins to
return to the ground state while the spectrum is being scanned. Otherwise the signals
from previously excited spins will interfere with the newly excited spins. In contrast,
since all of the spins are excited at the same time with pulsed NMR, it is only necessary
to allow the spins to relax for a single time period, between each excitation pulse.

1.3.2 Pulsed NMR

Time

Radio−frequency pulse

Signal (FID)

Figure 1.6. A simple one-pulse NMR
experiment. The experiment begins
with a short (≈ 10 µsec) radio-
frequency pulse. The induced signal
(FID) is sampled as it evolves over time.

The simplest pulsed NMR experiment con-
sists of a short RF-pulse followed by detection
of the signal. This pulse sequence is shown in
Fig. 1.6. In this experiment the nuclear spins
are excited by a short burst of radiofrequency
(RF) energy and the resultant excited states
produce an oscillating magnetic field that in-
duces a current in the receiver coil. In practice,
the same coil that was used to excite the spins
is also used to detect the signals. The induced
current is measured as a function of time and
is referred to the Free Induction Decay or FID.
The subsequent Fourier transformation of the
FID gives the normal NMR spectrum with ab-
sorption peaks at frequencies that represent the
energy difference between the ground and ex-
cited states.

To understand how this procedure can generate an NMR spectrum, the motion of
the spins during each segment of the experiment will be analyzed using classical me-
chanics. The one-pulse experiment will be divided into the following three discrete
time intervals, and the evolution of the spins within each of these periods will be dis-
cussed in detail.

1. Preparation: Prior to the excitation pulse the spins are at thermal equilibrium and
are subject to only the static Bo field.

2. Excitation: During the excitation pulse the spins are subject to the static Bo field
plus the oscillatory excitation field, B1.

3. Detection: The excited spins precess under the static Bo field, generating the free
induction decay or FID. The spectrum is obtained by Fourier transformation of the
FID.
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1.3.2.1 Before the Pulse: Magnetization at Equilibrium

y

z

y’
x’

x

Ω

Figure 1.7. Rotating frame of
reference. The coordinate sys-
tem is rotating at a frequency | Ω|
about the z-axis.

Since the nuclear spins possess angular momen-
tum, the effect of applying any external field (Bo

and/or B1) to the spins is to generate a torque, Γ, on
the spin. This torque will cause a change in angular
momentum as described by the following classical
equation:

Γ =
dS

dt
= �µ × �B (1.11)

Using �µ = γ�S we can write

dµ

dt
= γ�µ × �B (1.12)

This equation could be solved by standard meth-
ods, but it is much more instructive to introduce a rotating frame of reference before
attempting its solution. In the rotating reference frame, the basis vectors change their
direction according to the following:

dxi

dt
= �Ω × xi (1.13)

where xi are the normal Cartesian basis vectors (̂i, ĵ, k̂) and �Ω is a vector that charac-
terizes the rotation. The axis of rotation is along �Ω and the rate of rotation is given by
|Ω|. Although this may sound complicated, it is just the Cartesian frame rotating with
a speed |Ω| around some axis in the direction of Ω, as shown in Fig. 1.7.

Equation 1.12 gives one expression for the change in µ with respect to time. It is
also possible to write dµ/dt as a standard differential of two variables. In this case,
the variables are the components of �µ as well as the coordinate axis since both are
time dependent:

d�µ

dt
=

∑
xi

dµi

dt
+

∑
µi

dxi

dt

=
δu

δt
+

∑
µi

�Ω × xi

=
δµ

δt
+ �Ω × �µ (1.14)

Here, δµ/δt is the item of interest, the change of µ with respect to time in the rotating
frame. Combining Eq. 1.12 and Eq. 1.14 gives the following ( �A × �B = − �B × �A):

δ�µ

δt
=

dµ

dt
− �Ω × µ

= γ�µ × �B − �Ω × �µ

= γ�µ × �B + �µ × �Ω

= γ�µ × ( �B +
Ω
γ

) (1.15)
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The above equation (Eq. 1.15) has the same form as dµ/dt, but with the addition of
a fictitious field Ω/γ that is generated solely by the change in the coordinate system.
What happens when �B+�Ω/γ = 0? In this case neither the direction nor the amplitude
of µ changes, since δµ/δt = 0; µ becomes a stationary vector in the rotating frame. If
B + Ω/γ = 0 then the rate of rotation of the coordinate frame must be:

Ω = − γB (1.16)

Consequently, in the laboratory, or stationary coordinate frame, the magnetic dipole
that is associated with a single spin must be rotating, or precessing, around the z-
axis at a frequency of ωs = γB; ωs is again used to indicate that the field at the
nucleus defines the precessional frequency. Note that this frequency is identical to
the frequency of the spin transition that was obtained above using simple quantum
mechanics (Eq. 1.9). The key conclusion is that the magnetic dipole precesses around
�Bo at a frequency ωs and this frequency is identical to the resonance frequency.

In addition to following the evolution of a single spin, it is also useful to consider
the evolution of the bulk, or average, magnetization during the experiment. The bulk
magnetization of the sample is just the sum of the individual magnetic dipoles. The
vector components of the bulk magnetization, �M , are defined as:

Mi =
All spins∑

i=1

µi (1.17)

In the presence of the static field, the sum of the z-components of each magnetic dipole
will produce detectable bulk magnetization because there is a slight difference in the
population of spins that are aligned in one direction versus spins aligned in the other
direction (see Fig. 1.3). The net magnetization along z, referred to as the longitudinal
magnetization, is therefore defined as:

Mz = Mo (1.18)

In contrast, before the pulse, the distribution of the magnetic dipoles in the x-y
plane is random. In other words, there is no relationship between the transverse (x-y)
magnetization of one spin to another. The transverse magnetization is termed to be
incoherent. Since the sum of a large collection of vectors aligned in random directions
is zero, there is no bulk transverse magnetization at thermal equilibrium, i.e.:

Mx = My = 0 (1.19)

1.3.2.2 Effect of the B1 Pulse: Excitation of Nuclear Spins
The next step of the experiment, the application of the B1 pulse, has to be consid-

ered. Assuming that the B1 magnetic field oscillates in y-direction, it can be described
as:

�B1 = |b1|cos(ωt)ĵ (1.20)

where b1 is the amplitude of the applied field, ω is its frequency, and ĵ describes its
direction. All three of these parameters; intensity, frequency, and direction, are under
computer control in modern NMR instruments.
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The total magnetic field in the rotating frame is the sum of both the static field and
the oscillating B1 field. Since the rotation rate of the rotating frame is always set to the
frequency of the B1 pulse, the B1 field is stationary in the rotating frame. Therefore,
the fields present in the rotating frame are,

�Brot =
[
(B +

Ω
γ

)k̂ + B1ĵ

]
(1.21)

and the change in the magnetic dipole in the rotating frame is then,

δµ

δt
= γµ ×

[
(B +

Ω
γ

)k̂ + B1ĵ

]
(1.22)

If we make the following substitutions: Ω = −ω; γB = ωs; ω1 = γB1, then the
above equation is converted to:

δµ

δt
= γµ ×

[
(
ωs − ω

γ
)k̂ +

ω1

γ
ĵ

]
(1.23)

where ωs is the resonance frequency of the shielded spin, while ω1 is proportional to
the strength of the B1 field, not its frequency, which is ω.

Thus, there are two stationary fields in the rotating frame, one aligned along the z-
axis and one along the y-axis. The vertical (z) field, consists of the applied B field and
an opposing field, ω/γ, that arises solely from the change in the coordinate system. If
the resonance frequency of the spin, ωs, is equal to the rotational rate of the coordinate
frame, then ωs − ω = 0 and there is no magnetic field in the z-direction; the applied
Bo field has been canceled by the fictitious field. Under these conditions the only field
remaining in the rotating frame is the field provided by the pulse, B1 (see Fig. 1.8).

The B1 field will generate a torque on an individual spin:

δ�µ

δt
= γµ × ω1

γ
ĵ (1.24)

Replacing a single spin with the bulk magnetization, represented as a unit vector along
the z-axis, gives:

M̂ × �ω1 =

∣∣∣∣∣∣
i j k
0 0 1
0 ω1 0

∣∣∣∣∣∣ = −ω1î (1.25)

Beff

z

y

x

B1

Ω/γ B

Figure 1.8 Magnetic fields present in the rotating
frame. Shown are the magnetic fields present in the
rotating frame of reference when Ω = ωs. B is the mag-
netic field at the nucleus and is fixed along the z-axis.
Ω
γ

is the fictitious field that arises due to the change in
reference frame. Bz is the resultant field in the rotating
frame: Bz = B + Ω

γ
. In this case, Bz is zero and not

shown. B1 is the oscillating field that is only present
during a pulse. Beff is the vector sum of B1 and BZ and
in this case it is equal to B1.
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therefore:
δ �M

δt
= −ω1î (1.26)

Thus, �M is tipped from the z-axis at a rate of ω1 rad/sec. The direction of the change
in �M , is given in Eq. 1.26, and is in the direction of the minus x-axis (̂i) for this
particular direction of the B1 field (see Fig. 1.9). Although the direction of rotation
(clockwise or counterclockwise) depends on γ, it is customary to use the ’right-hand-
rule’; using the right hand, the thumb is placed along the B1 axis and the direction of
rotation of the magnetization is in the direction of one’s fingers.

The extent of precession about B1 depends on both the strength of the B1 field (ω1)
and the length of time, τ , the pulse was applied. A pulse of length τ , applied at a field
strength of ω1 rad/sec will rotate the magnetization through a “tip”, or “flip”, angle
of β = ω1τ . To specify both the direction of the B1 field as well as the rotation angle,
the following notation is used: P �u

β , where �u indicates the direction of the applied B1

field and β refers to the rotation angle. For example, a 45◦ pulse applied along the
y-axis would be represented as P y

45.
After the application of a pulse with a tip angle of β, a component of the magneti-

zation, cos β, will remain along the z-axis and a component in the x-y plane equal to
sin β will have been created by the pulse. For example, if a B1 pulse is applied along
the y-axis, the individual components of the magnetization after the pulse are:

Mz = Mo cos(β) Mx = Mo sin(β) My = 0 (1.27)

This transformation is often abbreviated as:

Mz

P y
β−→ Mzcos(β) + Mxsin(β) (1.28)

B1 B1B1 B1
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Figure 1.9. Effect of a B1 y-pulse on the nuclear spins. The upper part of the figure shows
a collection of individual magnetic dipoles while the lower part of the figure shows the bulk
magnetization. The leftmost part of the panel illustrates the state of the system at thermal
equilibrium, prior to the pulse. The subsequent 3 sections show the state of the system, in
the rotating frame, near the beginning, at the middle, and at the end of a 90◦ pulse. The bulk
magnetization remains in the z-x plane during the entire period of the pulse.
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When the tip angle is π/2, the bulk magnetization is found only along the x-axis. This
is referred to as a 90◦ pulse. This tip angle generates the maximum amount of bulk
magnetization in the x-y plane, and therefore generates the largest signal from a single
scan.

Similar relationships exist for pulses along any other axis. For example, a pulse
along the minus y-axis, P−y

β , will produce the following magnetization, starting from
Mz = Mo:

Mz = Mo cos(β) Mx = −Mo sin(β) (1.29)

The effect of a y-pulse on the individual magnetic dipoles is shown in Fig. 1.9.
Note that the dipoles are transformed from a random distribution about the z-axis to a
distribution in which all of the dipoles have the same phase, aligned along the x-axis
(φ = 0). The distribution of the magnetic dipoles after the 90◦ pulse is referred to
as a coherent state. In addition, the magnetization that is in the x-y plane is called
transverse magnetization because it is orthogonal to the direction of the main field.

The net result of a 90◦ pulse is to turn the equilibrium bulk magne-
tization from the z-axis and place it in the x-y plane.

1.3.2.3 Detection of Resonance
After the B1 pulse is turned off, the transverse magnetization precesses in the x-y

plane around the Bo field, just as it did before the pulse. The key difference is that
the transverse magnetization is now coherent and gives rise to a non-zero magnetic
moment in the x-y plane.

The precession of the coherent magnetization in the x-y plane induces a time de-
pendent current in the receiver coil. This signal is called the free induction decay
(FID) and represents bulk magnetization that exists in the x-y plane. The frequency
of the induced signal is exactly equal to the resonance frequency of the nuclear spin
transition since the magnetization precesses around Bo at ωs = γB.

Detection of the precessing magnetization is accomplished by analog circuits that
actually measure the magnetization in the rotating frame, i.e. the observed frequency,
ω′, is ωs − ω, where ωs is the precessional frequency of the spin and ω is the rate
of rotation of the coordinate frame, or equivalently, the frequency of the applied B1

pulse.
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Figure 1.10 On- and off-resonance
signals. The detected signals represent
Mx in the rotating frame after an Py

90

pulse. The solid line is on-resonance
spectral line (ωs = Ω), the dashed line
represents spins that are 150 Hz from
Ω, and the dotted line represents spins
whose resonance frequency is 650 Hz
from Ω. All three resonances have the
same T2 of 20 msec.
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A spin is considered to be on-resonance if its resonance frequency is the same as
the frequency of the B1 field (ω′ = 0). In this case, the signal does not oscillate, but
decays exponentially with a time constant of T2, the spin-spin relaxation time. T2 is
the characteristic time for the decay of transverse magnetization, and is discussed in
more detail later in this chapter, as well as in Chapter 19. An off-resonance spin is one
whose resonance frequency is not equal to ω. The x- and y-components of its signal
will oscillate at the frequency difference ωs − ω. Examples of on- and off-resonance
signals are shown in Fig. 1.10.

It is possible to measure the bulk magnetization along both the x- and y-axis, giving
independent measurements of Mx and My . This is accomplished using a technique
called quadrature detection, which is discussed in more detail in Chapter 12. In the
case of a 90◦ B1 pulse along the y-axis, the initial bulk magnetization immediately
after the pulse is Mx = M0. As the spins precess around the z-axis, the individual
components of the bulk magnetization will evolve as follows, and illustrated in Fig.
1.11:

Mx(t) = Mocos(ω′t)e−t/T2 My(t) = Mosin(ω′t)e−t/T2 (1.30)

where ω′ is the resonance frequency in the rotating frame, and e−t/T2 represents the
decay of the excited state due to relaxation, with a time constant of T2.

These two signals are usually combined into a single complex number:

S(t) = Mx(t) + iMy(t) = Moe
iω′te−t/T2 (1.31)

where the magnetization along the x-axis is arbitrarily chosen to be the real compo-
nent and the magnetization along the y-axis is arbitrarily chosen to be the imaginary
component.
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Figure 1.11. Fourier transform of the time domain signal. The free induction decay after the
90◦ pulse is shown. The upper section of the figure shows the precession of the transverse
(i.e. x-y) magnetization after the pulse. The lower part of the figure shows the FID with the
points indicating the data sampled during digitization, representing a dwell time of 1 msec. The
subsequent resonance line obtained after Fourier transformation is shown to the right. In this
case the pulse is slightly off-resonance and precesses in the rotating frame. The upper scale
for the abscissa of the spectra gives frequencies in the rotating frame, the lower scale gives
frequencies in the laboratory frame.
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Figure 1.12. Lineshape of an NMR
resonance. The Lorentzian lineshape,
which is the real part of the Fourier
transform of e−t/T2 , is shown. The full
width at half-height, ∆ν, is indicated.

The frequencies that are present in the FID
can be obtained by Fourier transformation of
the time domain signal, as illustrated in Fig.
1.11. Since the Fourier transformation is per-
formed with digital computers, it is necessary
to sample the FID at fixed time intervals. The
delay between each sampling is referred to as
the dwell time (τdw).

The position of the resonance line in the
spectrum depends on its precessional fre-
quency. In the case of eiωt, the Fourier trans-
form3 gives a delta function located at ω. The
lineshape of a resonance depends on how the
signal decays with time. The Fourier transform
of the second function, e−t/T2 , gives a complex function. The real part of this function
is the Lorentzian lineshape:

F (ω) =
T2

1 + T 2
2 ω2

(1.32)

This lineshape is shown in Fig. 1.12. The full width of the line at half-height, ∆ν, is
2

Since the time domain signal is a product of two functions, eiω′t and e−t/T2 , its
Fourier transform will be the convolution of the Fourier transforms of each function.
The final spectrum consists of a Lorentzian line located at ω′, giving the final NMR
spectrum shown in Fig. 1.11. Note that since detection of these frequencies occurs in
the rotating frame, the origin of the frequency axis is zero in that frame, but ω, or the
frequency of the applied B1 field, in the laboratory frame.

1.3.3 Summary of the Process of Acquiring a One
Dimensional Spectrum

The overall process of obtaining an NMR spectrum consists of four steps:

1. Prior to the pulse, the magnetic dipoles precess about Bo at a frequency that is
equal to their resonance frequency, however there is no net magnetization in the
x-y plane.

2. During the pulse, the bulk magnetic moment of the sample is tipped from the z-
axis to the x-y plane.

3. After the pulse, the magnetization precesses about Bo at a frequency ωs, inducing
a current in the receiver coil.

4. The induced current is sampled at discrete times and digitized. The frequency
domain spectrum is obtained from the time domain data by Fourier transformation.

3Properties of Fourier transforms are discussed in detail in Appendix A.

2inversely proportional to the T : ∆ν = 1/(πT ).
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1.4 Phenomenological Description of Relaxation
The excited nuclear dipoles are subject to two different relaxation processes. In

general, these relaxation processes follows a first-order rate equation, characterized
by a characteristic time constant (T) or a rate constant (R = 1/T):

I(t) = Ioe
−t/T = Ioe

−Rt (1.33)

The first relaxation process arises from a re-alignment of the bulk magnetic moment
along the static field to regenerate the original Boltzmann population difference asso-
ciated with Mz . This is referred to as spin-lattice relaxation because it involves the
transfer of energy from the excited state to the surroundings or lattice. This process
restores Mz to its equilibrium value, as indicated in Fig. 1.13. The rate of this process
is characterized by a relaxation time, T1, or by a relaxation rate, R1 (=1/T1). Typical
T1 values range from 1 sec for proteins to tens of seconds for small molecules.

The second relaxation process causes dephasing of the coherent transverse magne-
tization as it precesses around Bo. This process is also illustrated in Fig. 1.13. Since
the dephasing does not affect the net population of excited spins, simply their phase
coherence, the system is not returned to thermal equilibrium by this relaxation process.
The time constant for this process is T2, or in terms of rate constants, R2. Dephasing,
or loss of coherence between the spins, occurs by three main mechanisms, each of
which are briefly discussed below.
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Figure 1.13. Relaxation of nuclear spins. Each panel shows, from top to bottom, the individ-
ual nuclear moments as a function of time, the bulk magnetization as a function of time, and the
z-magnetization (Mz) or the bulk magnetization in the x-y plane (

√
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y + M2
x ), as a function

of time. The left panel illustrates spin-lattice relaxation in the absence of spin-spin relaxation.
The right panel shows spin-spin relaxation in the absence of spin-lattice relaxation.
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1. The first process that contributes to dephasing is an inhomogeneous magnetic field.
This inhomogeneity causes the precessional frequency of the spins to differ from
location to location within the sample. The different precessional frequencies lead
to dephasing of the magnetization while the data is being collected, as illustrated in
Fig. 1.14. This relaxation mechanism clearly has nothing to do with the intrinsic
properties of the molecules in the sample and is thus an annoyance. Fortunately,
the contribution of magnetic field inhomogeneities to the relaxation rate is quite
small in modern superconducting magnets, less than 1 sec−1, provided the magnet
is shimmed correctly. Consequently this mechanism can be ignored in studies on
high molecular weight molecules.

2. The second process that contributes to dephasing of the transverse magnetization
arises from dipolar coupling between magnetic dipoles. Consequently, this process
is often referred to as spin-spin relaxation. The rate constant for this relaxation
process is RDD

2 . Dipolar interactions between spins will be discussed in more
detail in chapters 16 and 19. This mechanism of relaxation is sensitive to molecular
motion and plays a dominate role in the relaxation of most spin-1/2 nuclei.

3. The third process that contributes to relaxation is an anisotropic electron density
surrounding the nucleus. This is referred to as Chemical Shift Anisotropy (CSA)
and will be discussed in more detail in Chapter 19. The rate constant for this
process is RCSA

2 . This relaxation mechanism is important for nuclei in anisotropic
bonding environments, such as carbon and nitrogen, and is also sensitive to mole-
cular motion.

The observed relaxation rate of the transverse magnetization is given by the sum of
all of the above mechanisms:

R∗
2 =

1
T ∗

2

= R∆B
2 + RDD

2 + RCSA
2 (1.34)
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Figure 1.14. Effect of field inhomogeneity on transverse spins. The left part of the figure
shows the bulk magnetization that would be obtained immediately after a 90◦ pulse along the
negative x-axis; the direction of rotation from the z-axis during the RF-pulse is indicated by the
gray arrow. In this example, the bulk magnetization is composed of three identical spins. If the
field were homogeneous this magnetization associated with all three spins would stay aligned
along the y-axis in the rotating frame (i.e. the precessional rate of all spins equals that of the
rotating frame). However, if the magnetic field is inhomogeneous, spins in at different locations,
(x,y,z), within the sample will have different precessional frequencies depending upon their
location in the sample (e.g. ω = γB(x, y, z)). This will lead to dephasing of the magnetization
over time (left to right), eventually producing a random distribution of the magnetic dipoles in
the x-y plane. At this point Mx = 0 and My = 0.
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This relaxation time constant is generally referred to as T2 ’star’ , indicating a contri-
bution from magnetic field inhomogeneity. The time constant for spin-spin relaxation
due to the intrinsic characteristics of the molecule is referred to as T2, and it is the sum
of the relaxation due to spin-spin dipolar coupling and CSA effects:

1
T2

= R2 = RDD
2 + RCSA

2 (1.35)

Often, the contribution of CSA to T2 is ignored, and the relaxation process is simply
referred to as spin-spin relaxation.

1.4.1 Relaxation and the Evolution of Magnetization
For the moment we will treat T1 and T2 as measurable quantities, but we will avoid

any discussion about their relationship to structure and dynamics. To develop ana-
lytical equations which describe the motion of the magnetic moment in the presence
of the static Bo field we will use the following approach that was originally proposed
by F. Bloch in 1946 [18]. This approach begins with the classical description of the
evolution of the magnetization:

d �M

dt
= γ �M × B (1.36)

The decay of magnetization due to relaxation is added to each component of magneti-
zation:

dMz

dt
=

Mo − Mz

T1
+ γ(M × B)z

dMx

dt
=

−Mx

T2
+ γ(M × B)x

dMy

dt
=

−My

T2
+ γ(M × B)y (1.37)

The Bloch equations describe a return of the z-magnetization to the equilibrium
value, Mo, with a time constant of T1, and a decay of the transverse magnetization
with a time constant of T2. In the rotating frame these equations become:

δMz

δt
=

Mo − Mz

T1
(1.38)

δMx

δt
=

−Mx

T2
+ My(ωs − ω) (1.39)

δMy

δt
=

−My

T2
− Mx(ωs − ω) (1.40)

where ωs = γB, ω = −Ω.
These equations are most easily solved by defining a function:

M+ = Mx + iMy (1.41)
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Adding eqs. 1.39 and 1.40 gives the following:

δM+

δt
= −M+

[
1
T2

+ iω′
]

(1.42)

ω′ = ωs −ω, is the precessional rate of the spin in the rotating frame. In practice, this
is actually the frequency of the signal obtained from the spectrometer.
The solution to Eq. 1.42 is:

M+ = e−iω′t e−t/T 2 (1.43)

Taking into account the initial conditions immediately after a 90◦ x-pulse (Mx &
Mz=0) gives the following final solutions:

Mx(t) = sin(ω′t) e−t/T2

My(t) = cos(ω′t) e−t/T2

Mz(t) = Mo[1 − e−t/T 1 ]

(1.44)

The above shows that the magnetization along the z-axis will grow with an expo-
nential time constant of T1 while the transverse magnetization will decay with a time
constant of T2; exactly the behavior that is depicted in Fig. 1.13.

1.5 Chemical Shielding
A very important feature of NMR spectroscopy is that the absorption frequency of

a nuclear spin depends on the magnetic field strength at the nucleus. This magnetic
field usually differs slightly from the applied field, Bo, because the magnetic field at
the nucleus is shielded by the electron density surrounding the nucleus. This shielding
is due to precession of electrons under the influence of the applied magnetic field. This
precession generates an additional magnetic field that usually opposes the externally
applied magnetic field. The local magnetic field strength at the nucleus is given by:

B = (1 − σ) · Bo (1.45)

where σ represents the shielding of the nuclear spin. For an isotropic electron distrib-
ution the shielding is given by the Lamb formula [93]:

σ =
e2

3mc2

∫
ρ(r)
r

dr (1.46)

As the electron density around the nucleus increases, the effective field decreases,
leading to lower resonance frequencies. Since the resonance frequency is due to the
chemical environment of the nuclear spin, the observed frequency is referred to as a
chemical shift. Due to differences in shielding, different spins will experience different
local magnetic fields, giving rise to shifts in their frequencies.

For anisotropic electron distributions the shielding is described by a tensor. A
tensor is a concise mathematical expression of the anisotropic properties of a physical
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system in a three-dimensional space and has the following form:4

σ =

⎡
⎣ σxx 0 0

0 σyy 0
0 0 σzz

⎤
⎦ (1.47)

Equation 1.47 describes how the chemical shielding would look if the magnetic field
was along the x-axis (σxx), y-axis (σyy), or the z-axis (σzz). Under conditions of rapid
tumbling, which is generally the case in solution, an averaged shielding is observed:

σ̄ =
1
3

[σxx + σyy + σzz] (1.48)

The dependence of the resonance frequency on the applied field, Bo, is removed by
converting all frequencies to a dimensionless scale, known as the chemical shift scale.
This scale is defined as:

δ =
ν − νo

νo
× 106 (1.49)

with units of ppm, or parts-per-million.
The conversion from frequency to chemical shift makes the position of the spectral

line independent of the magnetic field strength (by dividing by νo). Thus, making it
possible to directly compare the position of resonance lines in spectra that are obtained
at different field strengths.

For example, a resonance line at 2 ppm would be 600 Hz higher in frequency than
the reference line on a 300 MHz (νH ) magnet. On a 900 MHz magnet, the same line
would have a resonance frequency that is 1800 Hz higher than the reference com-
pound.

The constant, νo, is a reference frequency, in units of Hertz (Hz). It is often the
frequency of the line from a reference compound whose resonance is at one end of the
spectrum. For example, tri-methyl silane is used to reference organic samples and its
proton and carbon frequencies are set to zero ppm. In the case of protein solutions, the
water line can be used as an approximate proton chemical shift reference point, with a
chemical shift of about 4.70 ppm (see Section 3.7).

Conversion of a chemical shift back to an absorption frequency requires knowledge
of the magnetic field strength, or spectrometer frequency, from which the spectra was
acquired. In addition, to determine the absolute frequency of the spectral line it is
also necessary to know νo, which can usually be approximated as the spectrometer
frequency.

4This simple form, with all off-diagonal elements having the value of zero, is only found for one particular
orientation of the molecule with respect to the magnetic field, called the principle axis system (PAS). Tensors
are discussed in more detail in Appendix B.
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1.6 Characteristic 1H, 13C and 15N Chemical Shifts
The proton, carbon, and nitrogen chemical shifts found for amino-acids in proteins

are presented in tables 1.2, 1.4, 1.3.

1.6.1 Effect of Electronic Structure on Chemical Shifts
The chemical shifts presented in tables 1.2 and 1.4 are clearly different from atom

to atom. For example, amide protons resonate at ≈ 8 ppm, Hα protons at ≈ 4 ppm
and methyl protons at ≈ 1 ppm. A similar trend in carbon shifts is observed for α-
and β-carbons. These trends in chemical shifts can be largely explained by the elec-
tronegativity of the atoms that are chemically bonded to the atom of interest. The
amide proton has a high chemical shift because the nitrogen atom is more electron
withdrawing than carbon. The reduced electron density at the amide proton decreases
the shielding and therefore increases the effective field and resonance frequency. Sim-
ilarly the Hα shifts are higher than the methyl-H shifts because of the proximity of the
α-protons to the electronegative nitrogen.

Note that within a residue, the relationship between atom type and chemical shift
is similar for both carbon and proton shifts. For example, in the case of arginine the
following ordering is found for both carbon and proton shifts: α > δ > β > γ (see

Table 1.2. Proton chemical shifts. The average proton chemical shifts in proteins are shown.
These data were obtained from BioMagResBank [52].

Residue NH Hα Hβ Others

Gly 8.34 3.94
Ala 8.20 4.26 1.38
Val 8.29 4.16 1.99 0.84, 0.83(CH3)
Ile 8.26 4.20 1.80 1.30, 1.24 (CH2), 0.80 (γCH3), 0.70 (δCH3)
Leu 8.22 4.32 1.63,1.57 1.54 (γCH), 0.77, 0.76(δCH3)
Pro - 4.41 2.05,2.05 1.93 (γCH2), 3.64, 3.63 (δCH2)
Ser 8.29 4.51 3.88 5.33 Hγ (OH)
Thr 8.27 4.48 4.17 1.16 (γCH3), 4.40 Hγ1 (OH)
Asp 8.33 4.61 2.74,2.70
Glu 8.34 4.26 2.04 2.31 (γCH2)
Lys 8.22 4.28 1.79,1.78 1.38 (γCH2), 1.61 (δCH2), 2.93 (εCH2), 7.52 (ζNH3)
Arg 8.24 4.27 1.79 1.58 (γCH2), 3.13 (δCH2), 7.32, 6.74, 6.72 (NH)
Asn 8.37 4.70 2.80,2.78 7.27, 7.20 (δNH2)
Gln 8.22 4.28 2.05,2.04 2.32 (γCH2), 7.17, 7.07 (γNH2)
Met 8.26 4.39 2.03,2.01 2.44 (γCH2), 1.86 (εCH3)
Cys 8.42 4.73 2.95,2.98 1.66 -SH
Trp 8.35 4.74 3.32,3.18 6.68-7.17 (aromatic), 10.13 (NH)
Phe 8.42 4.62 2.97,2.99 6.89-6.91 (aromatic)
Tyr 8.37 4.63 1.91 6.86 (Hδ), 6.64 (Hε), 9.25 (-OH)
His 8.25 4.62 3.11,3.12 Hδ1 10.14(NH), Hδ2 7.08, Hε1 8.08, Hε2 10.43(NH)
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Table 1.3. Nitrogen chemical shifts. The nitrogen chemical shifts for side-chain atoms are
shown. The amide nitrogen chemical shifts are ≈ 120 ppm, with the exception of glycine, which
is found at 109.9 ppm. Data from BioMagResBank [52].

Residue Shifts Residue Shifts

Arg 89.8 (ε), 74.8 NH1, 75.8 NH2 His 190.7 (δ1), 179.8 (ε2)
Asn 112.8 (δ) Lys 71.86 (ζ)
Gln 111.8 (ε) Trp 129.5 (ε)

Table 1.4. Carbon chemical shifts. The average carbon chemical shifts were obtained from
the BioMagResBank [52]. Carbonyl shifts have been omitted from this table since they are quite
uniform at approximately 175 ppm.

Residue Cα Cβ Others

Gly 45.3
Ala 53.1 18.9
Val 62.5 32.6 21.3 (CH3)
Ile 61.6 38.6 27.6 (γ1), 17.3 (γCH3), 13.4 (δCH3)
Leu 55.7 42.3 26.8 (γ), 24.5 (δCH3)
Pro 63.3 31.8 27.1 (γ), 50.3 (δ)
Ser 58.6 63.8
Thr 62.1 69.6 21.4 (γCH3)
Asp 54.5 40.7 178.41 (γ) sidechain
Glu 57.4 30.0 36.0 (γ), 181.9 (δ) sidechain
Lys 56.8 32.8 24.9 (γ), 28.8 (δ), 40 (ε)
Arg 56.9 30.7 27.3 (γ), 43.1 (δ), 159.0 (ζ)
Asn 54.5 40.7 178.41 (γ) sidechain
Gln 56.6 29.1 33.7 (γ), 179.7 (δ) sidechain
Met 56.1 32.9 32.1 (γ), 17.2 (εCH3)
Cys 57.4 34.1
Trp 57.7 30.1 110-137 (aromatic)
Phe 58.2 40.0 129-138 (aromatic)
Tyr 58.0 39.1 117 (εC), 132 (δC), 156 (ζ)
His 56.4 30.0 119.8 (δ2), 136 (ε1)

Fig. 1.16). The identical ordering reflects a similar electronic environment for both
the carbon and its attached proton.

The conformation, or secondary structure, of the polypeptide backbone alters the
chemical shift of chemically equivalent atoms in a predictable fashion. For example,
the Cα shift of alanine decreases by 1.3 ppm when this residue is found in a β-strand,
and increases by 2.3 ppm when found in an α-helical configuration. Although the
secondary structure of the backbone is only one of the factors that alter chemical shifts,
it is possible to predict secondary structure by correlating the deviation of the chemical
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shift from random-coil values for a number of different atoms (e.g. Cα, Hα, etc). This
topic is discussed in more detail in Chapter 17, Section 17.1.1.5.

In addition to electronegativity effects, a formal positive change (e.g. Lys εN)
also withdraws electrons from adjacent atoms, decreasing the shielding and therefore
increasing the chemical shift. A formal negative change will have the opposite effect.

1.6.2 Ring Current Effects
Chemical shifts are also perturbed by additional magnetic fields that arise from

the precession of delocalized electrons in conjugated systems, such as aromatic rings
or carboxylic acid groups. These ring current effects can be substantial. Several
methods have been devised to calculate the effect of ring-currents on chemical shifts.
The simplest method, introduced by Pople [134], is to consider the induced magnetic
field as a point dipole at the center of the aromatic ring. The magnetic field that is
generated by this dipole is given by the standard dipole equation:

σ = iB
1 − 3cos2θ

r3
(1.50)

where i is a ring-current factor that depends on the geometry of the ring. For the
phenyl group i = 1. B is a constant of proportionality, on the order of 25 ppm. θ is
the angle between the normal to the aromatic ring and the vector that joins the atom to
the center of the aromatic ring.

This function is plotted in Fig. 1.15. The ring-current effect depends on both dis-
tance and orientation. The weak distance dependence of 1/r3 implies that ring current
effects can significantly perturb the chemical shifts of near-by residues. Chemical shift
perturbations also depend on the orientation of the atom with respect to the plane of
the aromatic ring. For example, placement of a proton 4 Å directly above the center of
the ring will decrease the chemical shift by approximately 0.75 ppm. In contrast, if the
atom is placed in the plane of the ring at the same distance from the center, its chemi-
cal shift will be increased by approximately 0.33 ppm. Aromatic protons, because of
their close proximity to the center of the ring, experience an increase of approximately
2 ppm due to ring current effects.

0 1 2 3 4 5 6

Distance [A]
o

0

1

2

3

4

5

6

D
is

ta
nc

e 
[A

]

o

-0.3

-0.6

-1.0

-2.0

-3.0

0.0

0.30 0.15
2.0

Figure 1.15 Ring current shifts. Cal-
culated ring current shifts for a pheny-
lalanine ring. The x-axis lies in the
plane of the ring and the y-axis is per-
pendicular to the plane of the ring. The
location of the carbon and its attached
hydrogen are indicated by the large and
small spheres, respectively. The large
gray area represents the approximate
Van der Waals radius of the phenyl
group. The lines represent contours of
iso-chemical shift changes.
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Figure 1.16. Distribution of carbon and proton chemical shifts. The distribution of observed
carbon (A, left) and proton (B, right) chemical shifts in proteins. The solid circles (•) mark the
average chemical shift. The solid lines indicate ±3σ; 95% of the observed chemical shifts fall
within this range. The gray boxes indicate nominal chemical shift ranges for α, β, and methyl
atoms. In the case of carbon shifts, these ranges separate the atom types quite well. Note that
there are a few exceptions, for example, the β-carbons of Ser and Thr fall in the α-region and the
α-carbon of Gly can fall in the β-carbon region. The large range of β-carbon shifts for Cys is
due to the fact that both free and disulfide bonded residues are included in this figure. In the case
of proton shifts, the separation by atom type is not as clean due to the extensive chemical shift
overlap between the various atom types. Data from the BioMagResBank database of chemical
shifts [52].
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1.6.3 Effects of Local Environment on Chemical Shifts
The above discussion suggests that chemically equivalent atoms will have identical

chemical shifts. For example, one might expect that all of the alanine methyl protons
in a protein to resonance at 1.39 ppm. Fortunately, the tertiary structure in folded
proteins generates sufficient diversity in the local environment such that different res-
onance frequencies are observed for otherwise identical groups. The environmental
differences that cause diversity in chemical shifts include electro-negativity effects
(e.g. in hydrogen bonded amide protons), as well as the electrostatic and magnetic
(ring current) effects that were discussed previously. Typical ranges of carbon and
proton chemical shifts for aliphatic atoms in a large number of proteins are shown in
Fig. 1.16. The carbon chemical shifts are more disperse, covering a range of approxi-
mately 70 ppm, while the proton chemical shift range is about 6 ppm.

1.6.3.1 Degeneracy and Equivalent Chemical shifts
In a number of cases, two or more spins (e.g. protons) will have identical chemical

shifts. These spins are said to have degenerate chemical shifts. This chemical shift
degeneracy can occur for a number of reasons. First, the two spins may exist in an
environment that causes the electronic shielding for both to be identical. Note that the
two protons need not be chemically equivalent for this to occur5.

Chemical shift degeneracy can also occur due to averaging of the environments of
the spins, provided the rate of exchange between multiple environments is much faster
than the difference in the resonance frequency of each environment (see Chapter 18).
For example, the rapid rotation of the methyl group(s) in alanine, valine, isoleucine,
and leucine will cause the methyl protons to experience an average environment. Sim-
ilarly, the flipping of aromatic rings in tyrosine and phenylalanine will often lead to
averaging of the chemical shifts of the δ and ε protons and carbons.

1.6.4 Use of Chemical Shifts in Resonance Assignments
A critical problem in applying NMR techniques to proteins is that of resonance

assignment, or determining an atom’s chemical shift (see Chapter 13). Once this has
been accomplished the information obtained from the NMR resonance signal, such as
relaxation rates, can be associated with a particular atom in the protein. During the as-
signment process resonance signals that belong to the same amino acid are identified
by a number of different NMR experiments that are discussed in subsequent chap-
ters. This collection of resonance signals is called a spin-system. Identification of the
residue type of a spin-system is helpful in the assignment process. In particular, if a
certain amino acid only appears once in the primary sequence of a protein, then iden-
tification of the amino acid type of a spin-system leads directly to assignment. The
residue type of a spin-system can often be discerned from the number of resonances
and their chemical shifts. Inspection of Fig. 1.16 shows that there is a cleaner distinc-
tion between the type of atom and its carbon chemical shift versus the corresponding

5Chemical equivalency occurs when two protons exist in identical chemical environments because of the
absence of a chiral center, e.g. the two α-protons in glycine.

,
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proton shift. For example, the chemical shift ranges for the α-carbons of Trp, Tyr,
and Val do not overlap the range of their β-carbon shifts. In contrast, these ranges
overlap in the case of proton shifts. Therefore, carbon chemical shifts are generally
more reliable for predicting the atom type in a spin-system.

1.6.5 Chemical Shift Dispersion & Multi-dimensional
NMR

Another problem that we will address is how to generate resolved NMR spectra
from complex biopolymers, such as proteins. The chemical shift ranges shown in Fig.
1.16 indicate that the NMR spectra of a polypeptide of modest size, say 50 residues,
will have a complex NMR spectrum that will contain many overlapping peaks. One
solution to this problem has been to increase the dimensionality of the NMR experi-
ment, such that the positions of peaks are defined by two or more resonance frequen-
cies. Two-, three- and four-dimensional experiments are routinely performed. Two
dimensional NMR techniques are introduced in Chapter 9, and higher dimensional
experiments are presented in subsequent chapters. With these techniques it is possible
to generate resolved spectra of proteins in the 30-50 kDa range. Additional techniques
can be applied to extend the use of NMR spectroscopy to larger proteins (see Sec.
15.5.4).

1.7 Exercises
1. Calculate the frequency separation between carbonyl carbons and alpha carbons

assuming a magnetic field strength that generates a proton absorption frequency of
600 MHz. (see Table 1.4)

2. B1 field strengths are usually reported in units of Hz, i.e. ν = γB1/2π. For a B1

field strength of 10 kHz, how long is a 90◦ pulse?
3. The following two pulses are applied to magnetization that is initially at thermal

equilibrium: Px
90 followed by Py

90. What is the direction of the bulk magnetization
after these two pulses?

4. Suggest an explanation as to why the Hβ shift for Cys is 3.00 ppm while that for
Ser is 3.88 ppm (see Table 1.2).

5. A conformational change in a protein moves the methyl group of an alanine residue
from a position that is in-plane with a phenyl ring to a position that is directly above
the ring. Assuming that the distance from the alanine methyl to the center of the
ring is 5.5 Å in both environments, calculate the chemical shift difference of the
methyl group between these two conformations.

6. A 13C NMR spectrum of an amino acid shows three resonance lines, one at 174
ppm, one at 52.4 ppm, and one at 23 ppm. What is the amino acid?

1.8 Solutions
1. Carbonyls resonate at 175 ppm and the average α-carbon chemical shift is ap-

proximately, 55 ppm, giving a difference of 120 ppm. Note that this difference
is invariant with respect to the magnetic field strength. In order to calculate the
actual frequency difference it is necessary to obtain νo for the carbon reference
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line. Assuming a proton frequency of 600 MHz, the carbon resonance frequency
is (γC/γH) × 600 MHz, or 150.89 MHz. Therefore, the frequency difference is
18,106 Hz.

2. The required equation is: θ = τ2π(γB1). The 2π converts the units of B1 from
Hz to rad/sec. Simple algebra gives: τ = θ/2π(γB1) = (π/2)/(2π(γB1)) =
1/(4γB1). τ = 1/(4 × 10, 000) = 25 µsec.

3. The two pulses are equivalent to a single Px
90 pulse. The 90◦ pulse along the x-axis

will tip the magnetization in the y-z plane such that it is aligned along the minus
y-axis at the end of the pulse. The second pulse represents a B1 field along the
y-axis. Since this B1 field is parallel to the magnetization it has no effect.

4. In Cys, the β-carbon is bonded to a sulfur atom while in Ser it is bonded to an
oxygen. Oxygen is more electronegative than sulfur, hence it will withdraw more
electron density from the β-protons on Ser. Since the electron density will be
smaller, the magnetic field at the nucleus is higher, leading to a larger chemical
shift.

5. The ring-current effect in the plane of the ring leads to an increase in chemical
shift by 0.15 ppm at 5.5 Å. A proton placed 5.5 Å above the plane of the ring will
show a change in chemical shift of -0.3 ppm, therefore the total change is 0.45
ppm.

6. The amino acid is Ala. There are three carbon signals, one from the carbonyl, one
from the α-carbon, and one from the sidechain group. Of the amino acids, only
Ala, Ser, and Cys have a single carbon in their sidechain. The chemical shift for
the β-carbon of Ala, Ser, and Cys are 18.9, 63.8, and 34.1, respectively. Therefore
Ala is the best match.



Chapter 2

PRACTICAL ASPECTS OF ACQUIRING
NMR SPECTRA

This chapter provides a practical description of how to acquire a one-dimensional
NMR spectrum. It begins with a description of the instrument, followed by a discus-
sion of how to set the parameters for data acquisition, and ends with a description of a
simple pulse program and a discussion of artifact suppression by phase cycling.

2.1 Components of an NMR Spectrometer
The basic design of an NMR spectrometer is shown in Fig. 2.1 and some of the

more important details of the instrument are discussed below.

2.1.1 Magnet
The magnet is responsible for generating the intense Bo field. Modern spectrome-

ters usually employ superconducting solenoids that require cooling with liquid helium
and liquid nitrogen. There are three safety issues of importance for the general user:

1. Medical devices, such as neurostimulators and cardiac pacemakers can be affected
by the stray (fringe) magnetic fields that surround the magnet. Although the stray
field in the newer actively shielded magnets1 is lower than in older magnets, inter-
ference with medical devices is still an issue.

2. Ferromagnetic objects, such as scissors, tools, gas cylinders, etc., are attracted to
the magnet. Note that some grades of stainless steel are also ferromagnetic. The
force of attraction is very non-linear and usually once a metal object is moving
towards the magnet it is difficult to halt its movement. Users should remove them-
selves from the path between the flying object and the magnet.

3. The unexpected loss of superconductivity results in a quench of the magnet. This
releases large quantities of helium gas that can displace the oxygen from the mag-
net room. The beginning of a quench is usually signaled by rapid release of helium
gas from the magnet. Since asphyxiation can occur, viewing the quench from out-
side the magnet room is strongly encouraged.

1An actively shielded magnet has a second set of coils surrounding the main coil. The second set of coils
are wound in the opposite direction, such that their field partially cancels the stray field from the main coil.
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Figure 2.1. Schematic diagram of a NMR spectrometer. Circuit paths associated with the
acquisition of the FID are shown in solid lines. The thicker solid lines show the path of the
excitation pulse to the sample. Paths associated with control of the sample environment are
shown as dotted lines. The blocks labeled ’probe’ and ’pre-amp’ represent discrete physical
components of the spectrometer. The probe is inserted into the magnet such that the sample
is placed at the center of the magnetic field (see Fig. 2.2). The pre-amp is found at the base
of the magnet. The elements in the center of the diagram exist within a console adjacent to
the computer. The transmitter generates the RF-pulse. Wsyn is the frequency generated by the
synthesizer. This is mixed with the intermediate frequency, WIF , to produce the frequency of
the B1 field, Wrf , that is sent to the amplifier. The output of the amplifier can be modulated
in amplitude and phase by the waveform generator (WFG). The amplified signal is subject to
broadband filtering prior to entering the probe, e.g. the 1H channel would be filtered to remove
frequencies that may interfere with the deuterium lock. The resonance signals from the excited
spins are indicated by Ws. After amplification, this signal is reduced in frequency by Wsyn, and
signals outside of the spectral width (SW) are removed by filtering. The real (R) and imaginary
(I) components are generated by mixing the signal with the intermediate frequency. The R and
I components are then sampled at time points spaced by τdw, digitized, and stored separately in
the computer. The gain of the receiver and the dwell time (τdw) are controlled by the computer.
Magnetic field stability is controlled by the lock circuitry. The lock consists of an independent
deuterium transmitter and receiver that excites and receives signals from the deuterons in the
lock solvent within the sample. The current through the Zo shim is adjusted by the lock to
maintain a defined field strength.
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2.1.2 Computer
The computer is responsible for controlling the environment of the sample, the

generation of the radio-frequency pulses and other experimental parameters. The
computer is also responsible for storing the real and imaginary components of the
free induction decay. Although data can be processed on the instrument computer,
processing is often performed off-line using third-party software.

2.1.3 Probe
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Figure 2.2. Experimental set-up for acquiring
a proton spectrum. The location of the sample
holder (probe) within the superconducting mag-
net is shown. The NMR sample tube is held in
a spinner and is usually inserted from the top of
the magnet using a pneumatic lift system. The
cabling required for a single radio-frequency
channel as well as the radio-frequency deu-
terium lock is also illustrated.

The probe is inserted into the bot-
tom of the superconducting magnet and
holds the sample in the center of the
magnet, as illustrated in Fig. 2.2. Most
probes provide a mechanism to allow
spinning of the sample at 15-25 Hz
about the z-axis. Spinning averages any
magnetic field inhomogeneities in the
x-y plane, which facilitates shimming
of the magnet (see Section 2.2.4). Since
spinning can introduce noise into multi-
dimensional spectra, it is usually turned
off after shimming is completed.

The probe also provides a heater for
temperature control of the sample. Ac-
curate control of the temperature dur-
ing the experiment is essential; tem-
perature fluctuations of the sample can
cause changes in the field homogeneity
as well as changes in the chemical shifts
of the resonance lines in the spectrum.
The probe also contains a deuterium locking coil to compensate for a small drift in the
main magnetic field during the measurement.

The radio-frequency (RF)-pulse that is used to excite the nuclear transitions is cre-
ated by passing a current through the observe/receive coil. The same RF-coil is used
to receive current induced by the precessing magnetic moment after excitation. Addi-
tional RF-coils can also be present around the sample for excitation of heteronuclear
spins, such as 13C, 15N, or 31P. The electrical properties, specifically capacitance and
impedance, of all of these RF-coils are sensitive to the sample. Therefore it is neces-
sary to tune the coils in the probe after the sample has been inserted into the probe.
Tuning optimizes the transfer of power from the transmitter to the excitation coils in
the probe.

There are two different arrangements of the proton and heteronuclear coils. In an
inverse probe, which is designed for direct detection of protons, the proton RF-coil is
closest to the sample and the heteronuclear RF-coil(s) surround the proton coil. In a
heteronuclear probe, that is designed for the direct detection of heteronuclear spins,
such as 13C and 15N, the proton coil is outside of the heteronuclear coil. Position-
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ing the RF-coil of the nuclear spin of primary interest closest to the sample provides
maximum sensitivity for both excitation of the spins and detection of the signal.

Finally, most modern probes include gradient coils that are used to induce spatial
magnetic field gradients across the sample. The constructive use of pulsed magnetic
field gradients will be discussed in Chapter 11.

2.1.4 Pre-amplifier Module

Coil

Pre−ampTXR

λ/4

TXR

Coil

Pre−ampTXR

λ/4C

Coil

B

A

Figure 2.3. Signal routing to the probe and pre-amp.
Panel A shows a simplified diagram of the connection from
the transmitter (TXR) to the probe and preamp. The two
pairs of diodes, one pair located between the transmitter
and the coil, the second after the λ/4 cable, will pass high
power pulses, but will appear as open circuits to the weak
signal from the coil during detection. Panel B shows the ef-
fective circuit during the pulse. Because of the high power,
the signal can sense the ground on the other side of the λ/4
cable. Due to the λ/4 cable, this connection appears as an
infinite resistance to the pulse, hence all of the power goes
to the coil for excitation of the spins. The effective circuit
during acquisition is shown in Panel C. The small voltage
from the coil during detection is blocked from returning to
the transmitter by the left-most pair of diodes. Similarly, the
weak signal cannot sense the ground connection through the
right-most pair of diodes. Consequently, the λ/4 cable ap-
pears as if it was any other length of wire, and the signal
goes to the pre-amp.

The signal pre-amplifier
is usually positioned as close
as possible to the probe
to avoid degradation of the
small, µamp level, signal
from the receiver coil. The
pre-amplifier receives the in-
duced current from the ob-
serve coil, amplifies it, and
in some instruments lowers
the frequency from the MHz
range to the kHz range by
subtracting Wsyn. The fre-
quency of the signal is low-
ered because it is much eas-
ier, and therefore cheaper, to
build electronic devices that
operate at lower frequencies.

Since the same coil is
used to both send the radio-
frequency pulse and to de-
tect the FID, it is neces-
sary to route the RF-pulse
to the coil during the pulse,
while not allowing it to reach
the pre-amplifier. Other-
wise the rather intense RF
power, usually on the order
of 50 watts, will destroy sen-
sitive components in the pre-
amplifier. The circuit that
accomplishes this routing is shown in Fig. 2.3. The key feature of this circuit is
the grounding, via cross-diodes, of the circuit at 1/4 λ from the junction point (In
many modern spectrometers the 1/4 λ cable has been replaced by equivalent circuitry).
Under these conditions the pre-amplifier side of the circuit appears as an infinite re-
sistance during the pulse and most of the RF-pulse goes to the sample coil. When
the pulse is turned off, the weak signal from the probe can pass through to the pre-
amplifier.
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2.1.5 The Field-frequency Lock
All magnets drift in field strength, resulting in a small change in resonance fre-

quencies over time (1-10 Hz/hour for νH ). Since many NMR experiments require
extended acquisition times, it is critical to compensate for the field drift and maintain
the static magnetic field at a constant value. To adjust the Bo field, a small current is
passed through a coil (the Z0 shim, see below). The field-frequency locking circuitry
controls the amount of current passed through this coil, essentially ’locking’ the field
to a constant value, Bo+Z0, throughout the NMR experiment.

Changes in the magnetic field strength are detected by measuring the position of
a deuterium resonance from the sample. Hence, it is usually necessary to include a
deuterated ’lock-solvent’ in the sample. A buffered solution of 95% H2O/5% D2O is
commonly used for NMR studies on biomolecules. Both the absorptive and disper-
sive component of the deuterium resonance line are used in adjusting and maintaining
field homogeneity and stability, as illustrated in Fig. 2.4. The absorptive component
is utilized when optimizing the shim coils to obtain a homogeneous field while the
dispersive component is used to correct the field strength during data acquisition. If
the field is at the desired strength the deuterium signal will be on resonance and there
is no intensity in the dispersive component at the frequency of the deuterium trans-
mitter. However, if the field changes, then the position of the deuterium resonance
will change and either a positive or negative value will be detected from the dispersive
line. Therefore, the dispersive component gives both the direction and the magnitude
of the required change in the current in the Z0 shim coil to return the magnetic field
to its initial value. In order for this locking mechanism to function properly the signal
in the real channel of the deuterium receiver must have a pure absorption lineshape
for shimming while the signal in the imaginary channel must have a pure dispersion

B   drift

νD νD
νD νDνD

A B

o
Adjust

shims
Adjust

shims

Adjust Zo

Figure 2.4. Adjustment of the magnetic field homogeneity and strength using the deuterium
lock signal. Panel A illustrates the use of the deuterium absorption line to monitor the increase
in magnetic field homogeneity during shimming. As the homogeneity increases (left to right)
the deuterium linewidth decreases, resulting in an increase in the intensity of the deuterium
resonance at νD (the intensity of the “lock signal”). Panel B shows the use of the deuterium
dispersion line to automatically adjust the magnetic field strength during a measurement. When
the field is locked (left spectrum), the magnetic field is adjusted such that the observed deuterium
resonance position is equal to the deuterium transmitter frequency, νD . Consequently, the zero-
crossing of the dispersion signal occurs at νD . If the field drifts, the zero-crossing point will
shift and the dispersion signal will be non-zero at νD . In the example shown in the right part
of Panel B, the magnetic field has increased, consequently the deuterium dispersion signal is
greater than zero at νD . A positive value for the deuterium dispersive signal at νD will signal
to the field-frequency lock circuitry to decrease the Z0 shim, until the overall magnetic field is
restored to its original value.
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lineshape for locking. Hence it is important to adjust the phase of the lock receiver
prior to beginning an experiment.

2.1.6 Shim System
The shim system consists of a number of coils which surround the area of the

sample. Passage of current through these coils creates magnetic fields that are used
to adjust the homogeneity of the static Bo field. There are two types of shim coils:
superconducting shims that are adjusted during installation of the magnet, and room-
temperature shims that are adjusted by the user prior to each experiment. The room-
temperature shim coils are contained within the room-temperature bore of the magnet,
between the main magnet and the probe.

There can be a large number of room-temperature shim coils, each of which gen-
erates a small magnetic field that is shaped like a spherical harmonic. Since these
functions are orthogonal the field generated by each shim coil is, in theory, indepen-
dent of the fields generated by the other shim coils. However, in practice there can be
considerable interaction and it is usually necessary to adjust several coils interactively.

Axial shims, Z0, Z1, Z2, etc. only change the field along the z-axis and are thus
adjusted with the sample spinning at 12-25 Hz. The spinning averages out any field
inhomogeneity in the x-y direction.

Radial shims (e.g. ZXY) depend on x- and y-coordinates and must be shimmed
with a non-spinning sample. There are a larger number of radial shims (e.g.XY ),
which affect the field in the x-y plane, as well as mixed axial and radial shims, such
as Z2X , which modify the field in all three directions.

2.1.7 Transmitter & Pulse Generation
The diagram of the NMR spectrometer shown in Fig. 2.1 contains a single RF-

channel, consisting of a transmitter and a RF-coil. Consequently, this particular spec-
trometer could only detect one type of nuclear spin in any given experiment. Modern
spectrometers usually contain at least two RF-channels, one for protons and one for
another heteronuclear spin. Up to 5 radio-frequency channels exist on some spectrom-
eters, allowing the excitation of protons, nitrogen, deuterium, as well as two different
carbon frequencies (e.g CO and Cα) in the same experiment.

Each transmitter channel consists of two essential components, a frequency gener-
ator and an amplifier. An additional in-line radio-frequency filter can be placed after
the amplifier but before probe. This bandpass filter is usually found on heteronuclear
channels (e.g. 15N and 13C) and filters out undesired frequencies.

The transmitter frequency, or carrier frequency of the RF-pulse, ωRF , is generated
by mixing together two frequencies. The first frequency that contributes to the carrier
frequency is ωsyn. This frequency is adjustable and is generated from the frequency
synthesizer (SYN) under computer control. The second is an internal constant fre-
quency called the intermediate frequency, or ωIF . Electronic mixing of these two
frequencies generates signals at two frequencies, ωsyn + ωIF and ωsyn − ωIF . The
higher frequency is retained and sent to the amplifier. The purpose of this mode of
frequency generation is to provide a means to reduce electronic noise in the spectrum
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by adding to the detected signal a known offset frequency, ωIF , that can be used to
separate the real experimental signal from the noise (see below).

The amplification and phase of the signal from the frequency synthesizer is under
control of the computer. The amplification levels are specified in decibels of attenua-
tion2. Decibels are defined as follows:

dB = 10 log
P1

P2
= 20 log

V1

V2
(2.1)

Since the intensity of the B1 field during the pulse depends on the voltage of the
signal, not its power, the right-most definition (Eq. 2.1) is more useful. A 6 dB
decrease in power results in a 2-fold decrease in the voltage applied to the sample, and
therefore a 2-fold increase in the pulse length required to generate the same flip angle
(6 = 20 log(2/1)).

Although the transmitter power is specified in dB, its value in published NMR
experiments (pulse sequences) is generally given as the strength of the B1 field, in Hz.
Consequently, it is necessary to inter-convert between the two units. The B1 field can
be calculated from the length of the 90◦ pulse length, as follows:

The flip angle, β, of a pulse of length τ , applied at a field strength of B1, is:

β = γB1τ (2.2)

Selecting a flip angle of 90◦ and converting γB1 to frequency units of Hz gives:

π

2
= 2π[γB1]τ90 (2.3)

Therefore, the field strength in Hz (γB1) is:

γB1 =
1

4τ90
(2.4)

For example, a 90◦pulse of 10 µsec corresponds to a B1 field strength of 25 kHz.

2.1.7.1 Shaped Pulses
Many RF-channels will contain an optional waveform generator, indicated as WFG

in Fig. 2.1, that allows the production of pulses with arbitrary shapes. The pulse is
divided into a number of small segments, and each segment possesses its own ampli-
tude and phase. For example a Gaussian shaped pulse can be generated by simply
varying the amplitude of each segment by the value of the Gaussian function. When
the shaped pulse is applied, the phase and amplitude of each segment is used to control
the output of the amplifier.

2NMR instrument manufactures use different definitions for power levels. For example, Bruker defines
power changes as decibels of attenuation, with the highest voltage produced at a setting of -6 dB and
the lowest voltage produced at 120 dB. Varian defines voltage levels in the opposite sense, i.e. 63 dB is the
highest voltage, and 0 dB ifs the lowest voltage. Care must be taken to insure that the correct power levels are
used, especially if experimental parameters are transferred between different types of NMR spectrometers.
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2.1.8 Receiver
The induced transverse magnetization is detected using the same coil that carried

the excitation pulse to the sample. The frequency of the induced RF is quite high
(e.g. 500 MHz). This is an extremely high frequency and there are practical problems
associated with operating various circuits, such as analog to digital converters, at this
frequency. Instead of trying to sample the magnetization at 500 MHz the frequency of
the signal is reduced by first mixing the signal with ωsyn; therefore, the frequency of
the signal that exits the preamplifier module is ωs − ωsyn, or the sum of ωs and ωIF .

The amplified signal is then sent to the dual channel analog-to-digital converters.
Each channel contains a mixer that will lower the frequency of the incoming signal
by the intermediate frequency, giving a final frequency of ωs − ωsyn − ωIF , this is
equivalent to ωs − ωRF , or the frequency in the rotating frame. These frequencies
are quite low, e.g. in the Hz to kHz range, and therefore subject to pollution with
electronic noise in the environment. Consequently, to reduce the noise in the data,
the signal is kept at the intermediate frequency through most of the circuitry, and only
reduced to lower frequencies at the final stage, prior to digitization by the computer.

The individual mixers in each channel differ in the phase of the intermediate fre-
quency that is mixed with the signal from the pre-amp, one is phase shifted by 90◦

relative to the other. The signals that are output from each mixer are either cos(ωt)
or sin(ωt) and can be considered to be equivalent to the projection of the transverse
magnetization on to the x- and y-axis, respectively, namely Mx and My .

After mixing, the individual analog signals are digitized and added into two sepa-
rate memory locations within the computer. The first memory location, which contains
the data representing Mx, can be considered to be the real signal, while the second
memory location, which contains the data representing My , can be considered the
imaginary signal. Note that this data storage pattern is not fixed, rather it depends
on the phase of the receiver, as discussed in Section 2.3.1.2. The combination of the
real and imaginary signals produces a complex signal. The complex signal allows the
discrimination of positive and negative frequencies, otherwise known as quadrature
detection.

2.1.8.1 Quadrature Detection
Since the signal is detected in the rotating frame, the precession of the bulk magne-

tization about the z-axis can occur in either direction, depending on whether the res-
onance frequency, ωs is lower or higher than the rotational rate of the rotating frame
(Ω). If only one component of the transverse magnetization, such as Mx, is detected,
it is not possible to distinguish between the two frequencies since both directions of
rotation about the z-axis give exactly the same value for Mx (See Fig. 2.5). How-
ever, if both Mx and My are detected then it is possible to distinguish between the
two directions of rotation. In the case of the spin that precesses clockwise (ωs > Ω),
My initially decreases with time. In contrast, a spin that precesses counterclockwise
(ωs < Ω), My increases with time (see Fig. 2.5).

For data acquired with quadrature detection, the FID is represented by combining
both Mx and My signals into a single complex number. Mx is considered to be the real
component of the complex number and My represents the imaginary component. If the
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magnetization begins aligned along the x-axis, then the FID is described as follows:

M(t) = Mx + iMy

= cos(ω′t)e−t/T2 + i sin(ω′t)e−t/T2

= eiω′te−t/T2 (2.5)

Fourier transform of this signal will give a complex function (see Appendix A). The
real part is a Lorentzian line shape, located at +ω′.

A

B

A
B

2000
r

0 200
i

Fourier Transforms
of each channel

xM

M y

xM
M y

0 200
i

2000
r

Time (msec)

Frequency (Hz)

Frequency (Hz)

Frequency (Hz)

Frequency (Hz)

Time Domain Signal Complex Fourier Transform

X

Y

Z

Time (msec)

0 200

2000

+ω

−ω

Figure 2.5. Frequency discrimination with quadrature detection. The top diagram shows the
precession of two spins in the rotating frame. Spin A has a precessional frequency that is
smaller than the rotational rate of the coordinate system and thus appears to precess clockwise
at a frequency of |ωA−Ω|. Spin B has a precessional frequency that is greater that Ω and appears
to process counter-clockwise at a rate of |ωB −Ω|. The induced magnetization along the x-axis,
Mx (solid curve), and the y-axis, My (dotted curve), are shown on the left side of the panels
representing the signals from spin A and spin B. Both spins induce identical currents in the x-
direction, but of opposite sign in the y-direction. The magnetization along x is considered to be
the real channel and the magnetization along y represents the imaginary channel. The Fourier
transform of each of these signals are shown in the central part of the diagram. Each spectrum
represents the separate transform of the signal for the real (r) and imaginary (i) channels. In
practice, a complex Fourier transform is performed. This is equivalent to the sum of the two
individual transforms, giving a single peak at the correct frequency, as shown on the right of the
diagram.
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2.2 Acquiring a Spectrum
To illustrate a number of aspects of instrument configuration, we will use the com-

pound ethanol, whose structure and NMR spectrum are shown in Fig. 2.6. This spec-
trum contains two peaks, one from the two CH2 protons from ethanol, located at 3.5
ppm, and a second peak, located at 1.1 ppm, that represents the three methyl protons.
The remaining peaks are from residual HDO and DSS, a reference standard. For his-
torical reasons, the chemical shift scale is reversed; high chemical shifts are found to
the left of the spectrum. The relative intensities of the peaks are related to the number
of protons that give rise to the signal. In the case of ethanol, both peaks show fine
structure, or splitting. This fine structure is due to scalar coupling between the two
types of protons and will be discussed in Chapter 7.

2.2.1 Sample Preparation
Careful preparation of the sample for NMR spectroscopy can dramatically improve

the quality of the data collected. The sample should not contain any particulate mat-
ter, as this will cause inhomogeneities in the magnet field, causing linebroading via
T∗

2. Additionally, it is generally useful to displace the dioxygen (O2) in the sample
with N2. Dioxygen is paramagnetic due to its unpaired electron. The unpaired elec-
tron has a large magnetic dipole due to electron spin angular momentum. The large
dipole enhances spin-spin relaxation of the nuclear spins, leading to line broadening.
Oxygen can also oxidize cysteine and methionine residues, leading to changes in the
spectroscopic, and possibly functional, properties of the protein.

In addition to the above general considerations, if the sample is a protein, the
pH and ionic strength of the sample should be adjusted to insure that the protein
is monomeric and stable over extended time periods. High ionic strength (> 0.2 M

CH3CH2OD

HDO CH2 CH3 DSS
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Figure 2.6. NMR spectrum of ethanol. The proton NMR spectrum of ethanol, in D2O, is
shown. The chemical shifts are approximate and are for illustrative purposes. The methyl
protons give rise to the peak at 1.1 ppm and the methylene protons give rise to the peak at 3.5
ppm. The hydroxyl proton is absent in this example due to exchange with the solvent. The line
at 4.7 ppm arises from residual protons in the solvent. The line at zero ppm is from the methyl
groups of the reference compound (DSS, see Chapter 3). The gray line is the integral of the
spectrum; the CH2 and CH3 peaks have a relative area of 2:3.
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NaCl) should be avoided because of the generation of ion currents during RF-pulses.
These currents decrease the efficiency of the pulses, especially towards the center of
the sample, and lead to sample heating.

The sample should be contained in a high-quality NMR tube to avoid damage to
the probe because of the close fit of the sample tube in the probe. There should also
be sufficient sample volume in the NMR tube to completely fill the excitation/receiver
coil, as well as to place the solvent-air interface at least a centimeter from this coil.
The solvent-air interface will cause magnetic field inhomogeneities due to the different
magnetic susceptibility of the two phases. Typical volumes for normal NMR tubes are
on the order of 0.5 ml. If sample material is limited, as often occurs in biomolecular
NMR, it is possible to use special NMR tubes that have a column of glass or polymer
in the lower part of the tube as well as a glass/polymer plunger that rests above the
sample. The magnetic susceptibility of the glass or polymer closely matches that of
common biochemical buffers, thus the glass/polymer replaces the liquid outside of
the coil. This allows a much smaller sample volume, of approximately 0.35 ml (see
Chapter 15).

2.2.2 Beginning the Experiment
After the sample is inserted into the magnet the following steps should be per-

formed before data acquisition occurs.

1. Temperature equilibration: Ideally, the sample should be in the probe for approx-
imately 10 − 15 min to allow for thermal equilibrium to occur.

2. Locking the spectrum on the deuterium line: Locking may require adjustment of
the lock frequency, power of the lock transmitter, and gain of the lock receiver.

3. Adjustment of the lock phase: This insures that a pure dispersion signal is available
to the lock circuit for field stability.

4. Shimming of the magnetic field: This can be done either manually or with a com-
puter automated algorithm.

5. Tuning and matching of the probe: This insures optimal transfer of the power from
the transmitter to the sample.

6. Calibration of pulses: Transmitter power levels are measured to insure that the
pulses are of the desired flip angle.

2.2.3 Temperature Measurement
The sample temperature that is measured by the instrument is only approximate

because the temperature is obtained from a thermocouple that is outside of the sample.
Additionally, heating of the sample by RF-pulses can cause the temperature to increase
significantly above the set temperature. The temperature within the sample can be
determined by measuring the separation between the hydroxyl and methyl resonances
in methanol [135]. The following formula is valid over the range of 250 − 320 K:

T = 403.0 − 29.53∆δ − 23.87[∆δ]2 (2.6)

where T is the temperature in units of Kelvin and ∆δ is the chemical shift difference
between the two resonances.
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2.2.4 Shimming
Adjustment of shim coils is termed shimming. The overall goal is to increase the

homogeneity of the magnetic field. Most modern spectrometers have routines that can
automatically shim a sample. However, these methods only work well on samples
that are in H2O (i.e. 95%H2O/5%D2O). If the sample is in 100% D2O the automated
methods may not converge and the magnet will have to be shimmed manually. The
three steps in manual shimming are described below (see [43] for more details). The
key principle to keep in mind is that the shim coils interact with each other, particularly
the higher order shims. For example, altering the Z4 shim coil will change the optimal
setting of the Z2 coil. Consequently, the shims have to be adjusted in an interactive
fashion.

Step A. Select a Method to Assess Homogeneity: An increase in homogeneity can
be determined by one of the following three methods:

1. An increase in the height of the lock signal: As the homogeneity increases, the
deuterium linewidth decreases, hence the height of the deuterium absorption line
increases. This method is the least sensitive to inhomogeneity in the field.

2. The shape of the FID: If the transmitter frequency is set to the frequency of the
solvent, then the FID of the solvent should decay with a single exponential. Oscil-
lations in this signal indicate that the solvent molecules are experiencing slightly
different Bo fields at different locations in the sample, giving rise to slightly dif-
ferent frequencies.

3. The line shape: A resonance peak from a homogeneous magnet will be Lorentzian
in shape. Any asymmetries in the peak likely arise from poor shimming. For exam-
ple, misadjustment of Z2 and Z4 generally cause the formation of an asymmetric
tail on one side of the peak or the other. Misadjusted Z3 shims tend to produce a
broad base in the lineshape. This method is the most sensitive to inhomogeneities
in the magnetic field.

Usually the lock signal is used at the beginning of the process and the final shim
settings are assessed by inspection of the lineshape.

Step B. Adjust Axial Shims:

1. Spin the sample at a rate between 12 and 20 Hz.
2. Do a grid search to find the best value of Z2 by selecting values of Z2 and adjusting

Z1 to maximize the homogeneity. It is helpful to find three values of Z2 (A, B, C)
such that the homogeneity increases from A to B and then decreases from B to C.
The best value of Z2 can be found by assuming a parabolic fit through these three
points, as illustrated in Fig. 2.7.

3. Do another grid search by varying Z3 systematically and adjusting Z1 at each Z3

value.
4. Do another grid search by varying Z4 systematically and adjusting both Z1 and Z2

at each Z4 value.
5. Do another grid search by varying Z5 systematically and adjusting both Z3 and Z1

at each Z5 value.

If Z1 or Z2 changes appreciably during steps 3-5, return to step 2.
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Figure 2.7. Grid search optimiza-
tion of Z2 shim. Three values of Z2

were selected, and the homogeneity
was optimized at each of these values
by adjusting Z1 to maximize the lock
signal. The best value of Z2 is approx-
imately 1025 units, as indicated by the
arrow.

Step C. Adjust Radial Shims:

1. Make sure the spinning is off.
2. Do a grid search to find the best value of ZX.

Vary ZX systematically, and then adjust X and
Z1 to attain the best homogeneity. If large
changes in Z1 occur, re-adjust Z1 and Z2 as
described above.

3. Do a grid search to find the best value of ZY.
In this case vary ZY systematically and adjust
with Y and Z1 until no further changes occur.

4. Adjust XY and X2-Y2 interactively to maxi-
mize the homogeneity, adjust X and ZX inter-
actively, followed by Y and ZY. Continue this
cycle until no further change is obtained.

5. Do a grid search to find the best value of Z2X.
Vary ZX, Z1, and X (in this order) to optimize
the level for each value of Z2X.

6. Do a grid search to find the best value of Z2Y.
Optimize, ZY, Z1, and Y (in this order) for
each value of Z2Y.

7. Do a grid search on ZXY, for each value of ZXY optimize XY and X2-Y2 as
described in step 4.

8. Do a grid search on Z(X2-Y2). Optimize at each step as described in step 4.
9. Do a grid search on X3. Optimize X and Y for each value of X3.
10. Do a grid search on Y3. Optimize X and Y for each value of Y3.

Steps B and C can be quite tedious to complete as described. Often, the shims are
close enough that it is not necessary to perform the suggested grid search. Instead, the
interacting shims (e.g. Z1 and Z2) can be adjusted by simply varying the two in an
interactive fashion to achieve the best homogeneity.

2.2.5 Tuning and Matching the Probe
Optimal transfer of power from the amplifiers to the sample occur when the probe

has a complex impedance, at the frequency of the transmitter pulse, that matches the
50 Ω impedance of the amplifier circuits. Otherwise, a fraction of the RF-power will
be reflected from the probe and not absorbed by the sample. Each RF-channel on
the probe will have an adjustment for tuning and matching of the probe circuit. The
impedance of the probe is assessed by measuring the amount of power reflected from
the probe at different frequencies, as illustrated in Fig. 2.8. During this process it
is essential that the sample be present in the magnet, as the solvent properties of the
sample can have a large effect on the tuning of the probe.

Ideally, altering the tuning changes the position of the minimum in reflected power
while changing the matching alters the amount of reflected power at the minimum. In
practice, these two adjustments are inter-dependent and it is necessary to adjust them
in an iterative fashion.
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Figure 2.8. Probe tuning. The reflected power as a function of frequency is shown for the
proton channel on a 500 MHz instrument. The vertical line at 500 MHz in each panel marks the
proton resonance frequency. Panel A shows the tuning immediately after changing the sample
or the temperature. Panel B illustrates the affect of adjusting the matching to 50 Ω impedance,
while panel C shows the desired final result, after adjusting the tuning.

2.2.6 Adjusting the Transmitter
The next step in setting up the instrument is to define the frequency, power, and

duration of the radio-frequency (RF) excitation pulse. The frequency of the RF-pulse
is usually set in the center of the spectrum, which would be at 2 ppm for the example
of the ethanol sample (Fig. 2.6). However, if the sample contains a strong solvent line
(e.g. H2O) it is better to place the transmitter on the solvent to avoid artifacts from
digital processing. The highest available power for the B1 field strength is generally
used to give a uniform excitation as possible across the entire spectrum. If a single
scan is to be acquired, the pulse length is adjusted to provide a 90◦ pulse because this
gives the largest signal. In contrast, if multiple scans are recorded with a repetition rate
less than approximately 3×T1, then a pulse angle of less than 90◦ will give a larger
signal (see Section 2.2.10.1).

2.2.6.1 Frequency and Power of the Transmitter
The frequency of the transmitter, WRF , defines Ω, the rotation rate of the rotating

coordinate frame. In our discussions of pulses in Chapter 1, it was assumed that the
frequency of the excitation pulse was the same as the frequency of the nuclear spin
transition and the 90◦ pulse cleanly tipped the magnetization from the z-axis to the x-
y plane. However, as the resonance line becomes further removed from the frequency
of the RF-pulse, the efficiency of excitation decreases. This is due to the fact that
the effective field, Beff , becomes closer to the z-axis as resonance frequency becomes
more distant from the transmitter frequency, as illustrated in Fig. 2.9.

The precession of the magnetization about the effective field is shown in Fig. 2.10.
As before, for those spins that are on-resonance, the 90◦ x-pulse brings them to the
y-axis. In contrast, those spins that are off-resonance (ωs �= Ω) will precess about
Beff for the same period of time, but the total angle that they precess will be always be
greater than 90◦ because Beff is always greater than B1 (Beff =

√
B2

1 + B2
z ). After

the pulse, the magnetic moment of off-resonance spins will be found either below or
above the x-y plane, depending on the magnitude and orientation of Beff . Therefore
the amount of detectable magnetization in the x-y plane will decrease relative to an
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Figure 2.9. Effect of frequency offset and B1 field strength on Beff in the rotating frame. Panel
A illustrates the effect of a weak B1 field while panel B illustrates the effect of a strong B1

field on Beff . The leftmost section in each figure shows an on-resonance spin, the middle
and right sections illustrate the effects of increasing the resonance offset on Beff . The three
fields present during the pulse are B1, along the x-axis in this example, Ω/γ, the fictitious field
generated by the rotation of the coordinate frame, and B, the field felt by the spin at its nucleus
(B = (1 − σ)Bo). The effective field of the pulse, indicated by Beff , is the vector sum of all
three fields. Note that Ω/γ is constant in all cases and is defined by the transmitter frequency. In
contrast, the magnetic field at the nucleus, B, varies according to the resonance position of the
line. When the rate of rotation of the coordinate frame equals the resonance frequency, Ω = ωs,
the two fields along the z-axis cancel and the Beff is equal to B1 (left diagrams in both A and B).
Off-resonance, Beff is tilted towards the z-axis by an angle θ. Note that for any given frequency
offset, the tilt of Beff towards the z-axis becomes more pronounced as the strength of the B1

field decreases. At large resonance offsets (B >> Ω/γ), Beff will be aligned along the z-axis
and is completely ineffective at rotating the magnetization to the x-y plane.

on-resonance spin. In addition to a loss of intensity, the bulk magnetization that is
present in the x-y plane will be shifted away from the x-axis by an angle φ. Each of
these effects will be discussed in more detail below.

Phase Effects: The shift of the transverse (x-y) magnetization from the x-axis by the
angle φ, will produce a mixed lineshape that is a combination of absorption and dis-
persion lineshapes. This can be seen by considering the time domain signal associated
with an off-resonance signal and its subsequent Fourier transform. The time domain
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Figure 2.10. Effect of on-resonance and off-resonance 90◦ x-pulses on the bulk magnetization.
Precession of the bulk magnetization around Beff is shown when the frequency of the pulse in
on-resonance (left) and when it is off resonance (right). The labeled arrows shown the path of
the magnetization during the application of the pulse. In the case of the on-resonance pulse,
the rotation angle is 90◦ about the x-axis, bringing the magnetization to the minus y-axis. In
contrast, the off-resonance pulse rotates the magnetization by more than 90◦ about Beff . Con-
sequently, the bulk magnetization is found above the x-y plane after the pulse. The dotted line
shows the projection of the final position on the x-y plane. The magnetization is also shifted by
an angle φ from the x-axis.

signal is:

S(t) = eiφeiωste−t/T2 (2.7)

= [cos(φ) + isin(φ)]eiωste−t/T2 (2.8)

where the term, eiφ, represents the shift in the phase of magnetization, φ.
The Fourier transform of the above FID will give the following:

F (ω) = [cos(φ) + isin(φ)][
T2

1 + T 2
2 (ω − ωs)2

+ i
T 2

2 (ω − ωs)
1 + T 2

2 (ω − ωs)2
] (2.9)

The real, or observable, part of this signal is:

cos(φ)
T2

1 + T 2
2 (ω − ωs)2

− sin(φ)
T 2

2 (ω − ωs)
1 + T 2

2 (ω − ωs)2
(2.10)
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Figure 2.11 Effect of phase
angle on the lineshape. Line-
shapes are pure absorption
(φ=0, dashed line), mixed
(φ=45◦, solid line), and pure
dispersion (φ=90◦, dotted
line).
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Figure 2.12. Effect of frequency offset on the phase and amplitude of resonances. Phase
(Panel A) and amplitude changes (Panel B) as a function of the frequency difference between the
resonance line and the carrier frequency. Panel (A) shows the NMR resonance line for different
resonance offsets. When the offset is 2.5 kHz, the lineshape is pure dispersion, indicating that
the magnetization is along the imaginary axis after the pulse. The right panel (B) shows the
intensity of the resonance (

√
S2

r + S2
i ) as a function of the offset. The upper horizontal line

indicates the maximum amplitude, which occurs when ωs = Ω = ωRF . The lower horizontal
line indicates the 95% level, which defines the bandwidth of the pulse. The 90◦ pulse length
was 50 µsec.

Note that this contains both the absorption lineshape: T2
1+T 2

2 (ω−ωs)2
, as well as the

dispersion lineshape: T 2
2 (ω−ωs)

1+T 2
2 (ω−ωs)2

, as illustrated in Fig. 2.11. A pure absorption
mode lineshape can be recovered by application of the appropriate phase correction,
as discussed in Chapter 3.

Amplitude Effects: The resonance offset also affects the intensity of the line; reso-
nances that are further away from the carrier will be excited to a lesser extent. As the
resonance offset increases the effective field Beff becomes increasingly tilted toward
the z-axis as B1 decreases. The closer Beff is to the z-axis, the less efficient it is at
reorienting the magnetization.

The frequency range over which acceptable excitation occurs is referred to as the
bandwidth of the pulse. Although the cut-off level is arbitrary, when the excitation
level for a line drops below 95%, that frequency is usually considered to be outside
the bandwidth. An example of the excitation profile of 50 µsec pulse is shown in Fig.
2.12. The bandwidth of this pulse is approximately 4 kHz, not quite sufficient to cover
the 5 kHz wide proton spectra on a 500 MHz instrument (assuming a 10 ppm spectral
width).

The bandwidth of a pulse is inversely proportional to the pulse length; shorter
pulses cause excitation over a larger bandwidth. Therefore, the shortest RF-pulses
that can be produced by the instrument are generally used for excitation, with the
exception of selective pulses (see below).

2.2.6.2 Selective Excitation
The drop in signal amplitude (see Fig. 2.12) as the position of the resonance line

becomes further removed from the carrier frequency can be used for selective excita-
tion of particular frequencies. This approach is often used to excite one region of the
carbon spectrum, such as the Cα carbons (40-70 ppm), while leaving the magnetiza-
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tion of the carbonyl carbons (175 ppm) along the z-axis. At some frequency distant
from the carrier frequency the effective pulse angle will be zero degrees and the spins
that resonate at that frequency will not be excited by the RF-pulse. The location of the
first point of null excitation is given by the following formula:

νnull = ±
√

15
4τ90

(2.11)

where τ90 is the length of the 90◦ pulse in units of seconds. The derivation of this
formula, as well as for a selective 180◦ pulse, is presented in Section 14.3.

If a very weak RF-field is used, e.g. 90◦ pulse lengths on the order of 1 msec, then
only spins that have a resonance frequency within a few hundred Hz of the carrier
frequency will be excited. This allows one to selectively excite a single spectral line,
such as the solvent.

It is tempting to calculate excitation bandwidths of a pulse from the Fourier trans-
form of the pulse. Since the pulse is a product of a harmonic function, cos(ωt), and
a square pulse of length τ , its Fourier transform is a sinc function centered at ω. The
overall shape of the sinc function is a reasonable representation of the excitation pro-
file, namely an intense peak at ω and a series of less intense side lobes3. However, the
sinc function only gives approximate null points because the analysis does not take
into account evolution of the system during the pulse. Consequently, Eq. 2.11 should
be used to determine the position of null excitation.

2.2.7 Calibration of the 90◦ Pulse Length
Errors in the pulse angles can cause the appearance of artifacts in the spectrum

or the loss of signal intensity. Pulse calibration is especially important in multi-
dimensional experiments because of the large number of RF-pulses that are required
for these experiments.

The 90◦ pulse length for each RF-channel (1H, 13C, 15N) should be calibrated with
each new sample. It is not uncommon to have a 10-15% change in pulse length due
to different sample conditions. Changes in RF-pulse lengths that are larger than this
range suggest hardware problems or poor tuning of the sample.

The proton pulse length is calibrated by observing the effect of the pulse length on
the solvent line, or any other reasonably intense line from the sample. Calibration of
the other RF-channels utilizes indirect methods that will be discussed in more detail
in Chapter 15.

Usually, the 90◦ pulse length is obtained by calibrating the length of the 360◦ pulse.
If a 360◦ pulse is used for calibration then the magnetization is returned to a near
equilibrium state by the pulse, avoiding the need to wait for spin-lattice relaxation
before acquiring the FID with the next value of transmitter power or pulse length.

3See Appendix A for a more detailed description of the sinc function.
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Calibration of a 360◦ Pulse

1. Place the transmitter on the strongest line in the spectrum.
2. Set the transmitter power to the desired level, usually full power.
3. Acquire a spectrum with a very short pulse length, ≈ 1µsec.
4. Phase the spectrum to give a pure absorption line.
5. Increase the pulse length in small (1-2 µsec) steps until the maximum signal is

observed, this is approximately a 90◦ pulse.
6. Apply a pulse that is four times the 90◦ pulse length. If the observed resonance is

positive, the pulse was greater than 360◦. If the resonance is negative, the pulse
was shorter than 360◦. Alter the pulse length accordingly until a null (zero) signal
is obtained, indicating a 360◦ pulse.

7. Divide the 360◦ pulse length by four to obtain the 90◦ pulse length. A final accu-
racy of 0.1 µsec is usually sufficient.

Once the transmitter has been calibrated by determining the length of the 90◦ pulse
length it is possible to calculate the power levels required for 90◦ pulses at different
power levels, such as for selective pulses as defined by Eq. 2.11. Given a known
90◦ pulse length, τ1, the attenuation required to produce a 90◦ pulse of another length,
τ2, is given by:

dB = 20 log
τ1

τ2
(2.12)

For example, if a 15 µsec 90◦ pulse was obtained using a transmitter setting of 0 dB,
then the transmitter power should be reduced by 6 dB to produce a 90◦ pulse length
of 30 µsec. Note that the use of Eq. 2.12 implies that the amplifier is linear over the
power range. This is a reasonable approximation starting at about 5 or 6 dB below the
highest setting. In contrast, for power levels close to the maximum level, it is generally
necessary to calibrate the power of the transmitter directly.

2.2.7.1 Placement of the Carrier
Fig. 2.12 clearly shows that the frequency difference between the pulse and the

position of the resonance line affects both the phase of the acquired signal as well as
the amplitude. The effects on the phase are readily corrected. In contrast, the ampli-
tude decrease will cause a loss in sensitivity. To insure equal excitation at both ends of
the spectrum, the frequency of the transmitter is generally placed in the center of the
spectrum. In the example of the ethanol spectrum shown in Fig. 2.6, the transmitter
should be placed at approximately 2 ppm. However, in the case of biological NMR
spectroscopy, it is necessary to modify the above approach because of the intense sol-
vent (H2O) line in the spectra. Digitization errors cause the appearance of artifacts at
frequencies that are multiples of the distance of the line from the carrier frequency.
The size of these artifacts are proportional to the original intensity of the line. There-
fore, placing the transmitter at the same frequency as water will reduce the number of
artifacts in the spectrum. Another advantage of placing the carrier frequency on the
solvent is that the signal from any residual solvent signal will be on-resonance and
will not oscillate. Non-oscillatory signals can be eliminated by the application of a
high-pass filter during data processing.
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2.2.8 Setting the Sweepwidth: Dwell Times and Filters
Once the pulse width is defined, the sweepwidth (SW), or equivalently the spectral

width, of the spectrum has to be defined. The sweepwidth is the range of frequencies
that will appear in the spectrum; the lowest frequency will be ν − SW/2 and the
highest frequency will be ν + SW/2, where ν is the frequency of the excitation pulse
in Hz. In the case of the ethanol sample shown in Fig. 2.6 the sweepwidth was set at
6 ppm, or 3000 Hz if the spectra was acquired on a 500 MHz instrument. Both of the
CH2 and CH3 resonance signals from ethanol, as well as the residual water resonance
and the chemical shift reference (DSS), fall within this sweepwidth.

2.2.8.1 Dwell Time
Setting the sweepwidth defines how frequently the free induction decay is sampled

during conversion of the analog signal to a digital signal. The spacing between time
points is referred to as the dwell time. Given a dwell time of τdw, the resultant spectral
width, in hertz, is:

SW = 1/τdw (2.13)

This relationship arises entirely from the properties of Fourier transforms (see Appen-
dix A) and is quite independent of the spectrometer frequency.

2.2.8.2 Folding and Aliasing
Digital sampling of the FID makes it impossible to determine all possible frequen-

cies that may be contained in the spectrum. The Nyquist frequency, fN = 1/(2τdw),
defines the highest frequency that can be uniquely sampled when the dwell time set to
τdw. The sweepwidth ranges from −fN to +fN .

A signal with a frequency that is higher than fN will give the same intensities in
the digital FID as a signal that is found between −fN and fN . This effect is illustrated
in Figure 2.13, which shows the FID from two spins that have different frequencies,
but produce exactly the same digital FID, and therefore appear at the same position in
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Figure 2.13. Nyquist frequency and folding of spectral lines. The true NMR spectrum of a
sample is shown in Panel A (left). Two resonance lines are present, “A” and “B”. The experi-
mental spectral width, defined by the dwell time, is indicated below the spectrum. The lowest
and highest frequencies correspond to the Nyquist frequency, fN . The analog FID that would
be detected from these two resonances is shown in Panel B (center). The solid line is the FID
from resonance “A” and the dotted line is the FID from resonance “B”. The dots indicate the
points that are sampled during digitization of the FID. Since both resonances give exactly the
same digital FID, they will have the same frequency in the transformed spectrum.
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Figure 2.14 Effect of folding or alias-
ing on the position and intensity of res-
onance lines. The left section of the
diagram shows an NMR spectrum with
two peaks, both of equal intensity. One
peak lies outside the sweepwidth and
will either be folded (upper right) or
aliased (lower right), depending on the
type of data collection. Note that in the
case of direct detection, the intensity of
the folded/aliased peak will be reduced
by the filters in the receiver.

the final spectrum. Note that νB > fN , but the observed frequency for spin B falls
within the sweepwidth.

The observed position in the spectrum of a resonance that lies outside of the sweep-
width depends on whether the data were collected as a single channel, such as cos(ωt),
or in quadrature (S(t) = cos(ωt) + isin(ωt)). Single channel detection will produce
a folded peak, while quadrature detection will produce an aliased peak (see Fig. 2.14).

Folding and aliasing are defined as:

Folding: A peak with a frequency fN + δ will appear at a frequency of fN − δ.
This effect is called folding because the peak outside of the sweepwidth has been
folded, or reflected, about the edge of the spectrum.

Aliasing: A peak with a frequency of fN + δ will appear at a frequency of −fN + δ.
This is referred to as aliasing. Note that in this case the relative frequencies of
the peaks have been maintained, but they have been shifted by a multiple of the
sweepwidth.

Whether a peak is folded or aliased is easily verified; its position in the spectrum
will depend on the sweepwidth. Note that the intensity of aliased (or folded) peaks
will be attenuated by filters in the receiver because the bandwidth of these filters is
generally set to approximately ±SW/2.
The position of folded or aliased peaks in the spectrum can be explained by three
equivalent methods.

1. Equating the intensities of the sampled point in the time domain,

2. Consideration of the relationship between the phase evolution of the transverse
magnetization and the dwell time, as shown in Fig. 2.15,

3. From the convolution properties of Fourier transforms, as shown in Fig. 2.16.

The first method will be used to explain the position of folded peaks, while the posi-
tions of aliased peaks will be explained using all three methods.

1. Equating Intensities: Assume that the true resonance frequency of a peak is fN +δ.
In the case of folded peaks we need to show that the real (cos(ωt)) digital FID has
exactly the same intensity for each point as the FID produced by a resonance with a
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frequency of fN − δ. For this to be true the following identity must be true for all
points in the FID:

cos[2π(fN − δ)nτdw] = cos[2π(fN + δ)nτdw] (2.14)

where n is the nth data point and τdw is the dwell time. Substituting fN = 1/(2τdw)
gives:

cos[nπ − 2πδnτdw] = cos[nπ + 2πδnτdw] (2.15)

expanding both sides using double angle formula gives:

cos[nπ]cos[2πδnτdw]+sin[nπ]sin[2πδnτdw]
= cos[nπ]cos[2πδnτdw] − sin[nπ]sin[2πδnτdw]

(2.16)

since sin(nπ) = 0, the above identity holds and therefore the frequency of the folded
peak is fN − δ.

In the case of aliased peaks we need to show that the sampled complex FID from
the peak with a frequency fN + δ has exactly the same intensity as the FID produced
by a resonance with a frequency of −fN + δ. For this to be true, the following two
identities must hold for every point in the FID:

cos[2π(−fN + δ)nτdw] = cos[2π(fN + δ)nτdw]
sin[2π(−fN + δ)nτdw] = sin[2π(fN + δ)nτdw]

(2.17)

since both the real and imaginary components of the FID must be equal. Both of these
identities can be shown to be true, using the approach shown above, verifying that the
frequency of the aliased peak is −fN + δ.

2. Phase Evolution: Sampling of the free induction decay implies taking snapshots of
the magnetization at different periods of time. The position of the magnetization at the
time of sampling depends on the precessional rate of the magnetization in the rotating
frame. The angle, θ, that the spin precesses during the dwell time is just the product
of its precessional rate and the dwell time: θ = (ωs − Ω)τdw. For example, a peak on
the very edge of the spectral width, such as spin B in Fig. 2.15, will precesses exactly
-180◦ during a dwell time since:

θ = (ωb − Ω)τdw

= 2π(νb − ν)τdw

= 2π(−SW/2)τdw

= 2π(−SW/2)(1/SW )
= −π

(2.18)

Therefore, if the frequency of a resonance line is within the spectral width, such as
resonances B or C in Fig. 2.15, its total rotation angle after one dwell time (τdw) must
lie between -π and π.

In contrast, if a resonance line is outside the spectral width by an amount δ, such
as spin A in Fig. 2.15, then it will precess a total angle of π + δτdw (clockwise) after
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the first dwell time. This position is equivalent to precession in the opposite direction
by an angle π − δτdw. Therefore, the apparent frequency of A in the spectrum is
SW/2 − δ, which is equal to the true frequency of A plus one sweepwidth.

3. Convolution of Fourier Transforms: The position of aliased peaks can also be ex-
plained from the properties of Fourier transforms (see Fig. 2.16). The free induction
decay before digitization is a continuous function; its Fourier transform is the una-
liased NMR spectrum. However, if the FID is sampled at a series of time points, the
resultant digital signal is the product of a comb function, with spacing between the
teeth of τdw, and the free induction decay. The resultant digital spectrum will be the
convolution between the transform of the comb function and the transform of the free
induction decay. The transform of a comb function is simply another comb function,
with the teeth spaced 1/τdw, or the sweepwidth, apart. The convolution of this comb
function with the unaliased spectrum will generate a series of spectra, each spaced a
sweepwidth apart. Peaks that are outside the sweepwidth in one spectrum will appear
in the adjacent spectrum.

As the dwell time is shortened, the spacing between the teeth in the comb function
will become larger since SW = 1/τdw. As the spacing increases the image of each
spectrum is moved further apart, eventually reaching the point where there is no over-
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Figure 2.15. Explanation of aliasing by phase evolution. Part A of the diagram shows the
time evolution of three different resonances in the real-imaginary plane of the rotating frame of
reference. Panel B shows the true spectrum, without aliasing of any peaks (top) and the observed
spectrum, with aliasing (bottom). The resonance frequencies, relative to the carrier (Ω), are:
ωA = −SW/2 − δ, ωB = −SW/2. and 0 < ωC < SW/2. In panel A, the point at t = 0
is immediately after an ideal 90◦ pulse along the y-axis. This pulse places the magnetization of
all spins on the x-axis. During the subsequent three frames the spins precess about the z-axis at
a frequency that is the difference between ωs and the rotational rate of the coordinate frame, Ω.
Sampling of the magnetization at the first time point occurs in the right-most frame, at the dwell
time, τdw = 1/SW . At this time the position of the magnetization determines the position of
its line in the spectrum; the corresponding position in the spectrum is indicated on the outside
of the right-most circle. At the first dwell time resonance B has precessed 180◦ as it is at the
edge of the spectrum, C has precessed less than 180◦ counter-clockwise, and resonance A has
precessed greater than 180◦ clockwise. Consequently, the resonance line for A is aliased, and
found a distance δ from the right edge of the spectrum, with an apparent frequency of ω′

A=
SW/2-δ = ωA + SW
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Figure 2.16. Explanation of aliasing using Fourier transforms. Panel A shows time domain
signals. The top graph is the continuous FID, the middle is the comb function that represents
sampling of the FID every τdw seconds. The lower graph shows the digital points that are
used for the transform. Panel B shows the resultant Fourier transforms of each of the functions
in Panel A. The top is the unaliased spectra that was obtained from the continuous FID. The
middle panel is the Fourier transform of the comb function. It is another comb function with
teeth spaced 1/τdw, or the sweepwidth, apart. The bottom section shows how the observed
spectrum is constructed from the convolution of the unaliased spectrum and the comb function.
A copy of each spectra is placed at each peak in the comb function and these are added together.
The peaks within the spectral width are kept, all others are removed, giving the observed spectra
contained in the box. The aliased peak in this spectra is colored lighter gray. Its distance from
the edge of the spectrum is indicated by an arrow. In this example, the position of the aliased
peak is given by its true frequency minus the sweepwidth (ω−SW ). Although its full intensity
is shown, in practice the intensity of the aliased peak would be attenuated by analog filtering of
the FID. In addition, the lineshape will not be in pure absorption mode unless the initial delay in
collecting the first point is 1/2 of the dwell time. In which case the aliased peaks will be inverted
relative to other peaks in the spectrum (see Section 15.6.3.1).

lap between adjacent images of the spectra, producing an observed spectrum without
aliased peaks.

2.2.8.3 Receiver Filter
Defining the sweepwidth sets the bandwidth of analog filters in the receiver (see

Fig. 2.1). The purpose of these filters is to reduce the noise in the spectrum by rejecting
any signals (and noise) from frequencies that fall outside the spectral window. Any
frequencies that are within the spectral window are passed without distortion.
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Aliased peaks will be very weak in the spectrum that is obtained from Fourier trans-
formation of the directly detected FID, because this signal is attenuated by the analog
filters in the receiver channel. In contrast, in multi-dimensional NMR the additional
frequency dimensions are obtained by indirect detection. Since the filters do not op-
erate on these signals, the aliased peaks will appear at full intensity at their aliased
positions (see Chapter 15).

2.2.9 Setting the Receiver Gain
The analog signal from the dual mixers is converted to a digital signal before it is

stored in the computer. The size of this signal depends on the amplification, or gain,
that was applied to the signal in the receiver. It is important to accurately represent the
analog signal in digital form so that an undistorted spectrum is obtained after Fourier
transformation. If the gain is too high, there will not be enough bits in the digitizer to
represent the signal and the signal will be clipped at the largest value of the digitizer.
The effect of clipping on the Fourier transform will be discussed in more detail in
Chapter 3.

Alternatively, if the gain is too small, the signal will only utilize the lowest order
bits of the digitizer. The result is an inaccurate conversion of the signal to its digital
form because of round-off errors. The round-off error introduces additional noise
in the spectrum, as shown in Fig. 2.17. In addition to introducing noise, the error
in digitizing a low gain signal also introduces harmonics of resonance lines that are
present in the spectrum (see [96]). For example, if a resonance line is 100 Hz from the
carrier frequency, digitization errors will produce artifacts at 200 Hz, 300 Hz, etc. The
intensity of these artifacts will be directly proportional to the intensity of the original
signal. Placing the strongest signal, e.g. the solvent, on resonance will prevent the
occurrence of these spurious signals.
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Figure 2.17. Effect of digitizer resolution on the spectrum. The left-hand panel shows the first
20 points of the free induction decay. The solid line is the undistorted signal while the dotted
line shows the effect of using only the lowest four bits of the the digitizer. Notice that each point
is rounded to some multiple of 0.25. The right panel shows the resultant Fourier transform of
the two signals. The noise introduced by poor digitization is readily apparent.
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To insure adequate representation of the signal, the receiver gain should be set such
that the intensity of the signal is from 1/2 to 2/3 of the range of the digitizer. For
example, the largest signal that a 16-bit digitizer can process is approximately 32,000.
This number is 215, 15 bits are used for recording the number and one bit is required
for the sign. To avoid clipping of the signal, the gain should be set such that the
amplitude of the FID is less than ≈ 20,000.

Digitization errors can still occur if there is a large difference in the intensity of
resonance lines in the spectrum. For example, in a typical protein sample in H2O
the concentration of the protons in the solvent is ≈ 110 M while the concentration of
the protons on the protein is ≈ 1 mM. The ratio of these two concentrations is 105,
which is greater than the largest number that can be produced from a 16-bit digitizer.
Therefore, if the gain is properly set to avoid clipping of the water signal, then only
one or two bits will be available to represent the protein signal. As discussed above,
this causes the introduction of significant noise in the spectrum, making it impossible
to observe the resonances from the protein. Consequently, it is necessary to have
effective methods to suppress the solvent signal in biomolecular NMR experiments.
These methods are discussed in detail in Chapter 15.

2.2.10 Spectral Resolution and Acquisition Time of the FID
The total data acquisition time, TACQ, defines the highest possible resolution that

can be obtained in the spectrum. The spectral resolution is the inverse of the total
acquisition time. For example, if a FID is acquired for 1 sec, the spectral resolution
is 1 Hz. In this case, it would be possible to resolve lines that are separated by 1 Hz,
provided that the intrinsic linewidth of the resonances is much less than one Hz.

The true, or actual, resolution of the spectrum is defined by the observed linewidths
of the resonances, which depends on both the intrinsic linewidths of the resonances
and the spectral resolution defined by TACQ. The observed lineshape is obtained by
convolution of the Fourier transforms of the untruncated free induction decay and the
Fourier transform of a square wave of length TACQ. The Fourier transform of the
untruncated FID is a Lorentzian line, with a width of 1/(πT2). The Fourier transform
of a square wave of length TACQ is a sinc function (see Appendix A), and the width
of the central lobe is approximately equal to 2/TACQ. The convolution of these two
functions will give an observed linewidth that is approximately the sum of the two
linewidths. Consequently, any peaks that are closer than ≈ 1/(πT2) + 2/TACQ can-
not be resolved because their observed linewidths exceed their frequency separation.
The resolution of the spectrum can be increased by lengthening TACQ, such that the
contribution of the sinc function to the linewidth is reduced, as illustrated in Fig. 2.18.
However, the resolution can never become smaller than the intrinsic linewidths of the
resonances.

The digital resolution of a spectrum is simply the sweepwidth divided by the num-
ber of data points. If n points are sampled in the time domain, then a total of n points
will be used to represent the spectrum in the frequency domain. For a given acquisi-
tion time, the digital resolution is constant, and equal to the highest possible resolution
(1/TACQ), regardless of the number of points (or the spectral width) that are used to
acquire the FID (see question 2 in exercises).
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Figure 2.18. Acquisition time and spectral resolution. The effect of the acquisition time on the

corresponding to increasingly shorter acquisition times. The peak separation is 20 Hz and the
intrinsic linewidths of each peak is 2 Hz. Rows A, B, and C represent acquisition times of 2
sec, 100 msec, and 50 msec, respectively. The left panels show the Fourier transform of the
square waves that corresponds to each acquisition time. The right panels show the true spectra
as solid lines and the convolution of the spectra with the sinc function as dotted lines. When
the acquisition time is 2 sec (A), there is essentially no additional broadening of the resonances
by the convolution with the sinc function. When an acquisition time of 100 msec is used (B),
the lines are broadened by approximately 20 Hz, but they are still resolved. When the signal is
acquired for only 50 msec, the additional broadening is approximately 40 Hz and the individual
lines are no longer resolved. The ’wiggle’ patterns that are introduced to the spectra by the
transform of the square wave may not be observed in the final spectrum because the sampling
frequency of the spectrum (SW/n) is such that only the zero-crossing points of the sinc function
are sampled (see Panel C). Increasing the digital resolution, by adding more points, will cause
these wiggles to appear in the spectrum.

The digital resolution of the spectrum can be increased as much as desired by sim-
ply adding more zero points to the end of the FID post-acquisition. This is equivalent
to increasing TACQ. In most cases, this process has very little effect on the true resolu-
tion of the spectrum, but simply provides more digital points to represent the lineshape
(see Sec. 3.2).

Data Collection Times: Data should be collected for as long as necessary to reduce
the contribution of the sinc function to the linewidth. In practice, an acquisition time

spectral resolution is illustrated. A two line spectrum is convoluted with various sinc functions,
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is chosen such that the broadening introduced by the sinc function is small compared
to the intrinsic line width. This approach also greatly attenuates the ripples in the
spectrum that come from convolution with the sinc function (see Fig. 2.18). The in-
trinsic linewidth is related to the spin-spin relaxation time of the spin: ∆ν = 1/(πT2).
Therefore, an acquisition time that is 3 to 4 times T2, will produced a negligible dis-
tortion of the spectrum. For a typical 10 kDa protein, typical proton T2 values are 50
to 100 msec, giving total acquisition times of 250 to 500 msec.

In one-dimensional experiments there is absolutely no harm in acquiring data for
too long a time period, it is an easy matter to throw away the noise in the tail end of the
FID during processing. However, in the case of multi-dimensional experiments only a
small number of time points can be collected in the indirectly sampled time domains.
Consequently, these FIDs must be carefully processed to reduce the sinc wiggles in
the spectrum (see Chapter 15).

2.2.10.1 Scan Repetition Rate
In all likelihood, more than one scan will be acquired and stored in memory. Mul-

tiple scans are acquired and added together in memory to increase the signal-to-noise
ratio of the spectrum. While the summed signal after N scans is proportional to N ,
the total noise level scales as

√
N , so that the signal-to-noise ratio is proportional to√

N . Therefore, four times as many scans are required to double the signal-to-noise
ratio. The acquisition of multiple scans also allows the alteration of the pulses and

discussed in Section 2.19 and in more detail in Chapter 11.
It is important to repeat each scan at a slow enough rate such that the magnetization

returns to, or near to, thermal equilibrium before the next scan is started. If the pulse
rate is too fast, spin-lattice relaxation cannot restore the population difference between
the ground and excited states. Consequently, the net magnetization along the z-axis
prior to each scan drops with each successive scan and the population of the ground
and excited states may become equal. This is referred to as saturation of the transition.

Saturation can be avoided by waiting 4 to 5 times T1 between scans to allow suf-
ficient time for spin-lattice relaxation to restore thermal equilibrium. Although this
approach will give the largest signal per RF-pulse, it is inefficient due to the long de-
lay between pulses. A more efficient strategy is to scan more frequently, but to use less
than a 90◦ pulse to reduce the effect of saturation. The optimal pulse angle depends
on the ratio of the scan repetition rate to spin-lattice relaxation time according to the
following equation, derived by Ernst et al [53]:

cos βopt = e−T/T1 (2.19)

where β is often referred to as the Ernst angle.
In most 2D experiments the pulses must be 90◦. Consequently, the above analysis

does not apply and it is necessary to balance a loss in sensitivity due to partial satura-
tion with the gain in sensitivity due to the larger number of scans acquired in a given
time. If a 90◦ pulse is employed at the beginning of the scan, and the interscan delay
time is T, then the steady state signal that is obtained from each scan is :

A ≈ Ao(1 − e−T/T 1) (2.20)

phase from scan to scan which can eliminate artifacts from the spectrum,asreceiver
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where Ao represents the intensity obtained from the system at thermal equilibrium.
Typically the inter-scan delay, T , is set to be approximately equal to the spin-lattice
relaxation time, T1.
Dummy Scans: Since it is generally not possible to have the magnetization return to
its equilibrium value at the beginning of each scan, it is often useful to collect a number
of “dummy scans” prior to the actual data accumulation. These scans will place the
magnetization at the steady-state value that will be present during the experiment,
reducing potential artifacts from changes in the signal intensity during the first few
scans. If decoupling is used in the experiment, which causes sample heating, then the
dummy-scans will also bring the sample to thermal equilibrium. Typically 8 dummy-
scans are sufficient to bring the magnetization to its steady state values while 64-
128 dummy-scans are required for temperature equilibration if decoupling has been
applied during the experiment.

2.3 Experimental 1D-pulse Sequence: Pulse and Receiver
Phase

The pulse sequence code that would be used to obtain a one-dimensional spectrum
is shown in Fig. 2.19. The sequence is quite simple and the comments next to each
step are self-explanatory. The program loops executes the following commands for as
many scans as requested by the user:

d1
(p1 ph1):H
acq phR

Each scan begins with a delay (d1) to allow spin-lattice relaxation to occur. It is
followed by a single pulse, of length p1 and phase ph1, on the proton channel (H),
and then acquisition of the FID using a receiver phase of phR. The index of pulse and
receiver phases is incremented after each scan. For example, the first scan would use
a phase of 0, the second scan a phase of 1, etc. The index is reset to 1 at the end of the
list, therefore the fifth scan would use a phase of 0. In the phase list a ’0’ means a B1

field along the x-axis, a ’1’ along the y-axis, a ’2’ along the minus x-axis, and a ’3’
along the minus y-axis. Thus the four element sequence: 0 1 2 3, represents a pulse

1 zero ;Zero the memory.
2 d1 ;Inter-scan relaxation delay (T)(e.g. 1 sec)

(p1 ph1):H ;Pulse of length p1, phase=ph1 on proton (H) channel.
acq phR ;Acquire(acq) the FID, receiver phase = phR.
go to 2 ;loop to 2 until n scans are done
wr ;Write the FID to disk.

exit ;End of pulse sequence.
ph1=0 1 2 3 ;Phase of excitation pulse (0=x, 1=y, 2=-x, 3=-y)
phR=0 1 2 3 ;Phase of receiver.

Figure 2.19. NMR pulse sequence to acquire a one-dimensional spectrum. The instrument
commands are listed in the left column and the text to the right of the semi-colon briefly de-
scribes each step of the pulse sequence.
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along x, y, -x, and -y. This is equivalent to relative phase shifts of the B1 field by 0,
π/2, π, and 3π/2.

In addition to providing the pulse sequence, the user would also have to specify the
following parameters.

1. Inter-scan delay time (d1).
2. Power level of transmitter.
3. Pulse length for 90◦ pulse (p1).
4. Number of data points to acquire. The number of points must be a power of 2 in

order to process the data using the fast Fourier transform (FFT).
5. Dwell time between data points (or alternatively, the sweepwidth).
6. The number of dummy-scans.
7. Number of scans, which must be a multiple of the phase cycle.

2.3.1 Phase Cycle
The process of acquiring data with different pulse and receiver phases is called

phase cycling. The phase of the excitation pulse and the phase of the receiver are
changed in a defined way over a number of scans. The phase cycle for this experiment
is indicated in Fig. 2.19 at the bottom of the pulse sequence by the lines that begin
with ’ph1’ and ’phR’, which are the pulse phase and receiver phase, respectively.
Summation of the data from all of the scans in the cycle will result in the suppression of
spectral artifacts. In this simple case, the phase cycle suppresses instrumentation errors
associated with quadrature detection. Much more involved phase cycles are used to
suppress unwanted signals in multi-dimensional NMR experiments, as discussed in
Chapter 11.

2.3.1.1 Phase of the RF-pulse
In the NMR pulse sequence shown above, the direction of the RF-pulse is along

the x-axis for the first scan. The B1 magnetic field oscillating along the x-axis can be
represented as the sum of two circularly polarized waves, one going clockwise and the
other going counterclockwise:

Px = cos(ωt) =
1
2

[
eiωt + e−iωt

]
(2.21)

If the phase of the RF-pulse is shifted by 90◦ (π/2), then the pulse becomes:

Px+π/2 =
1
2

[
ei(ωt+π/2) + e−i(ωt+π/2)

]
=

1
2

[
i eiωt − i e−iωt

]
= sin(ωt) (2.22)

The above shows that a 90◦ phase change in the pulse can be represented by the
difference in the two circularly polarized waves, instead of the sum. The resultant B1

field is shown in the lower part of Fig. 2.20, this field is clearly along the y-axis,
therefore a 90◦ phase shift of an x-pulse generates a y-pulse.
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Figure 2.20. Phase shift of radio-frequency pulses. The phase shift of pulses can be explained
by considering the pulse as a superposition of circularly polarized waves. Panel A shows the
addition of two polarized waves to give a pulse along the x-axis. Time increases from left to
right. Panel B shows the result of the subtraction of the same two waves to give a pulse along
the y-axis.

Although it is convenient to associate the direction of the pulse with a particular
axis in space, there is no absolute coordinate system for the direction of the x- and
y-pulses and it is not possible to specify in absolute terms that a particular direction
in space is the x-axis. Rather, it is the relative phase relationship between the pulses
that defines their relative directions in space. For example, if an RF-pulse of cos(ωt)
is applied to the sample, followed by an RF-pulse of cos(ωt+ π

2 ), then the orientation
of the B1 field of the second pulse will be shifted by 90◦, relative to the B1 field of the
first pulse. The effect of 90◦ pulses of various phases on the initial magnetization are
given in Table 2.1.

Phase of Pulse Effect of Pulse Mx My

0 [= x] z → -y Mosinωt -Mocosωt
1 [= y] z → x Mocosωt Mosinωt
2 [= -x] z → y -Mosinωt Mocosωt
3 [= -y] z → -x -Mocosωt -Mosinωt

Table 2.1. Effect of the pulse phase on the initial magnetization. The first column indicates the
phase of the 90◦ pulse, the second column the resultant effect of this pulse on the magnetization,
Mo initially aligned along the z-axis. For example, a pulse along the y-axis tips the magnetiza-
tion from the z-axis to the x-axis. This convention follows the ’right-hand rule’, the direction
of the pulse is along the thumb and the spins are tipped in the same direction as the curl of
ones fingers. The last two columns indicate the resultant signals that would be observed along
the x-axis and the y-axis while the magnetization precesses about Bo. This assumes a counter-
clockwise precession of the bulk magnetization. Whether these signals would be interpreted as
the real or imaginary component of the signal would depend on the receiver phase.
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0 [= x] The signal from mixer A is considered to be the real signal and the signal from
mixer B is considered to be the imaginary signal.

1 [= y] The signal from mixer A is multiplied by minus one and considered to be the
imaginary signal while the signal from mixer B becomes the real signal (i.e. the
output from the two mixers are switched and one is multiplied by minus one.)

2 [= -x] The same signal pathway is used as above for a phase of x, except that both the
real and imaginary signals are multiplied by minus one

3 [= -y] Same as with a phase of y, except that the signal from mixer B is multiplied by
minus one.

Figure 2.21. Implementation of receiver phase. The signal routing paths for receiver phase
values of x, y, −x, and −y are shown in the center section of the diagram. The outer sections
of the diagram indicate the magnetization measured by the two quadrature mixers, A and B.
Mixer A is arbitrarily defined to always measure Mx and mixer B always measures My . These
signals are routed to the computer memory differently, depending on the setting of the receiver
phase. For each phase setting of the receiver the closed arrowhead indicates the direction of the
real axis (r) while the open arrowhead shows the direction of the imaginary axis.

2.3.1.2 Receiver Phase
The receiver phase defines the relationship between the real and imaginary data

channels of the digitized FID and a particular coordinate axis in the rotation frame.
As with the phase of RF-pulses, the direction defined by a receiver phase of zero is
arbitrary. It is the change in the receiver phase from scan to scan that is of importance.
For illustrative purposes a receiver phase of zero will imply that the real component
of the magnetization will represent the magnetization along the x-axis (Mx) and the
imaginary component will represent the magnetization along the y-axis (My). If the
phase of the receiver is shifted by 90◦, the magnetization along the y-axis will be sent
to the real data channel and magnetization along the negative x-axis will be sent to the
imaginary data channel (see Fig. 2.21).

Changes in the receiver phase can be implemented in two ways, by direct alteration
of the phase of the received signal by varying the phase of WIF that enters the two
mixers in the receiver (see Fig. 2.1), or by changing the routing of the signal from the
two mixers to the computer (see Fig. 2.21). The first method is used for receiver phase
shifts that are not multiples of 90◦. The second method is generally used to produce
phase shifts in the receiver that are a simple multiple of 90◦.
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Figure 2.22. Four-step phase cycle. The pulse and receiver phases that are used in the four-
step phase cycle are shown. The r and i indicate the real and imaginary data channels of
the computer, respectively. The open-headed arrow represents the applied B1 field. Note that
the pulse is defined to be along the x-axis for the first scan, the y-axis for the next, and so
on. The solid-head arrow indicates the bulk magnetization immediately after the pulse. The
curved arrow indicates the trajectory of the magnetization during the pulse. After the pulse, the
magnetization precesses counter-clockwise in the x-y plane.

2.3.2 Phase Cycle and Artifact Suppression
Once the phase of the pulse and the receiver have been defined it is possible to dis-

cuss the overall effect of the phase cycle on the recorded signal. First, we will consider
how the phase cycle defines how the signals are added to the real and imaginary data
signals that are stored in the computer. Then we will show that the particular phase
cycle in the one-pulse experiment removes artifacts due to both a DC offset in the FID
as well as an imbalance of the quadrature detection channels.

In the case of the one-pulse experiment shown in Fig. 2.19, the receiver phase
is the same as the pulse phase in any given scan. Therefore any phase shifts in the
signal that are caused by the change in the phase of the pulse will be compensated by
a change in the receiver phase, consequently we expect that the real and imaginary
signals that are added after each scan will be identical. The relationship between the
transverse magnetization and the receiver phase is shown in Fig. 2.22. Immediately
after the pulse, the magnetization is always aligned along the negative imaginary axis,
therefore the imaginary signal after four scans will be −4Mocos(ωt). If we assume
that the spins will precess in a counter-clockwise direction in the rotating frame then
the real signal will be 4Mosin(ωt) after four scans. Therefore, the total signal will be:

S(t) = 4Mo[−sin(ωt) + icos(ωt)] (2.23)

Multiplying this signal by −i, which is equivalent to simple 180◦ phase shift of the
signal, gives: S(t) = 4Mo[cos(ωt) + isin(ωt)], the Fourier transform of which is a
resonance line at ω with an intensity of 4Mo.

2.3.2.1 Suppression of DC Offsets
When the entire FID is displaced from the origin by a constant amount, it is said to

have a DC offset. When a signal with a DC offset is subject to Fourier transformation
the resultant spectrum will have a signal at zero frequency due to the fact that a DC
offset is a signal with zero frequency. Since the DC offset will have the same value at
all times, irrespective of the phase of the pulse or the receiver, cycling of the pulse and
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Table 2.2. Suppression of DC offsets with phase cycling.

Data Real Data Imaginary Data

Scan 1 (Pulse & Rec. phase= x) -Mosinωt +DC Mocosωt +DC
Scan 2 (Pulse & Rec. phase= −x) -Mosinωt -DC Mocosωt -DC

Sum -2Mosinωt 2Mocosωt

receiver phase by x (=0) and −x (=2) will cancel the DC offset. During the first scan
(phase = x) the DC offset will be added with the true signal. However the scan with
a phase of −x will invert the signal from the precessing spins, but not affect the DC
offset. Since the receiver phase is also set to −x, the real and imaginary channels will
be inverted before addition to the FID from the first scan. The inversion of the signals
will also change the sign of the DC offset. Therefore, when the second scan is added
to the first the desired signals add, and the DC offset is canceled.

2.3.2.2 Suppression of Imbalance in Quadrature Detection
Quadrature detection requires splitting of the signal from the probe and then passing

each individual signal through two independent mixing circuits to generate real and
imaginary signals. Assume that one circuit measures cos(ωt) with a gain of (1 +
η) while the other measures sin(ωt) with a gain of 1. When these two signals are
combined for complex Fourier transformation the residual cosine term will give rise
to peaks at both +ω and −ω, as indicated in Eq. 2.24, where η is the amplitude of the
excess cosine signal. The artifact that arises from the imbalance of the channels are
called quadrature images.

(1 + η)cosωt + isinωt = ηcosωt + eiωt (2.24)

Quadrature images are effectively removed by cycling the phase of the pulse and
receiver by x(= 0) and y(= 1). The shift in the receiver phase cause the signals from
the probe to be routed through opposite mixers, i.e. the magnetization that is destined
for the real data channel is actually passed through the mixer that was used for the
imaginary data when the receiver phase is zero. Similarly, the signal that is destined
for the imaginary data is sent through the mixer that previously processed the real data.
This averages any imbalance in the channels.

As an example, consider that mixing channel B has a higher gain, by an amount η,
than mixing channel A. The resulting real and imaginary data from the first two scans
of the experiment is described in Table 2.3, giving an overall signal of:

S(t) = (2 + η)Mo[−sinωt + icosωt] (2.25)
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Table 2.3. Suppression of quadrature imbalance with phase cycling.

Data Real Data Imaginary Data

Scan 1 (Pulse & Rec. phase = x) -Mosinωt (1 +η)Mocosωt
Scan 2 (Pulse & Rec. phase = y) -(1+η)Mosinωt Mocosωt

Sum -(2+η)Mosinωt (2+η)Mocosωt

2.3.2.3 Cyclops: Suppression of DC offsets and Quad Imbalance
Shifting the pulse and receiver phases by π will remove DC offsets from the overall

FID and a phase shift of π/2 will remove the effects of Quadrature imbalance. These
two phase shifts can be combined into a complete phase cycle involving the follow-

−x),
3π/2(= −y). Note that this set of phases combines the two phase cycles such that

one artifact suppression phase cycle, all of the phases of the other

suppression of quadrature imbalance has been applied to each of the phase shifts that
were usedto remove DC offsets. The name of this simple phase cycleis cyclops,
because the’single eye’of the receiver follows the change in the direction of the
magnetization that results from an equivalent phase shift of the pulse.

2.4 Exercises
1 (a) The spectrum of ethanol shown in Fig. 2.6 was acquired with a sweep width

of 6 ppm. Assuming that this spectrum was acquired on a spectrometer with
a proton frequency of 500 MHz, what was the dwell time between points?

(b) A spectrum of ethanol was acquired on the same instrument with a dwell time
of 200 µsec. Calculate the spectral width associated with this dwell time and
describe the appearance of the spectrum.

(c) Same as part B, but for a dwell time of 400 µsec.

2 Show that the digital resolution, for a fixed acquisition time TACQ, is independent
for the number of points, n, that are used to sample the FID (Hint: Keep TACQ

constant, vary n, and calculate the sweepwidth and the Hz/point for different n
values.)

3 A transmitter power setting of 0 dB generates a 10 µsec 90◦ pulse.

(a) What power level will be required to produce a 15 µsec 90◦ pulse?

(b) It is often useful to insert a radio-frequency filter between the output of the
transmitter and the coil in the probe. The insertion of such a filter causes a 1
dB decrease in power to the probe. How would you change the length of the
90◦ pulse to accommodate this filter?

artifact suppression phase cycle are applied.That is, aphase shift of 0 and π/2 for
for each phase of

ing four-steps of the receiver phase and pulse phases: 0(= x), π/2(= y), π(=
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2.5 Solutions
1 (a) The sweepwidth is 500 MHz × 6 ppm = 3000 Hz. Therefore the dwell time

is 1/3000 = 333 µsec.

(b) A dwell time of 200 µsec corresponds to sweepwidth of 5000 Hz (1/200 µsec),
or 10 ppm on a 500 MHz spectrometer. Therefore, the spectrum will look the
same and none of the resonance lines will be aliased.

(c) A dwell time of 400 µsec corresponds to a sweep width of 2500 Hz, or 5
ppm. Since the transmitter was set at 2 ppm, the range of the spectrum is
from 4.5 ppm to -0.5 ppm. Since the water resonance, at 4.8 ppm, is outside
this window, it will be aliased and appear at -0.2 ppm. This frequency is the
resonance frequency, minus the sweep width.

2 Setting TACQ=1 sec. If 128 points are collected, the dwell time is 7.81 msec,
giving a spectral width of 128 Hz, or a digital resolution of 1 Hz/point. If 1024
points are collected, the dwell time is 0.976 msec, giving a spectral width of 1024
Hz, or a digital resolution of 1 Hz/point.

3 (a) 20 log(10/15) = 20 ×−0.176 = −3.52 dB. Therefore the power will have
to be decreased by 3.52 dB.

(b)

1 = 20 log
τ

10 µsec

0.05 = log
τ

10 µsec

1.122 =
τ

10 µsec
τ = 11.2 µsec

An 11.2 µsec pulse will generate a 90◦ pulse when the filter is present.



Chapter 3

INTRODUCTION TO SIGNAL PROCESSING

The sequence of steps that are required to generate a spectrum from the time do-
main data (FID) are discussed in this chapter and summarized in Fig. 3.1. Although
the focus of this chapter will be primarily on processing one-dimensional spectra,

3.1 3.2.1 3.2.2

3.3 3.4 3.5 3.6

Frequency [Hz]
8 6 4 2 0

Chemical Shift [ppm]

Figure 3.1. Overview of data processing. The steps involved in data processing are illustrated,
beginning with the free induction decay (FID, upper left), of N data points, and ending with
the final phased and referenced spectra, consisting of 2N data points (lower right). Each step is
briefly described below and additional details are given in the indicated section of the text:

Sec. 3.1. Remove the DC offset.
Sec. 3.2.1 Increase the resolution of the spectrum by zero-filling. N additional points are

added to the end of the acquired data, giving 2N points.
Sec. 3.2.2 Linear prediction (LP) replaces the zero-filled points with extrapolated data.
Sec. 3.3 Apply an apodization function to remove the discontinuity from the end of the

FID.
Sec. 3.4 Fourier Transformation. The solvent line is removed by Linear prediction and

errors in the initial data points are corrected prior to transformation.
Sec. 3.5 Phase correct the spectrum to generate pure absorption peaks.
Sec. 3.6 Reference the spectra using a chemical shift standard.
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many of the aspects of processing are also directly applicable to higher-dimensional
experiments. In addition to data processing, the effect of artifacts in the free induction
decay (FID) on the appearance of the final spectra will also be discussed. Many of
these artifacts arise in the acquisition of data, consequently it is essential to be able to
identify the source of the spectral distortion and to correct the FID post-acquisition.

3.1 Removal of DC Offset
If the FID is displaced from the baseline by a constant amount, otherwise known

as a DC offset, then the resultant spectrum will contain a spurious resonance at the
center of the spectrum (see Chapter 2). The DC offset is usually removed by phase
cycling during data acquisition. It can also be removed during processing by taking
the average value of the last 10-20% points of the FID and then subtracting this value
from each point in the FID.

3.2 Increasing Resolution by Extending the FID
In many cases the sampling of the FID is terminated, or truncated, before the signal

decays to zero. This is particularly true in the case of multi-dimensional experiments
because it is very time consuming to acquire the entire FID in each dimension of
the experiment. Truncation will degrade the resolution of the spectrum (see Chapter
2). It can introduce spectral artifacts, and can also result in a poor representation of
the spectral lineshape due to the small number of points in the final spectrum. The
distortion of the lineshape due to a small number of points is illustrated in Fig. 3.2.
This figure shows that the transform of a five-point FID gives a spectrum consisting
of five points. The resonance line in this spectrum is sampled so poorly that it is
triangular in shape and has an incorrect position for the maximum intensity. The
addition of more time-domain points increases the digital resolution and gives a more
faithful representation of the lineshape, as illustrated in Panel B of Fig. 3.2.

Two methods of extending the FID are discussed in the following section. The first,
which is appropriate to use if the data has been collected to 3-4 times T2 is called zero

A B

Time [sec]

Frequency [Hz]
Figure 3.2. Digital sampling. The effect of the number of acquired points on the digital sam-
pling of the spectrum. Panel A shows a FID consisting of five data points (black dots). Panel B
shows the resultant spectrum from the Fourier transform of the five data point FID, drawn as a
solid black line connecting the five points in the spectrum. The gray dots in panel A are addi-
tional zero-filled points that have been added to the end of the FID. Panel B shows the resultant
spectrum (dotted line) after transforming the zero-filled FID. The additional interpolated points
in the spectrum are colored gray.
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filling because the FID is simply extended with zeros. The second method, which is
appropriate to use if the data acquisition time is approximately equal to T2 is called
linear prediction. This method uses the acquired data to predict the additional data
points.

Although extending the FID is usually employed to increase the resolution of the
spectrum, this technique is also useful if the number of acquired points, N, is not a
power of 2. If 2m−1 < N < 2m then the Fast Fourier Transform (FFT) cannot
be used for data processing. Extending the FID to 2m allows the use of the FFT in
processing.

3.2.1 Increasing Resolution by Zero-filling
Zero-filling always increases the digital resolution of the spectrum because the

sweepwidth is represented by more points. Zero-filling can also increase the true res-
olution of the spectrum under certain conditions, as illustrated in Fig. 3.3. If the FID
has not decayed significantly at the end of data collection, then additional resolution
can be gained by doubling the size of the FID by zero-filling. It may seem paradoxical
that the addition of zeros can provide additional information. The additional informa-
tion comes from the fact that the FID is collected in quadrature, thus a total of 2N
data points are collected for a complex FID of N points. Consequently when a FID
of N complex data points is transformed to a spectrum of N data points, half of the
data has not really been used. Doubling the size of the FID generates a spectrum of
2N data points, which utilizes all of the data that was acquired. Additional rounds of

 512

1024

2048

 512

1024

2048

0.0 0.2 0.4 0.6 0.8 1.0
Time [sec]

0.08 0.04 0.00 -0.04 -0.08
ppm

Figure 3.3 Increasing reso-
lution by zero-filling. Zero-
filling can increase the ob-
served resolution. The left
section shows a FID that
was truncated to 512 points.
The corresponding spectrum
is shown on the top right.
Zero-filling to 1024 points
generates the middle spec-
trum, and zero-filling to 2048
points gives the bottom spec-
trum. Note that the un-
resolved doublet in the 512
point spectrum is resolved af-
ter adding 512 zeros to the
FID. The additional doubling
of the number of points to
2048 only increases the digital
resolution, producing a bet-
ter representation of the line-
shape, but no further increase
in actual resolution.
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zero-filling, such as increasing the FID size to 4N complex points, will only increase
the digital resolution.

3.2.1.1 Truncation Artifacts Due to Zero-Filling
Artifacts in the spectrum can occur if the FID does not decay to zero by the end

of data collection and the digital resolution has been increased by zero-filling. These
artifacts arise from the discontinuity in the signal introduced by zero-filling and are
often referred to as truncation artifacts.

The origin of the truncation artifacts can be understood by considering the zero-
filled FID to be the product of the original FID multiplied by a square wave that is the
length of the acquisition time, as illustrated in Fig. 3.4. Consequently, the observed
spectrum will be the convolution of the two respective transforms. The Fourier trans-
form of the square wave is a sinc function (see Appendix A). The ripples, or wiggles,
that are associated with the sinc function are convoluted with the undistorted spectral

A

B

0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 3.0

Time [sec]
4.7 4.3 3.9 3.5 3.1 2.7 2.3 1.9 1.5 1.1

ppm

Figure 3.4. Effect of FID truncation on the spectrum. The top two panels (A) show the FID
(left) and the resultant spectrum (right) for data that has not been truncated. A total of 16k data
points were acquired, the dwell time is 200 µsec, giving a total acquisition time of 3.28 sec. The
lower panels (B) illustrate the effect of removing all but 2k of the data, corresponding to 0.41
sec of acquisition time. The gray box illustrates the square wave that was used to multiply the
FID in panel A to generate the FID in panel B. The Fourier transforms of the FIDs are shown
on the right. Both spectra show an insert, which is an expanded view of the resonance line from
the triplet at 3.5 ppm. Note the distortion around the peaks in Panel B due to convolution of the
true lineshape with a sinc function.
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lines, generating ripples that emanate from each peak. The distortion of the spectrum
is readily apparent in Fig. 3.4. The intensity of the ripples will be proportional to
the size of the original signal. Consequently, artifacts from intense resonances in the
spectrum, such as the solvent, can easily interfere with the detection of weaker signals.
This truncation artifact can be removed by apodization, which is discussed below, in
Sec. 3.3.

3.2.2 Increasing Resolution by Linear Prediction (LP)
Extrapolation of the time-domain points can also be accomplished by a technique

called linear prediction. A comprehensive discussion of this technique is provided by
Barhuijsen et al. [7]. This technique is so named because an extrapolated data point
is obtained from a linear combination of existing data points that preceded it:

xn = a1xn−1 + a2xn−2 + ...aMxn−M (3.1)

once the nth point is predicted, it can then be used to predict the next point, and so on.
This approach assumes that the FID is represented as a sum of damped cosine

functions:

xn =
K∑

k=1

cke−n∆t/T2kcos(ωkn∆t + φk) (3.2)

where n∆t represents the time that the xn point is sampled.
Two LP coefficients are required to represent a single resonance line. If a spec-

trum contains N lines, then a minimum of 2N coefficients are required to represent
the spectrum. For example, if the spectrum contained a single spectral line, it is pos-
sible to show the following relationship between the spectral parameters and the LP
coefficients.

a1 = 2e−∆t/T2cos(ω∆t)
a2 = −e−2∆t/T2 (3.3)

Equation 3.3 is valid, regardless of the value of n. Once these coefficients have been
determined correctly, they will be valid for the prediction of any number of points. You
can convince yourself that this is true by substituting a1 and a2 for any two adjacent
points of the FID and show that you obtain the value for the next point, i.e.1

e−n∆t/T2cos(ω n∆t) = a1e
−(n−1)∆t/T2cos(ω (n − 1)∆t)

+ a2e
−(n−2)∆t/T2cos(ω (n − 2)∆t)

3.2.2.1 Determination of LP Coefficients
Before the data can be extended by linear prediction it is necessary to determine the

coefficients, a1, a2, etc. If N points are used to find M coefficients, then the following
represents the set of simultaneous equations that must be solved for a:

Xa = x (3.4)

1The solution requires application of the following identity: cosα×cosβ = 1
2
[cos(α−β)+cos(α+β)].
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X is a matrix of known data, with a dimension (N −M)×M , a is a vector of length
M , and x is a vector of known data with a length N −M . Both X , and x, are known,
while a is not. For example, consider determining a1 and a2 (M = 2) from five known
data points (N = 5), x5, x4, x3, x2, x1. The following equations can be used to solve
for a1 and a2:

a1x4 + a2x3 = x5

a1x3 + a2x2 = x4

a1x2 + a2x1 = x3

or, in matrix form: ⎡
⎣x4 x3

x3 x2

x2 x1

⎤
⎦ ×

[
a1

a2

]
=

⎡
⎣x5

x4

x3

⎤
⎦

The values of an can be found using singular value decomposition. This is a least
squares technique that finds the best values for an using all of the data. The procedure
begins by decomposing the X matrix into a product of three matrices:

X = UΛṼ (3.5)

where Λ is diagonal with zero or positive elements. U and V are orthogonal in the
sense that their columns are orthonormal, and V is a square matrix so that V Ṽ = 1.

This form of X allows direct determination of a from the existing data:

Xa = x

UΛṼ a = x

ΛṼ a = U−1x

Ṽ a = Λ−1U−1x

a = V Λ−1U−1x (3.6)

Information on the number of significant coefficients can be obtained from the Λ
matrix. The product of Λ with its transpose, gives a square diagonal matrix, λ =
Λ−1Λ, with diagonal elements λ1, λ2 . . . λM . The diagonal elements are referred to
as singular values and they contain information on the number and intensity of the
spectral components that were present in the initial data. If there are K lines in the
spectrum then 2K of the diagonal values of Λ will be non-zero. The remaining values
will be zero, at least in the absence of noise.

As an example, suppose a spectrum contains two resonance lines, one that is twice
as intense as the other. Since the number of resonance lines is not known beforehand,
one might try to represent the signal with a total of 6 coefficients, representing three
spectral lines. The original equations that define a are:

x12 = a1x11 + a2x10 + a3x9 + a4x8 + a5x7 + a6x6

...
x7 = a1x6 + a2x5 + a3x4 + a4x3 + a5x2 + a6x1
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The λ matrices that would be obtained in the absence and presence of noise are shown
below:

Without Noise With Noise

λ =

⎡
⎢⎢⎢⎢⎢⎢⎣

2 0 0 0 0 0
0 2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

λ =

⎡
⎢⎢⎢⎢⎢⎢⎣

2.05 0 0 0 0 0
0 1.98 0 0 0 0
0 0 .97 0 0 0
0 0 0 .99 0 0
0 0 0 0 .01 0
0 0 0 0 0 .02

⎤
⎥⎥⎥⎥⎥⎥⎦

In the absence of noise, only the first four elements of λ are non-zero, indicating that
the data can be represented by four coefficients, corresponding to the two spectral
lines. For illustrative purposes, the two fold difference in the peak intensity has been
reflected in the coefficients; the value of the first two coefficients are twice that of the
second two. When noise is present, the 5th and 6th elements are non-zero. In this
example, these values arise from the noise in the data, however, they could equally
represent a third line in the spectrum that is much weaker than the other two lines.

The above discussion assumed that there was sufficient data to obtain all 6 coef-
ficients. However, the number of coefficients that can be obtained is limited by the
number of existing data points. For a spectrum that has fewer points than twice the
number of signals there is insufficient information to determine all of the coefficients.
In this case, only the strongest peaks will be predicted while the weaker peaks will
lost. Linear prediction is still useful in this case because the intense lines in the spec-
trum generate the most intense artifacts. Suppression of truncation artifacts from these
signals can be quite beneficial.

If more than 2N data points are available, it is generally beneficial to use more than
the minimum number of data points to reduce the influence of noise on the determina-
tion of the coefficients.

3.2.2.2 Suppression of Artifacts in Linear Prediction
If the signal-to-noise ratio of the spectrum is high, and the peaks are roughly of

the same intensity, then the prediction of subsequent points in the FID using linear
prediction is very robust. Unfortunately, the noise present in typical data generates
errors in the linear prediction coefficients. These errors in coefficients will result in
errors in the predicted points. Two methods of error suppression will be discussed:
root-reflection and the use of forward-backward prediction.

Root Reflection: One of the most offensive errors in linear prediction is a negative
value for T2. This results in the prediction of an exponentially growing signal that
is clearly incorrect. To avoid this effect, it is possible to constrain the values of the
coefficients such that only decaying signals are predicted.

Constraining the coefficients is accomplished by a technique called root-reflection.
Assuming that there is a single resonance line in the spectrum we can use the analytical
expressions for a1 and a2 (Eq. 3.3) to solve for T2 and ω, giving [7]:

e−∆t/T2e±iω∆t =
1
2

[
a1 ±

√
a2
1 + 4a2

]
(3.7)
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Figure 3.5. Root reflection in Linear Prediction. Three complex roots are shown as solid
dots on an Argand diagram (See Appendix B). The amplitude (κ) and phase (Θ) of one of these
roots are indicated on the left (A) diagram. The unit circle is drawn in gray. Panel A shows
the placement of the roots prior to root reflection. Those roots that lie within the unit circle,
corresponding to κ < 1, are acceptable because they represent a T2 relaxation time that is
greater than zero. In contrast, the roots lying outside the unit circle are not physically possible,
since they represent a negative T2. Panel B shows the effect of reflection of one unacceptable
root into the unit circle, reversing the sign of the T2.

The left side of this equation is just a complex number κeiθ, (κ = e−∆t/T2 , θ =
ω∆t) while the right side is clearly the formula for the roots of a quadratic equation.
Consequently, the roots of the following complex equation are equal to κeiθ.

z2 − a1z − a2 = 0 (3.8)

Once the roots are determined, then the predicted T2 can be obtained from κ. If κ is
less than one the T2 will be positive 2. A signal that does not decay (T2 = ∞) will
have a value of κ equal to one. A growing signal, with a negative T2, will have a κ
value of greater than one. The sign of T2 can be reversed by a process called root
reflection, which is illustrated in Fig. 3.5. After the correction of the roots, the new
coefficients will represent a decaying signal.

Use of Forward and Backward Prediction: The above discussion has focused on the
forward prediction of data points. It is also possible to use linear prediction to predict
earlier time points. Returning to the previous example of five known data points and
two coefficients, it is also possible to write the following set of linear equations:

x1 = a1x2 + a2x3

x2 = a1x3 + a2x4

x3 = a1x4 + a2x5

In the absence of noise, the above coefficients will be identical to those that were
obtained from forward prediction. However, noise will introduce small differences
between the otherwise equal coefficients. Simply averaging of the two coefficients
increases the stability of the prediction. The effect of root-reflection and forward-
backward prediction on the accuracy of linear prediction is illustrated in Fig. 3.6.

2If T2 > 0 then e−x < 1. If T2 < 0, then e+x > 1, where x = −∆t/T2. If T2 = ∞, then x=0 and
e0 = 1.
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Figure 3.6 Improvement
of linear prediction with
root-reflection and forward-
backward prediction. The
left panels show the free
induction decay (FID) while
the right panels show the
resultant spectrum. The spec-
trum is the amide region of a
130 residue protein. Row A
shows the FID acquired with
256 points and the resultant
transform, using all 256
points. Rows B-D show the
result of linear prediction of
the 2nd half of the FID, using
the first half of the acquired
data. A total of 60 coefficients
were predicted from the
data. Row B shows the
result that is obtained without
root reflection or the use of
forward-backward averaging.
Note the large increase in the
predicted points towards the
end of the FID, indicative
of a negative T2. Row C
employed root-reflection
while Row D employed both
root reflection and forward-
backward prediction, giving
a spectrum similar to the
original spectrum.

3.2.2.3 Selection of LP Parameters
One should keep in mind that linear prediction is nothing more than a least-squares

fitting procedure that operates in the time domain. Consequently, the use of noisy
data will result in incorrect coefficients that can lead to changes in the signal intensity,
linewidth, and frequency! With particularly noisy data it is possible to generate peaks
that are solely artifacts of the linear prediction. Therefore, linear prediction should be
used with caution. The most sensible use of linear prediction is to extend the FID by
20-40% and then use an apodization function (see below) to reduce the influence of
the predicted points on the final spectrum, as illustrated in Fig. 3.8. This approach
will enhance the contribution of the acquired data points that are towards the end of
the FID, thereby increasing the resolution in the spectrum, without undue influence
from the predicted points.

Most NMR processing software packages have linear prediction routines. A brief
description of typical parameters is presented in Table 3.1.
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Table 3.1. Linear prediction parameters.

Parameter Description

N Number of data points. Points 1 through N will be used to determine M
coefficients. You should use all of the data, unless the FID is particularly
noisy at later time points.

M Number of coefficients, this cannot exceed N/2. The number of coeffi-
cients should be equal to twice the number of signals in the FID. If too
few coefficients are chosen then only the strongest signals will be used
in the prediction. If too many coefficients are chosen then the noise in
the spectrum will be represented by artifactual spectral lines.

First point This is the 1st point that should be predicted, normally it is the next
point after the end of the existing FID; however, data acquired at the
end of the FID can certainly be replaced.

Last point This is the last point to be predicted.

Root reflection Implementation of root-reflection is usually an option.

Forward-backward Implementation of forward-backward prediction is usually an option.

3.3 Removal of Truncation Artifacts: Apodization
A discontinuity in the free induction decay will lead to artifacts in the final trans-

formed spectrum. In the case of a zero-filled FID, the final spectrum is a convolution
of the normal NMR spectrum and a sinc function (see Fig. 3.4). The effects of trunca-
tion of the FID due to zero-filling can be removed by manipulating the FID such that
it smoothly decays to zero at the end of the collected data, thus removing the discon-
tinuity in the time-domain data. Alternatively, if linear prediction was used to extend
the time-domain, the same manipulations can be used to bring the FID to zero at the
last point generated by linear prediction. This procedure is useful in that it reduces the
influence of the predicted points on the final spectrum.

The FID is brought to zero by multiplying the FID by an apodization function to
give a modified FID. This process is termed apodization because it removes the ’feet’,
or ripples, from the resonance lines. Another common name for this process is ’ap-
plying a window-function’. Many apodization, or window, functions are available in
data processing packages. These can be loosely divided into three types: those which
maintain the lineshape (exponential multiplication), those that change the lineshape
in a well defined matter (Lorentzian to Gaussian) and those which simply bring the
FID to zero at the end of the acquired data. Of the latter class, there are many different
types [53]. However, the differences between them are subtle and often not discernible
with typical data. Consequently, we will focus on one of the more commonly applied
versions of this class of window functions, the trigonometric window functions.

3.3.1 Effect of Apodization on Resolution and Noise
In addition to removing truncation artifacts, the apodization functions will also

affect the resolution and the signal-to-noise ratio of the spectra. For example, expo-
nential multiplication leads to line broadening and a reduction in noise, while certain
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trigonometric functions produce narrowing of the spectral line with an increase in the
noise. In general, these two effects are correlated. Efforts to increase the resolution of
the spectra will also increase the noise.

The relationship between changes in resolution and changes in noise levels can be
understood by considering the FID to be the sum of the true signal and a noise function.
As discussed in Chapter 2 the resolution of the final spectrum depends on how long the
FID is collected. Therefore, data points acquired at later times can be considered to
provide high-resolution information while earlier data points provide low-resolution
information. The true signal decays with time while the noise is uniform during the
entire data collection period. Apodization functions, such as exponential multiplica-
tion, that suppress signals late in the FID, will decrease the contribution of the noise
to the Fourier transform. Unfortunately, they will also decrease the resolution of the
spectrum. Conversely, functions that amplify signals late in the FID will increase the
final resolution at a cost of increasing the noise.

3.3.1.1 Exponential Multiplication
The most common modification of the FID is exponential multiplication (EM),

otherwise known as line broadening (LB). The EM apodization function simply mul-
tiplies the original FID by e−t/a to give the following apodized FID (see Fig.3.7):

g(t) = e−t/T2e−t/a = e−t[ 1
T2

+ 1
a ] (3.9)

The effect of this apodization function on the spectral lines can be seen by calculating
the Fourier transform of the modified FID. The Fourier transform of this function will
produce a Lorentzian line, but with a modified T2 that is shorter than the original T2,

1
T ′

2

=
1
T2

+
1
a

(3.10)

Note that the EM apodization function always increases the resonance linewidth. In
the example shown in Fig. 3.7, the linewidth is doubled, from 10 Hz to 20 Hz. Ex-
ponential multiplication reduces the noise in the spectrum because it suppresses the
contribution from the right-hand side of the FID, which contains proportionally more
noise than the beginning part of the FID.

Usually the parameter 1/a (in Hz) is specified in the LB routines provided with the
processing software. Depending on the choice of a, it is possible to bring the FID to
zero at the end of the acquisition. The optimal value of LB is equal to ∆ν1/2, which
is just the average width of the lines in the spectra.

3.3.1.2 Lorentz to Gaussian transform
In addition to suppressing truncation artifacts this function converts a Lorentzian

lineshape to a Gaussian lineshape. Gaussian lineshapes approach the baseline faster
than Lorentzian lineshapes, providing some enhancement in the apparent resolution of
the spectrum, making it easier to fit overlapping peaks. The apodization function is:

gGL(t) = e+t/ae−
l2
2 t2 (3.11)
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Figure 3.7. Effect of apodization functions on spectral lineshapes. The left column shows the
apodization function, the center column shows the FID after multiplication by the apodization
function, and the right column shows the transformed spectrum, drawn as a solid line. The
dotted line in the right-hand panels show the spectrum that would be obtained if the data were
collected until it decayed to zero and no apodization function was applied. The natural linewidth
of the resonance line, ∆ν, is 10 Hz. Row A shows the effect of zero-filling. The spectrum is
distorted by the convolution with the sinc function. Row B shows the effect of applying a
exponential multiplication (EM) with a time constant of 100 msec, equivalent to a broadening
of 10 Hz. Note that the sinc ripples are removed, at the expense of an increased linewidth. Rows
C, D, and E illustrate the effect of a shifted sine squared window, with phase shifts of 90◦, 70◦,
and 50◦, respectively. The 90◦ shifted sine2 curve is equivalent to a cosine2 function. Note the
decrease in the linewidth of the spectrum as the phase shift of the sine2 function decreases. A
50◦ shifted sine2 function (row E) produces a resonance line with nearly the natural line width.
The two negative features on either side of the line arise from the convolution of the Fourier
transform of the sine2 function with the undistorted line. These lobes can be reduced by using
linear prediction to increase the apparent acquisition time (see Fig. 3.8).
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If a is chosen to be equal to T2, then the modified FID has the following form:

g(t) = e−
l2
2 t2 (3.12)

The Fourier transform of a Gaussian time domain is a Gaussian line:

G(ω) = e−
l2
2 ω2

(3.13)

Usually, l is specified by a ratio of the linewidth, l = r×∆ν1/2 typical values of r are
0.2 to 0.7. Note that if the widths of the lines in the spectrum vary, then most of the
lines will have a lineshape that is a mixture of Gaussian and Lorentzian character.

3.3.1.3 Trigonometric Windows
This group of window functions are based on trigonometric functions. They remove

truncation artifacts by bringing the FID to zero at the end of the acquisition time.
These functions can also enhance resolution by increasing the contribution of later
time-points to the transform. Both cosine and sine curves, as well as their squares can
be used. The sine functions are more appropriate for signals that begin at zero, such as
in a DQF-COSY experiment, while cosine functions are more useful for signals that
have their maximum at t = 0 and decay as t increases, i.e. a normal free induction
decay.

The effect of a cosine squared window (Eq. 3.14) on the FID and subsequent
spectrum is shown in Fig. 3.7, Panel C. Note that the ripples due to the sinc function
have been removed with only a modest increase in linewidth.

g(t) = cos2(
π

2TACQ
t) (3.14)

where τACQ is the total acquisition time.

3.3.2 Using LP & Apodization to Increase Resolution
When apodization functions are applied, they generally degrade the resolution of

the spectrum by introducing additional line-broadening of the resonances. This ad-
ditional broadening occurs because the data points towards the end of the FID are
suppressed by the apodization function. The resolution can be restored by adjusting
the apodization function such that the contribution of the latter points of the FID are
emphasized. The most common way of achieving this is to simply shift the cos2τ
apodization function3 such that the maximum occurs at some time point other than the
origin of the FID. Examples of these functions are shown in Fig. 3.7, rows D and E.
As the function’s maximum is shifted to the right, the linewidth narrows, almost to
the point of returning the resonance line to the natural linewidth (Fig. 3.7 row E). The
enhancement of resolution is not without cost, as the resolution is increased the de-
gree of baseline distortions also increase (compare row D to row E, in Fig. 3.7). This

3These shifted window functions are generally referred to as shifted sin2τ functions. A 90◦ shifted sin2τ
function is the same as a cos2τ function.
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Figure 3.8 Using linear prediction to
enhance resolution. Panel Ai shows
the FID from a single resonance line,
acquired with 256 points. The spectrum
is shown on the right (Aii). Panel Bi,
shows the same FID, except that only
64 data points were collected. A 45◦

shifted sin2τ function that reached zero
at 64 points has been applied to remove
truncation artifacts (Bii), giving the fi-
nal spectrum shown in Biii. Section
C shows the effect of the prediction of
an additional 64 points using the first
64 points (Ci), followed by apodization
with a 45◦ shifted sin2τ function that
is zero at 128 points, giving the FID
shown in Panel Cii. The resultant trans-
form (Ciii) is almost the same as the
original signal that was acquired for 4
times longer (256 versus 64 points).

distortion occurs because the Fourier transform of the apodization function begins to
acquire a sinc-like shape.

The distortions associated with phase shifted sin2 functions can be reduced by in-
creasing the length of the apodization function such at it becomes zero past the end of
the original FID. This, of course, re-introduces truncation artifacts. The discontinuity
in the FID can be removed by extrapolating the FID, using linear prediction, to the
point that the apodization function is zero, as illustrated in Fig. 3.8.

3.4 Solvent Suppression
Linear prediction can be used to remove strong solvent lines by predicting the signal

due to the solvent and then subtracting this signal from the original FID. Transforma-
tion of the modified FID will produce a spectrum that lacks the solvent line. The linear
prediction coefficients that represent the solvent line can be identified by virtue of the
fact that they will be associated with the two largest elements of the λ matrix because
the solvent resonance is generally the largest in the spectrum. These two coefficients
are then used to generate the FID that represents the solvent line. This method can be
quite effective at removing the solvent, as illustrated in Fig. 3.9.
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Figure 3.9 Solvent suppres-
sion using linear prediction.
The top row shows the FID
(left) and spectrum (right)
when the water signal is ≈
1000 times that of the protein
in the sample. The water is
on resonance, hence the non-
oscillatory appearance of the
FID. The lower panels show
the FID and resultant spec-
trum after water suppression.
The resultant spectrum shows
almost no residual signal from
the water.

3.5 Spectral Artifacts Due to Intensity Errors
In this section we will consider the effect of intensity errors at the beginning of

the FID on the final spectrum. The least severe and most easily correctable of these
errors is caused by the digital Fourier transform itself. Minor, and usually correctable,
distortions of the signal can arise due to hardware limitations. In some cases the
first few points of the FID are not collected at all, leading to severe distortions of the
spectrum if the missing points are not replaced by predicted ones.

3.5.1 Errors from the Digital Fourier Transform
Consider the following real Fourier transform of a free induction decay, in integral

form:

S(ω) =
∫

F (t)cos(ωt)dt (3.15)

Since the FID is sampled at discrete time points, the above integral is evaluated as
the following sum:

S(k∆ω) =
n−1∑
i=0

Fi cos([k∆ω][i∆t])∆t (3.16)

Here, Fi represents each time point in the free induction decay, indexed with the vari-
able i, and S(k∆ω) represents the spectrum, indexed by the variable k.

The sum in Eq. 3.16 is really the total area of a series of rectangles, as indicated in
Fig. 3.10. The contribution of the first rectangle to the overall sum is twice as large
as it should be. Consequently the value of the first point should be reduced by 50%
to correct its contribution to the Fourier transform. Many of the commercial software
packages apply this correction as a default.

Alternatively, the correct summation can be obtained by delaying the acquisition of
the first point by 1/2 of a dwell time. This delay shifts all of the rectangles shown in
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Figure 3.10 Digital Fourier transfor-
mation. The summation in Eq. 3.16 is
represented by the area of the shaded

points of the FID. The digitized points
are shown as filled circles. The addi-
tional area that is incorrectly added to
this sum is shaded in dark gray. This
area is removed by multiplying the first
point by 0.5.

Fig. 3.10 to the right by ∆t/2, giving the correct weighting for the first point. This
shift also causes a frequency dependent first-order phase shift of 180◦; however, it is
easily corrected. Shifting the FID by 1/2 of a dwell time has other advantages as well;
aliased peaks appear as negative peaks in the spectrum. This is particularly useful for
the identification of aliased peaks in multi-dimensional spectra and will be discussed
in more detail in Chapter 15.

3.5.2 Effect of Distorted and Missing Points
The first few points of the FID can be distorted due to residual effects from the

excitation pulse at the beginning of the digitization. The contribution of the initial
points to the final spectrum can be ascertained from the digital form of the Fourier
transform:

S(k∆ω) =
n−1∑
i=0

Fi cos([k∆ω][i∆t])∆t

= F0cos([k∆ω][0 × ∆t])∆t + F1cos([k∆ω][1 × ∆t])∆t + . . .

= F0 + F1cos([k∆ω][1 × ∆t])∆t + . . . (3.17)

In this summation, F0 is the first point of the FID. As shown by the last line of the
above equation, this point contributes to the baseline offset of the resultant spectrum.
Hence, distortion of the first point will only shift the spectrum up or down, an easily
correctable artifact.

Equation 3.17 indicates that the subsequent points of the FID are related to increas-
ingly higher frequencies in the spectrum, i.e. F1 is associated with cos(ωt) and F2

is associated with cos(2ωt), etc. Consequently, distortion of these points lead to low
frequency oscillations in the baseline of the spectrum. Some of the effect of distortion
of the first points of the FID on the spectrum are illustrated in Fig. 3.11.

As shown in part C of Fig. 3.11, distortion of the first few points leads to severe
distortions in the baseline. With crowded spectra, it would be difficult to correct this
distortion in the spectrum using baseline correction routines. However, it may be
possible to correct the original error in the FID by using linear prediction to generate
the first points of the FID, as illustrated in part D of Fig. 3.11. Since it is necessary
to predict only the low frequency components of the spectrum, it is possible to use
a small number of coefficients, in this example only 16 coefficients were used, even
though the spectrum contains over 100 lines.

triangles, shown here for the first five
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Figure 3.11. Spectral distortion due to errors in the initial points. Row A shows the first
25 points of an undistorted FID (left) and the resultant spectrum from the FID (right). Row B
shows the effect of setting the first point to zero. The spectrum is undistorted, but shifted below
the origin. Row C shows the effect of setting the first five points to zero. The resultant spectrum
is distorted by low frequency oscillations, referred to as a “rolling baseline”. Row D illustrates
the effect of using linear prediction to predict the previously nulled points. Sixty-four points
(i.e. points 6 through 70) were used to generate 16 coefficients. Root reflection and forward-
backward linear prediction was not used in this example. The suppression of the artifacts in the
final spectrum is remarkable.
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Figure 3.12. Effect of delayed acquisition on the spectrum. The FID (A) has been shifted to
the right by 5 points, corresponding to a delay of ≈ 660 µsec (sweepwidth = 6000 Hz). The
resultant spectrum is shown in B. The correctly phased spectrum is shown in Panel C. A zero-
order phase shift of -180◦ and a first-order phase shift of +1800◦ has been applied to give the
phase-corrected spectrum shown in C.

3.5.3 Delayed Acquisition
In addition to intensity errors in the first points, it is also possible to have errors in

the timing of the start of data acquisition. Errors of this type will occur on instruments
that use digital filtering of the FID in addition to analog filters. In this case there is no
distortion of the signal, only a shift in time. As discussed in Section 3.6, a delay in the
acquisition of the time domain signal will lead to a frequency dependent, or first-order,
phase shift applied to the spectrum. Figure 3.12 illustrates the effect of a time shift on
the spectrum. Note that the baseline distortions look very similar to those generated by
distortion of the initial points of the FID, however the distortions are easily removed
by phasing of the spectrum. The amount of first-order phase correction that should be
applied to the spectrum is:

φ1 = 360◦ × N (3.18)

where N is the number of points that the FID has been shifted. If the acquisition of
the FID has been delayed by one-half of a dwell time, then a 180◦ first-order phase
shift should be applied.

3.6 Phasing of the Spectrum
The phase of the detected signal can be pictured in two equivalent ways, a geomet-

rical model and one that considers the actual phases of the detected signal. The two
different descriptions of the receiver phase are illustrated in Fig. 3.13. The geomet-
rical model will be used first to discuss the effect of the signal phase on the observed
spectrum and how these effects are removed by phasing.

The geometrical model defines the phase of the detected signal by the position of
the bulk magnetization in the transverse plane at the initiation of signal detection. In
this case, the coordinate frame is defined by the real and imaginary axis of the receiver.
If the signal is aligned along the real axis of the receiver then it has a phase shift of
zero and a pure absorption spectrum will be observed. Conversely, if the signal is
aligned along the imaginary axis of the receiver, then it has a phase shift of 90◦ and
a dispersion curve will be observed. Signals that lie elsewhere will have a mixed
lineshape. The effect of the signal phase on its appearance is illustrated in Fig. 3.14.
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Figure 3.13. Geometric and electronic description of the signal phase. Panel A illustrates the
geometric description of signal phases. Here, the real axis of the receiver has been arbitrarily
defined to be along the x-axis. The bulk magnetization, illustrated with the gray arrow, is
aligned along the x-axis. This signal will have a phase shift of 0◦ and will give a pure absorption
mode lineshape. In B, the actual signals that enter the receiver are shown. The two top signals
represent the two separate intermediate frequencies (WIF ) that are mixed with the signal (FID)
from the pre-amp, as indicated in the spectrometer diagram on the right. If the phase of the
pre-amp signal is the same as the phase of WIF (phase=0), then the phase shift of the signal is
defined to be zero.

The geometrical model is very useful for visualizing the detection process when the
magnetization is represented by a vector precessing in the transverse plane. However,
the notion that the receiver phase actually defines the orientation of a coordinate frame,
although convenient and of practical use, is incorrect.

The phase of the signal is correctly described as the phase difference between the
signal that enters the receiver and the intermediate frequency (WIF ). When the signal
from the pre-amp enters the receiver it is split into two signals. One of these is mixed
with WIF that has not been phase shifted, while the other portion is mixed with WIF

that has been shifted by 90◦ (see Fig. 3.13). If the detected signal is in-phase with the
non-phase shifted WIF then its phase shift is zero. Alternatively, if the detected signal
is 90◦ out of phase with the non-shifted WIF and in-phase with the shifted WIF , then
its phase is 90◦.

3.6.1 Origin of Phase Shifts
There are several factors that produce a phase shift of the signal:

1. Electronic effects: As the signal progresses from the probe to the digitizer it is
amplified and mixed with other signals. These steps introduce a shift in the phase
of the signal that will depend on, among other things, the receiver gain and the
frequency of the signal. To first-order, these shifts are linear with frequency.

2. Off-resonance effects: Consider the effect of a 90◦ pulse along the minus x-axis
for on- and off-resonance spins. The pulse will rotate the on-resonance spins to
the y-axis. If we assume the y-axis of the receiver is the real axis, the phase of
on-resonance spins will be zero. Spins that resonate at a lower frequency than the
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transmitter will precess about a larger effective field, and will end up behind the y-
axis after the pulse, equivalent to a negative phase shift (see Fig. 2.10). Spins that
resonate at a higher frequency will end up in front of the y-axis after the pulse,
representing a positive phase shift. Again, the phase shift is proportional to the
resonance frequency.

3. Delay in acquisition of the signal: It is impossible to collect the signal immediately
after the pulse because of transient signals that remain in the probe after a high-
power RF-pulse. These transients are several times as intense as the real signal,
thus it is necessary to wait 10-20 µsec before acquisition of the signal. This delay
is often called the receiver dead time. A delay of τ , will lead to a phase shift of
ωsτ in the detected signal, as illustrated in Fig. 3.15.

The above three factors combine together to produce a phase shift in the detected
magnetization that can be characterized as having a frequency independent term (zero-
order) and a frequency dependent term (first-order). It is assumed that the frequency
dependence is linear, thus:

φ(ω) = φo + kω (3.19)

Since the phase delay of the time domain signal of a resonance line depends on the
location of the line in the spectrum, the actual lineshape, absorbance or dispersive, of
the resonance will depend on its position in the spectrum, as illustrated in Fig. 3.15.
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Figure 3.14. Effect of signal phase on the final spectrum. The four panels show the effect of
a 0◦ (pure absorption), a 30◦, a 90◦ (pure dispersion lineshape), and a 180◦ phase shift on the
observed spectrum. Note that the spectrum obtained with a phase shift of 180◦ is also pure
absorption, but inverted.
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Figure 3.15. Origin of first-order phase shifts. This figure illustrates the origin of frequency
dependent phase shift that arise from the receiver dead time. Spins “a”, “b”, and “c”, represent
three different resonance frequencies with ωc > ωb > ωa. Immediately after the pulse, all three
spins are placed on the x, or real, axis. Sampling of the signal occurs after a delay τ . At this time
resonance “a” shows the smallest phase shift, while “b” and “c” show increasing larger phase
shifts since their precessional frequencies are correspondingly larger. The effect of a phase
shift on the lineshape is to produce a mixed lineshape that is the combination of absorption and
dispersion lineshapes. The right side of the figure shows the resultant spectrum. Note that the
lineshape of “a” is almost pure absorption while that of “c” is almost a pure dispersion curve.

3.6.2 Applying Phase Corrections
The goal is to apply a frequency dependent phase shift to the spectrum such that

the phases of all of the peaks are returned to 0◦, yielding a pure absorption lineshape
for all resonances in the spectrum. Phase corrections are performed with the software
by forming the appropriate linear combination of the real and imaginary signals.

The signal in the time domain with the phase shift incorporated as eiφ(ω) is:

S(t) = eiωte−t/T2eiφ(ω) (3.20)

The observed real, hr, and imaginary, hi, components of the spectrum are:

hr(ω) = cos(φ)gr − sin(φ)gi

hi(ω) = sin(φ)gr + cos(φ)gi

(3.21)

where gr and gi represent absorption and dispersion lineshapes, respectively, and φ
represents the phase shift.

To obtain pure absorptive line shapes for all the peaks in the spectrum it is necessary
to apply a phase correction that removes both φo (zero-order phase correction), as well
as the frequency dependent term, kω (first-order phase correction). These corrections
are specified in degrees to the processing software. The software, in turn, computes
the phase corrected spectrum by adding cos(φ)hr(ω) to sin(φ)hi(ω) to give :

cos2(φ)gr − cos(φ) sin(φ)gi + sin2(φ)gr + cos(φ) sin(φ)gi

= gr

(3.22)

Note that it is necessary to have both the real and imaginary components of the spec-
trum in order to phase the spectrum.
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3.7 Chemical Shift Referencing
Once the spectrum has been phased it is necessary to define the chemical shift scale

or “reference the spectrum”. The chemical shift is given by the following formula:

δ =
ν − νo

νo
× 106 (3.23)

where νo is the resonance frequency of the reference compound.
Compounds that are used to reference proton, carbon and nitrogen spectra are listed

in Table 3.2. The chemical structures of some of these compounds are shown in Fig.
3.16. The most commonly used referencing compounds, TMS, DSS, and DSA, have
methyl groups attached to a silicon atom. Since silicon has a smaller electronegativity
than carbon (1.9 versus 2.5), the electron density on the methyl groups is increased in
these compounds. Consequently the proton and carbon spins are highly shielded and
they resonate at a lower frequency than most other resonances in the spectrum.

TMS is insoluble in aqueous solution while the other compounds listed in Table
3.2 have limited solubility in organic solvents. Consequently TMS is generally used
to reference spectra taken in organic solvents while any of the other compounds can
be used for aqueous solutions. Of the aqueous reference compounds, DSS is the com-
pound of choice because of its negligible sensitivity to pH and temperature changes
(see [166] for more details). DSA was developed as a replacement for DSS in samples
containing components that interact with DSS, such as cationic peptides [119]. Either
DSS or DSA are excellent compounds to use for both proton and carbon chemical
shift referencing in biomolecular NMR. In contrast, the chemical shift of one of the
most frequently used proton reference compounds, H2O or HDO, has a high sensi-
tivity to both pH and temperature. This sensitivity must be taken into account when
using HDO as a reference compound.

Compounds used for referencing can either be employed as internal or external
standards. In the case of internal standards a small amount of the compound is dis-
solved directly in the NMR sample. In cases where the reference compound is insol-
uble in the solvent, or reacts with components in the sample, the reference compound
can be used externally by inserting a sealed capillary containing the reference com-
pound coaxially into the sample. Internal standards are generally preferred because the
capillary required for external referencing can alter the static magnetic field, leading
to small changes in the observed shifts.

Referencing 15N spectra with liquid ammonia presents some challenges because
it is difficult to prepare sealed capillaries with liquid ammonia for external referenc-
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CH3

CH3
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Figure 3.16. Chemical shift reference compounds. Compounds for the referencing of
chemical shifts in organic (tetramethylsilane,TMS) and aqueous (4,4-dimethyl-4-silapentane-
1-sulfonate, DSS; 4,4-dimethyl-4-silapentane-1-ammonium, DSA) solvents are shown.
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Compound Chemical Shift Effect of pH Effect of Temperature

1H Reference Compounds
TMS 0.000 none none
DSS/DSA 0.000 none none
Acetone 2.218 none none
HDO (25 ◦C) 4.766 -2 ppb/pH -11.9 ppb/◦C

13C Reference Compounds
TMS 1.70 none -4 ppb/◦C
DSS/DSA 0.00 none none
NaAcetate 26.10 none none
Acetone 33.00 none none

15N Reference Compound
NH3 (liq., 25 ◦C) 0.0 n.a. 40 ppb/◦C

Table 3.2. Compounds for chemical shift referencing. The chemical shift of each compound
relative to DSS is indicated, as is the effect of temperature and pH on the resonance line position.
This information was obtained from [166].

ing. Consequently, 15N spectra are often referenced indirectly, based on the measured
proton shift of DSS. This approach is based on the fact that the ratio of the proton
frequency at zero ppm to that of the nitrogen frequency at zero ppm should be inde-
pendent of the spectrometer field strength. This ratio has been measured at several
field strengths and is approximately 0.101329118 ([166]).

3.8 Exercises
1. Prove that sinc ripples from a resonance line in the center of the spectrum (ν = 0)

do not appear in the spectrum if the FID is not extended by zero-filling.

2. Assume that the phase of the intermediate frequency (WIF ) is shifted by 30◦.
How would this change affect the phase correction that would be applied to the
spectrum?

3. A proton spectrum of a sample of DSS was acquired with a transmitter frequency
of 500 MHz. After setting the methyl proton line from DSS to 0 ppm the chemical
shift at the center of the spectrum was 5 ppm. What is the absolute frequency of
the DSS methyl line and what is the absolute nitrogen frequency that corresponds
to zero ppm on the nitrogen frequency scale.

3.9 Solutions
1. The observed spectrum is the convolution of the Fourier transform of the complete

FID and the Fourier transform of a square wave of length, τacq, the acquisition
time. The Fourier transform of the square wave is a sinc function (see Appendix
A). We will show that the null, or zero, values of the sinc function, with the excep-
tion of ν = 0, fall exactly on the sample data points in the spectrum, therefore the
sinc function becomes equivalent to a delta function, δ(x), at ν = 0. The convolu-
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tion of a delta function with the spectra line does not distort the appearance of the
line.

The spacing between the points in the spectra is equal to 1/τdw, where τdw, is the
dwell time, or the spacing between the points in the FID.

The transform of a square wave of length 2a is a sinc function:

F (ω) =
√

2sin(ωa)
ω
√

π
(3.24)

This function has null points when ωa = kπ; k ∈ I, k �= 0. Replacing ω with the
frequency in hertz, gives the following for the frequencies of the null points:

ν = k
1
2a

(3.25)

The length of the original square wave, 2a, is just the total acquisition time, which
is equal to N × τdw. Therefore nulls occur at:

ν = k
1

Nτdw
(3.26)

since k can be any integer, except zero, it can be set to a multiple of N . The null
points will be:

ν =
1

τdw
,

2
τdw

,
3

τdw
(3.27)

These frequencies are identical to the spacing of the points in the final spectrum.
2. This would require the application of a 30◦ shift to all of the lines in the spectrum,

corresponding to a zero-order phase shift of 30◦. The first order phase correction
would be unchanged.

3. The frequency of the DSS line is 5 ppm lower than the transmitter frequency.
At this field strength, this ppm change corresponds to 2500 Hz. Therefore the
frequency of the DSS line is 500,000,000 - 2500 = 499,997,500 Hz. The zero
point of the nitrogen spectrum is just this number multiplied by 0.101329118, or
50,664,306 Hz.



Chapter 4

QUANTUM MECHANICAL DESCRIPTION
OF NMR

We have seen in the first few chapters that a classical description of NMR pro-
vides useful insight into the behavior of the spins. However, a classical description
is completely inadequate in describing multidimensional NMR. Quantum mechani-
cal approaches are required to describe these more complex experiments. This chap-
ter provides an introduction to quantum mechanics and describes its application to
isolated nuclear spins. Subsequent chapters explore the interaction between nuclear
spins. The overall goal of these chapters is to provided the reader with a simple set
of rules that describe the evolution and coupling of spins. These rules can be used to
readily interpret complex multi-dimensional NMR experiments.

4.1 Schrödinger Equation
The basic tenet of quantum mechanics is that the properties, or states, of a system

can be described in terms of a wave function. The wave function is an expression of
the probability of finding a single system in a particular state. The wave functions,
Ψ, are defined by the total energy of the system from the well known Schrödinger
equation:

i�
dΨ
dt

= − �
2

2m

d2Ψ
dx2

+ VoΨ, (4.1)

i�
dΨ
dt

= HΨ, (4.2)

where H represents the total energy of the system. For a classical system, H cor-
responds to the sum of the kinetic energy (p2/2m) and the potential energy (V (x)).
The above equations suggest that the wavefunctions are functions of Cartesian space,
e.g. Ψ(x, y, z). Although this is appropriate for many different systems, such as those
which describe the electron orbitals around atoms or a particle in a potential well, this
is an unnecessary restriction. In the case of NMR, the wavefunctions that describe
the system are not functions of Cartesian space. Consequently, it will be necessary to
develop an alternative formalism to describe them.
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In the above equation, H, or the Hamiltonian, can also be described as an operator.
Operators are mathematical representations of observables, such as energy, that are
applied to wavefunctions. The Hamiltonian is a very important operator. Not only can
it provide the energy associated with a state of the system, but it also determines how
the system evolves in time (see Eq. 4.2).

The application of an operator onto a wavefunction returns the values of the ob-
servable and another wavefunction. If the same wavefunction is returned, then these
wavefunctions are given a special name, eigenfunctions1, and the observable is called
an eigenvalue. For example, the application of the Hamiltonian to one of its eigen-
functions will return the same eigenfunction multiplied by the energy of that state:

HΨ = EΨΨ (4.3)

Here, Ψ is an eigenfunction of H, and is associated with an eigenvalue of EΨ. Wave-
functions that are eigenfunctions of the total energy are referred to as stationary states
because only their phase changes during time evolution:

i�
dΨ
dt

=EΨΨ

dΨ =
1
i�

EΨΨdt

Ψ(t) =Ψ(0)e−i
EΨ

�
t

(4.4)

The quantum mechanical description of NMR will utilize wavefunctions to repre-
sent the current state of the magnetization at any point in an experiment. The Hamil-
tonian that is present at that time will describe how the magnetization (wavefunction)
will change with time. Therefore our goal is to describe the wavefunction associated
with the initial state of the NMR experiment, and then use the Hamiltonian to de-
termine the evolution of the magnetization as the experiment progresses, up to and
including, the detection of the final signal.

4.1.1 Vector Spaces and Properties of Wavefunctions
The wavefunction, Ψ, that describes the properties of the system can be described

as a sum of orthonormal basis functions, ui, that form a vector space. These basis
vectors are usually the eigenvectors of some operator and are capable of describing
any arbitrary wavefunction. The dimensionality of the system, n, is defined by the
number of basis vectors that are required to span the vector space, or equivalently, to
define any arbitrary state of the system.

Basis vectors represent wavefunctions in much the same way that the Cartesian
basis vectors , î, ĵ, k̂ can be used to describe any vector in normal three-dimensional
physical space, for example the vector �V :

�V = aî + bĵ + ck̂

1Eigen is from German. Loosely translated it means ’of one’s own’.
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Correspondingly, any arbitrary state of the system can be described as:

Ψ =
n∑

i=1

ciui (4.5)

where ui are the basis vectors.
It is important to remember that there is no unique set of basis functions, in just

the same way that there is no unique Cartesian coordinate system. However, the basis
vectors that are most commonly used are the eigenvectors of the energy operator, i.e.
Huk = Ekuk. These basis vectors are stationary states and thus a convenient set of
basis states to use.

The values of ci can be found using the fact that the basis vectors are orthonormal,
in much the same way î is orthonormal to ĵ, e.g. î· î = 1, î· ĵ = 0. In the case of basis
functions, the dot product is replaced by integration over all space. Since these basis
functions can be complex, the complex conjugate of one of the integrands is taken,
such that the final answer is real. The orthonormality is expressed as :2

δmn =
∫ +∞

−∞
u∗

mundχ (4.6)

This expression is often referred to as the scalar product because of the analogy to the
dot product between two vectors, which generates a scalar. The term dχ represents the
fact that the integral extends over the space that is associated with the wavefunction.
For example, if Ψ is a function in Cartesian space, Ψ(x, y, z), then dχ = dxdydz.

The cth
m coefficient is found as follows.

cm =
∫

u∗
mΨdχ

=
∫

u∗
m

∑
cnundχ

=
∑

cn

∫
u∗

mundχ

=
∑

cnδmn

= cm (4.7)

Thus, cm is the projection of the state of the system onto the mth basis vector. This is
analogous to finding the value of one of the components of a vector by forming the dot
product between a vector and the basis vectors in normal 3D space (e.g. �V · î = a).

The probability, Pm, that any given system can be found in any particular basis
state m is given by:

Pm = c∗mcm (4.8)

If a number of individual systems are sampled, each state will be found in one, and
only one, of the basis states.

2δmn is the Dirac delta function, it is zero if m �= n and 1 if m = n.
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Equation 4.8 implies that the scalar product of a wavefunction with itself must equal
unity, since the probabilities of all possible states must sum to 1:∫ +∞

−∞
Ψ∗Ψdx =

∫ +∞

−∞

∑
m

c∗mu∗
m

∑
n

cnundχ

=
∑
mn

c∗mcn

∫ +∞

−∞
u∗

mundχ

=
∑
mn

c∗mcnδmn

=
∑
m

c∗mcm

= 1 (4.9)

Therefore, Ψ∗Ψ is equivalent to the probability density of the particle. Integration
of this function over a range gives the probability of finding a particle within that
range. Integration over all space gives a value of 1, since the particle must be found
somewhere.

4.1.2 Particle in a Box
To illustrate some of the above points, consider the simple system of a particle in a

one dimensional box, of width 2a. The wavefunctions that are eigenfunctions of the
Hamiltonian satisfy the boundary conditions un(a) = un(−a) = 0, and are:

un(x) =
1√
a
sin

nπx

2a
; n = 2, 4, .. un(x) =

1√
a
cos

nπx

2a
; n = 1, 3, .. (4.10)

The energy associated with each wavefunction is:

En =
�

2π2

8ma2
n2 (4.11)

These wavefunctions form a orthonormal basis set since
∫

u∗
numdx = δnm and any

arbitrary state of the system can be represented by a linear combination of these basis

u

u

1

2

Ψ

Ψ  Ψ*

 -0.2  -0.1   0.0   0.1   0.2
x

Figure 4.1 Wavefunctions associated
with a particle in a box. The two lowest
energy eigenfunctions, u1 and u2, of a
particle in a box are shown. In addition,
a mixed state,Ψ, that is a linear com-
bination of these two eigenfunctions is
also shown. The scalar product, Ψ∗Ψ
is shown in the top graph. The integrals
discussed in the text are shaded.
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vectors. Fig. 4.1 shows the first two basis functions, as well as a wavefunction that is
a linear combination of these two:

Ψ =
1√
5

1√
a
cos

nπx

2a
+

2√
5

1√
a
sin

nπx

2a
(4.12)

(The factors 1/
√

5 and 2/
√

5 insure that
∫

Ψ∗Ψdx = 1).
The probability of finding the particle in interval between x and x + ∆x is:

Px→x+∆x =
∫ x+∆a

x

Ψ∗Ψdx (4.13)

The shaded areas in Fig. 4.1 show this integral for the ranges of -0.15 to -0.10 and
from 0.10 to 0.15. The probability of finding the particle in the interval on the right
side is approximately 5 times the probability of finding the particle in the left interval.

4.2 Expectation Values
In addition to the Hamiltonian, operators exist that correspond to other observables,

such as the position of a particle (x), its linear momentum (p = −i�d/dx), its total
spin angular momentum (I), and the component of its angular momentum along an
axis (e.g. Ix). In using quantum mechanics to describe NMR experiments we will
be interested in two types of operators. The first is the Hamiltonian, because it drives
the evolution of the system. The second type are the operators that describe spin-
angular momentum because they will correspond to radio-frequency pulses. The spin
angular momentum operators will also be used to determine the various states of the
magnetization in the system during an NMR experiment.

The average, or measured, value of any observable can be extracted from the wave-
function of the system by calculating the expectation value. For example, the expec-
tation, or observed, value of the energy of a system is given by:

< E >=
∫

Ψ∗HΨdχ (4.14)

and that for the x-component of the spin angular momentum:

< Ix >=
∫

Ψ∗IxΨdχ (4.15)

If the system is in a pure state, Ψ = uk, such that its wavefunction is an eigenfunc-
tion of the operator whose expectation value is being computed, then the expectation
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value will be the same as the eigenvalue. For example:

< E > =
∫

Ψ∗HΨdχ

=
∫

u∗
kHukdχ

=
∫

u∗
kEkukdχ

= Ek

∫
u∗

kukdχ

= Ek (4.16)

If the system is described as a mixture of the basis states, Ψ =
∑

ckuk, then the ex-
pectation value is the weighted average, using the energy of the system as an example:

< E > =
∫

Ψ∗HΨdχ

=
∫ ∑

k

c∗ku∗
kH

∑
j

cjujdχ

=
∫ ∑

k

c∗ku∗
k

∑
j

Ejcjujdχ

=
∑

k

c∗k
∑

j

Ejcj

∫
u∗

kujdχ

=
∑

k

c∗k
∑

j

Ejcjδjk

=
∑

k

c∗kEkck

=
∑

k

PkEk (4.17)

4.3 Dirac Notation
The above example of a particle in a box used wavefunctions that were functions of

x, the coordinate of the particle. In the case of NMR, the wavefunctions will represent
different states of the nuclear spin. Since there are no spatial coordinates associated
with these wavefunctions it is necessary to develop a different representation of wave-
functions, their basis vectors, operators, and associated expectation values. This rep-
resentation was developed by Dirac and is often referred to as the ’Bra-Ket’notation.

4.3.1 Wavefunctions in Dirac Notation
The individual basis functions, um, are represented as |um >. The complex con-

jugate of the basis functions are written as < um|. The orthonormality relationship is
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written as:

δnm =< un|um >=
∫

u∗
numdχ (4.18)

Any arbitrary wave function is represented as:

Ψ =
n∑

i=1

ci|ui > (4.19)

The individual coefficients, cm are obtained in the usual way:

cm =
∫

u∗
mΨdχ =< um|Ψ > (4.20)

In systems with a finite number of eigenstates it is convenient to represent wavefunc-
tions as vectors. In this representation, the basis vectors will have a single non-zero
component, for example, u2 would be written as:

u2 =

⎡
⎢⎢⎢⎢⎢⎣

0
1
0
...
0

⎤
⎥⎥⎥⎥⎥⎦ (4.21)

An arbitrary wavefunction is written in the same way, with the coefficients, cm,
forming the elements of the vector. For example, an arbitrary wavefunction in a
n−dimensional space would be an n × 1 matrix:

Ψ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

< u1|Ψ >
< u2|Ψ >
< u3|Ψ >
< u4|Ψ >

...
< un|Ψ >

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c1

c2

c3

c4

...
cn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(4.22)

The adjoint3 of a wavefunction is just a row of numbers, or an 1 × n matrix, with the
complex conjugate of each element taken:

Ψ† = [< u1|Ψ >< u2|Ψ >< u3|Ψ > ...... < un|Ψ >] (4.23)

= [c∗1 c∗2 c∗3 c∗4 . . . c∗n] (4.24)

3The adjoint of a matrix is the complex conjugate of the transpose of the matrix. The transpose of a matrix is
obtained by interchanging the row and column of each element, e.g. if the elements of the matrix Ã = aij

then the transpose of Ã is AT = aji. This is described in more detail in Section 4.4.
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4.3.2 Scalar Product in Dirac Notation
The formation of the scalar product between two states, < Ψ|Ψ >, is just the

product of a row matrix and a column matrix. The result of this operation is a single
number, which is a scalar. For example, consider the possible scalar products between
u1 and u1, or u2 in a two-dimensional vector space:

< u1|u1 >=
[
1 0

] [
1
0

]
= 1 < u1|u2 >=

[
1 0

] [
0
1

]
= 0

For an arbitrary wavefunction in an n-dimensional vector space:

∫
Ψ∗Ψdχ = [c∗1 c∗2 c∗3 c∗4 . . . c∗n]

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c1

c2

c3

c4

...
cn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=
n∑

m=1

c∗mcm (4.25)

4.3.3 Operators in Dirac Notation
The Bra-Ket representation can be extended to operators. In this case, operators are

represented by a matrix, whose elements are defined as:

Aij =< ui|A|uj > (4.26)

For example, the Hamiltonian operator for a particle in a box is:

H =

⎡
⎢⎢⎣

E1 0 0 .
0 E2 0 .
0 0 E3 .
. . . .

⎤
⎥⎥⎦ (4.27)

The individual elements of this matrix were calculated as follows:

Hij = < ui|H|uj >

= < ui|Ej |uj >

= Ej < ui|uj >

= Ejδij (4.28)

4.3.4 Expectation Values in Dirac Notation
Using the example of the energy of the system, the expectation value of an operator

is given as:

< E > =
∫

Ψ∗HΨdχ (4.29)

= [c∗1 c∗2 c∗3 . . .]

⎡
⎢⎢⎢⎣

A11 A12 A13 . . .
A21 A22 A23 . . .
A31 A32 A33 . . .

...
...

...

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

c1

c2

c3

...

⎤
⎥⎥⎥⎦ (4.30)
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As an example, the expectation value of the energy of the particle in the box that is
represented by Ψ = 1√

5
u1 + 2√

5
u2 is as follows:

< E > =
[

1√
5

2√
5

0 . . .

]⎡
⎢⎢⎢⎣

E1 0 0 . . .
0 E2 0 . . .
0 0 E3 . . .
...

...
...

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

1√
5

2√
5

0
...

⎤
⎥⎥⎥⎦

=
[

1√
5

2√
5

0 . . .

]⎡
⎢⎢⎢⎣

E1
1√
5

E2
2√
5

0
...

⎤
⎥⎥⎥⎦

=
1
5
E1 +

4
5
E2 (4.31)

This value is the average energy that would be obtained by measuring the energy of a
large number of particles in a box. If the energy of individual particles were measured,
only two values of energy would be obtained, E1, or E2. On average, one out of five
particles would have an energy of E1 and four out of five would have an energy of E2.

4.4 Hermitian Operators
Hermitian operators are those operators whose eigenvalues are real. Since the

eigenvalues are real, the expectation values are also real. Therefore Hermitian op-
erators correspond to physically observable properties of the system.

An operator is Hermitian if it is equal to its adjoint:

A = A† (4.32)

The adjoint of a matrix is obtained by transposing columns and rows and taking the
complex conjugate of each element:

A†
ij = A∗

ji (4.33)

Clearly, the Hamiltonian operator shown in Eq. 4.27 is Hermitian.

4.4.1 Determining Eigenvalues
Until this point we have assumed that the basis vectors are eigenvectors of the

Hamiltonian. As such, Huk = Ekuk. This assumption implies that the matrix form
of H is diagonal, as presented in Eq. 4.27. This form of the Hamiltonian is convenient
in that the energies of the different basis states can be read from the diagonal elements.

This simple diagonal form of the Hamiltonian exists only in one particular coor-
dinate frame. In this frame the eigenfunctions of the Hamiltonian also have a simple
form, e.g. u†

3 = [0 0 1 0 . . .] and the eigenvalues form the diagonal elements of the
operator. For example, consider the following example of a Hamiltonian and associ-
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ated wave functions for a spin 1/2 system:

H =
[
1 0
0 −1

]
, u1 =

[
1
0

]
, u2 =

[
0
1

]
(4.34)

The eigenvalues (λn) are immediately seen to be: λ1 = 1, λ2 = −1.
Often it is necessary to work in a different reference frame to describe the state of

the system. In this case, the basis vectors will no longer have a simple form and the
matrix representation of the Hamiltonian will be non-diagonal. For example, if the
coordinate frame is rotated by 45◦, the above Hamiltonian appears as follows:

H′ =
[

0 −1
−1 0

]
(4.35)

where the prime (’) indicates the form of the operator in the rotated coordinate system.
This particular reference frame is inconvenient in the sense that it is no longer

possible to obtain the eigenvalues directly from the diagonal of the operator. In such
cases the eigenvalues of any operator, A, can be obtained from its eigenvalue equation:

A|u >= λ|u > (4.36)

This equation can be solved to give both eigenvectors and eigenvalues of the opera-
tor. We assume that the eigenvectors, u, are linear combinations of some other basis
vectors:

u =
∑

j

cjvj (4.37)

In much the same way as a rotated coordinate system can be expressed as a linear
combination of the original, unrotated basis vectors.

The eigenvalue equation becomes:

A|u > = λ|u >

A|
∑

j

cjvj > = λ|
∑

j

cjvj > (4.38)

multiplying through by < vi|,

< vi|A|
∑

j

cjvj > = < viλ|
∑

j

cjvj >

∑
j

< vi|A|vj > cj =
∑

j

cjλ < vi|vj >

∑
j

< vi|A|vj > cj = ciλ

∑
j

Aijcj = ciλ

∑
j

[Aij − λδij ]cj = 0 (4.39)
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This equation has a non-trivial solution if the determinant is zero:

Det [A − λI] = 0 (4.40)

The roots of Eq. 4.40 are the eigenvalues of the operator, A. The eigenvectors for each
eigenvalue are found by substituting the eigenvalue back into the eigenvalue equation:
A|u >= λ|u >.

Returning to our previous example:

H′ =
[

0 −1
−1 0

]
(4.41)

To find the eigenvalues of the Hamiltonian, it is necessary to form the A− λI matrix:[
0 − λ −1
−1 0 − λ

]
=

[−λ 1
1 −λ

]
(4.42)

The determinant of this matrix is:

−λ(−λ) − (−1)(−1) (4.43)

Setting this expression to zero gives:

λ2 − 1 = 0 (4.44)

The two eigenvalues are therefore +1 and -1. To find the eigenvectors of H′ in this
particular reference frame we assume an arbitrary vector to represent the eigenvectors,

u′ =
[
a
b

]
:

H′Ψ = λu′ (4.45)[
0 −1
−1 0

] [
a
b

]
= λ

[
a
b

]
(4.46)[−b

−a

]
=

[
λa
λb

]
(4.47)

Taking the first eigenvalue, λ = 1, implies that if a = +1, then b = −1. Since the

eigenvector must be normalized: u′
1 = 1√

2

[
1
−1

]
. Similarly, using λ = −1 we find

that if a = 1, then b = 1, giving after normalization: u′
2 = 1√

2

[
1
1

]
.

The complete representation of the operator and associated eigenvalues and vectors
in the rotated coordinate system is therefore:

H′ =
[

0 −1
−1 0

]
(4.48)

λ1 = 1 : u′
1 =

1√
2

[
1
−1

]
(4.49)

λ2 = −1 : u′
2 =

1√
2

[
1
1

]
(4.50)
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4.5 Additional Properties of Operators
The following are a series of properties and concepts that will be important for apply-
ing quantum mechanics to NMR.

4.5.1 Commuting Observables
The commutator of two operators is defined as:

[A,B] = AB − BA (4.51)

When two observables (A and B) commute, they they must share the same eigenvec-
tors, but clearly not the same eigenvalues.

4.5.2 Time Evolution of Observables
The time evolution of an observable, < A >=< Ψ|A|Ψ >, is obtained in a

straight-forward fashion:

d < A >

dt
=<

dΨ
dt

|A|Ψ > + < Ψ|dA

dt
|Ψ > + < Ψ|A|dΨ

dt
> (4.52)

using:
dΨ
dt

=
1
i�

HΨ

d < A >

dt
= <

1
i�

HΨ|A|Ψ > + < Ψ|dA

dt
|Ψ > +

1
i�

< Ψ|A|HΨ >

=
−1
i�

< Ψ|HA|Ψ > + < Ψ|dA

dt
|Ψ > +

1
i�

< Ψ|AH|Ψ >

=
1
i�

< Ψ|AH−HA|Ψ > + < Ψ|dA

dt
|Ψ >

=
1
i�

< [A,H] > +
dA

dt
(4.53)

Therefore, if A commutes with the Hamiltonian, and has no intrinsic time dependence
(dA/dt = 0), its value will be constant with time. In contrast, if A does not commute
with the Hamiltonian, its observable will evolve in time.

In the case of NMR, we shall see that the z-component of the spin-angular momen-
tum commutes with the Hamiltonian that is defined by the external magnetic field, Bo.
Therefore, the z-component of the magnetization will not change in time. In contrast,
the operators that describe the transverse (x, y) components of the spin-angular mo-
mentum do not commute with this Hamiltonian and therefore the x- or y-component
of the magnetization will evolve in time, as predicted from the Bloch equations.

4.5.3 Trace of an Operator
The trace of an operator is the sum of its diagonal elements and is defined as:

Trace[A] =
n∑
1

< ui|A|ui > (4.54)
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The trace of a product of operators is invariant when a cyclic permutation is performed:

Trace[AB] = Trace[BA] (4.55)

Trace[ABC] = Trace[BCA] = Trace[CAB] (4.56)

4.5.4 Exponential Operator
The operator, eA, is defined as:

eA =
∞∑

n=0

An

n!
(4.57)

If A is Hermitian, then eA is also Hermitian. Furthermore, if the eigenvalue of A is λ,
then the eigenvalue of eA is eλ. If two operators, A and B, commute then the following
is true:

eAeB = eBeA = eA+B (4.58)

4.5.5 Unitary Operators
An operator is unitary if its inverse and its adjoint are equal:

U†U = UU† = UU−1 = 1 (4.59)

Unitary operators do not affect the lengths of vectors, just their direction. Therefore
unitary operators perform rotations on wavefunctions and other operators. Consider
the application of a Unitary operator on two wavefunctions:

|Ψ1 > = U |Φ1 >

|Ψ2 > = U |Φ2 >

The scalar product of these two functions is invariant to the unitary transformation:

< Ψ1|Ψ2 >=< Φ1|U†U |Φ2 >=< Φ1|Φ2 > (4.60)

4.5.6 Exponential Hermitian Operators
If an operator A is Hermitian, then the operator W, defined as,

W = eiA (4.61)

is unitary since:
W = eiA

W † = e−iA†

W † = e−iA

W †W = e−iAeiA = 1

(4.62)
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4.6 Hamiltonian and Angular Momentum Operators for a
Spin-1/2 Particle

m = − 1/2z

m = + 1/2z

B

Figure 4.2. The Stern and Gerlach exper-
iment. A beam of unpolarized silver atoms
is passed through an inhomogeneous mag-
netic field. In the presence of the field, the
atoms deflection is proportional to the z-
component of the spin angular momentum.
Only two discrete values are found, show-
ing that spin is quantized.

The quantization of energy and spin an-
gular momentum was first discovered by
Stern and Gerlach in 1922. The original ex-
periment was only sensitive enough to de-
tect the electron spin, which is ≈ 2000 fold
stronger than nuclear spin angular momen-
tum. Nevertheless, the conclusions derived
from electron spins are directly applicable
to nuclear spins.

In this experiment, a beam of silver
atoms is passed through a inhomogeneous
magnetic field. Since the field is inhomo-
geneous, the atoms will experience a force
that depends on the z-component of the
spin angular momentum, Sz:

F = ∇(MzBz)
= ∇(γSzBz)

The value of Mz is obtained from the trajectory of the silver atoms. If a beam of
randomly oriented silver atoms is passed through this magnet then one might expect
to observe a continuous distribution of atoms. However, the actual outcome of this ex-
periment is the production of two populations of silver ions, those that were deflected
up and those that were deflected down.

The interpretation of this experiment is that, in the presence of a magnetic field,
the z-component of the spin angular momentum of the silver atoms assumes only two
values, +�/2 and −�/2. Therefore, we anticipate that only two basis vectors will be
required to describe any arbitrary wavefunction. We can write these wavefunctions in
Dirac notation as:

u+1/2 =
[
1
0

]
u−1/2 =

[
0
1

]
(4.63)

These are clearly orthonormal:

< u+1/2|u+1/2 >=
[
1 0

] [
1
0

]
= 1 < u+1/2|u−1/2 >=

[
1 0

] [
0
1

]
= 0

(4.64)
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Using these wavefunctions, the matrix form of the operator, Sz , is:

Sz =
[
< u+1/2|Sz|u+1/2 > < u+1/2|Sz|u−1/2 >
< u−1/2|Sz|u+1/2 > < u−1/2|Sz|u−1/2 >

]

=
[
< u+1/2| + �/2|u+1/2 > < u+1/2| − �/2|u−1/2 >
< u−1/2| + �/2|u+1/2 > < u−1/2| − �/2|u−1/2 >

]

=
[
+�/2 < u+1/2|u+1/2 > −�/2 < u+1/2|u−1/2 >
+�/2 < u−1/2|u+1/2 > −�/2 < u−1/2|u−1/2 >

]

=
[
+�/2 · 1 −�/2 · 0
+�/2 · 0 −�/2 · 1

]

= +
�

2

[
1 0
0 −1

]
(4.65)

The other two operators for angular momentum are obtained by the use of the raising
and lowering operators, which are defined as follows:

J+ = Jx + iJy J− = Jx − iJy (4.66)

Sx and Sy can be obtained from a linear combination of the raising and lowering
operators:

Sx =
1
2

[J+ + J−] Sy =
1
2i

[J+ − J−] (4.67)

The raising operator increases the z-component of the angular momentum by one
unit and is defined by the following equation:

J+|j,m >= �

√
j(j + 1) − m(m + 1)|j,m + 1 > (4.68)

while the lowering operator lowers the z-component by one unit:

J−|j,m >= �

√
j(j + 1) − m(m − 1)|j,m − 1 > (4.69)

In these equations, |j,m > represents a wavefunction with j as the quantum number
for the total spin angular momentum and m is the quantum number of the z-component
of the spin angular momentum.

For a spin-1/2 system (j = m = 1/2) these simplify to:

J+|u−1/2 >= �|u+1/2 > (4.70)

and,

J−|u+1/2 >= �|u−1/2 > (4.71)

The raising operator cannot increase mz higher than +1/2 so, J+|u+1/2 > gives a null
vector, represented by ∅. Similarly, since the lowest value of mz is -1/2, J−|u−1/2 >
also gives a null vector.
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The matrix representation of the raising and lowering operators are obtained in the
same fashion as Sz:

J+ =
[
< u+1/2|J+|u+1/2 > < u+1/2|J+|u−1/2 >
< u−1/2|J+|u+1/2 > < u−1/2|J+|u−1/2 >

]
(4.72)

= �

[
< u+1/2|∅ > < u+1/2|u+1/2 >
< u−1/2|∅ > < u−1/2|u+1/2 >

]
(4.73)

= �

[
0 1
0 0

]
(4.74)

J− =
[
< u+1/2|J−|u+1/2 > < u+1/2|J−|u−1/2 >
< u−1/2|J−|u+1/2 > < u−1/2|J−|u−1/2 >

]
(4.75)

= �

[
< u+1/2|u−1/2 > < u+1/2|∅ >
< u−1/2|u−1/2 > < u−1/2|∅ >

]
(4.76)

= �

[
0 0
1 0

]
(4.77)

For Sy , this gives:

Sy =
1
2i

[J+ − J−]

=
�

2i

[[
0 1
0 0

]
−

[
0 0
1 0

]]

=
�

2

[
0 −i
i 0

]
(4.78)

Sx is obtained in a similar manner:

Sx =
�

2

[
0 1
1 0

]
(4.79)

In summary, the matrix representations for the three Cartesian components of an-
gular momentum are:

Sx =
�

2

[
0 1
1 0

]
Sy =

�

2

[
0 −i
i 0

]
Sz =

�

2

[
1 0
0 −1

]
(4.80)

The matrix representation of the Hamiltonian operator is proportional to Sz:

H = −�ωs

2

[
1 0
0 −1

]
= −ωsSz (4.81)

Note that Sz and H are diagonal using these basis vectors. Therefore the basis vectors
u+1/2 and u−1/2 are eigenvectors of both of these operators. The eigenvalues are
simply the diagonal elements of the matrix form of the operator, for example:

Sz|u+1/2 >=
�

2

[
1 0
0 −1

] [
1
0

]
= +

�

2

[
1
0

]
=

�

2
|u+1/2 >
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Since the operators Sz and H clearly share the same eigenvectors they must also
commute with each other. Consequently the expectation value of Sz is time invariant
under the influence of this Hamiltonian. In contrast, these basis vectors are not eigen-
vectors of the operators for transverse magnetization, Sx and Sy , as can be seen from
the following:

Sx|u+1/2 >=
�

2

[
0 1
1 0

] [
1
0

]
= +

�

2

[
0
1

]
=

�

2
|u−1/2 >

Consequently, the operators for transverse magnetization do not commute with the
Hamiltonian operator, thus the expectation value for Sx and Sy will evolve with time.

4.7 Rotations
All NMR RF-pulse sequences (experiments) can be described as a series of ro-

tations (i.e. pulses) applied to the system followed by time evolution of the system
under the influence of various Hamiltonians. For example, the simple one pulse ex-
periment involves a rotation of the magnetization by a 90◦ pulse followed by rotation
of the transverse magnetization about the z-axis due to evolution of the system under
the Hamiltonian, H. Therefore, it is important to develop operators that describe rota-
tions. In doing so, we are developing a method of representing pulses as well as the
free precession of spins in an NMR experiment.

4.7.1 Rotation Groups
A rotation can be characterized by an axis of rotation and an amount of rotation.

For example, the operator that describes a rotation of α degrees about the z-axis can
be written as:

Rz(α) = αk̂ (4.82)

The group of rotations is said to be closed, that is the application of two rotations
produces a third rotation which is part of the same group. Most importantly, this
group is not commutative.

Ra(α)Rb(β) �= Rb(β)Ra(α) (4.83)

For example, consider the rotation:

Rz(90)Rx(90) versus Rx (90 )Rz (90 ) (4.84)

These two rotations will place a three dimensional object in a different orientation, as
shown in Fig. 4.3.

However, two rotations performed along the same axis always commute,

Ru(α)Ru(β) = Ru(β)Ru(α) (4.85)

giving a net rotation angle of α + β.
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z

y
x R  (90)

R  (90)

R  (90)

R  (90)

x

x

z

z

Figure 4.3 Rotations about different
axis are not commutative. A wedge
shaped object is rotated by 90◦, first
about the z-axis and then about the x-
axis (top) or about the x-axis first and
then about the z-axis (bottom). The fi-
nal orientation after these transforma-
tions is different.

4.7.2 Rotation Operators
Rotation operators change the orientation of wavefunctions and operators with re-

spect to a fixed coordinate system. This should not be confused with the rotating frame
of reference. Here, the wavefunctions rotate, not the coordinate frame.

the rotation operator for an infinitesimal rotation will be determined. This operator will
then be integrated to give the rotation operator for a finite rotation. In this derivation we
will assume that a wavefunction is a function of Cartesian coordinates, Ψ(x, y, z).
This restriction is easily removed for non-Cartesian based wavefunctions.

The change in Ψ, due to a rotation of the wavefunction about the z-axis, can be
written as a complete differential:

Ψ′(x, y) = Ψ(x + dx, y + dy, z) = Ψ(x, y, z) +
∂ψ

∂x
dx +

∂Ψ
∂y

dy (4.86)

where Ψ′ is the new value of the wavefunction at the coordinates (x, y, z).
The difficult part is determining the relationship between the change in Cartesian

coordinates (i.e. dx and dy) to the change in the angular coordinate, dα. In the case
of a rotation of the wavefunction, Ψ, the changes in dx and dy are opposite in sign
with respect to the changes that would occur if the coordinates were rotated. This is
illustrated in Fig. 4.4. In this example, an arbitrary two dimensional wavefunction has
been rotated +10◦(counterclockwise). The value of the rotated wavefunction at x, y
is equal to the value of the unrotated wavefunction at x = x + ydα, y = y − xdα,
therefore:

dx = ydα dy = −xdα (4.87)

giving,

Ψrot = Ψ(x, y, z) + y
dΨ
dx

dα − x
dΨ
dy

dα

= Ψ(x, y, z) − dα[x
d

dy
− y

d

dx
]Ψ (4.88)

The expression: [
x

d

dy
− y

d

dx

]
(4.89)

The effect of rotations on wavefunctions is fairly easy to calculate (see [142]). First,



Quantum Mechanical Description of NMR 107

x

y y

x

Ψ RΨ  =    Ψ’α

dy =−x dα

dx = y d α

Figure 4.4. Effect of rotations on wavefunctions. An arbitrary two dimensional wavefunction,
Ψ(x, y) is shown on the left. The effect of the application of a rotation of dα = +10◦ on the
wavefunction is shown on the right, generating Ψ′. In each diagram the filled circles mark
the location of Ψ(x, y) (left) and Ψ′(x, y)(right). The value of Ψ that is equal to Ψ′(x, y) is
marked by the open circle. The coordinates of this point are x = x + ydα, y = y − xdα, i.e.,
Ψ′(x, y) = Ψ(x + ydα, y − xdα).

is proportional to the quantum mechanical description of the angular momentum:

L = r × Pop (4.90)

where P is the operator for linear momentum.
Specifically, the z-component of the angular momentum is equal to:

Lz =
�

i

[
x

d

dy
− y

d

dx

]
(4.91)

Therefore the infinitesimal rotation operator is given by:

R(dα)Ψ = [1 − i

�
Lzdα]Ψ (4.92)

To find the finite rotational operator, Rz , we can integrate the above equation with
respect to dα. First noting that the rotation about an axis by the sum of two rotations
is equivalent to applying two rotations sequentially:

Rz(α + dα) = Rz(α)Rz(dα) (4.93)

Expanding the left hand side as the differential:

Rz(α) +
dRz

dα
dα = Rz(α) [1 − i

�
Lzdα] (4.94)

Gives:
dRz

dα
= − i

�
LzRz (4.95)

Which can be integrated to give the rotation operator for finite rotation:

Rz(α) = e
−i
�

Lzα (4.96)
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an exponential operator and that the directionof the rotation axis is
defined by the angular momentum operator. Note that the operator for angular
momentum need not be in Cartesian form.

The rotation operator for a rotation about an arbitrary axis, û, can be obtained by
expanding out the exponential form of the operator. The equation can be simplified by
introducing the Pauli spin matrices:

σx =
[
0 1
1 0

]
σy =

[
0 −i
i 0

]
σz =

[
1 0
0 −1

]

These matrices are proportional to the matrix representation of angular momentum,
e.g. Sx = (�/2)σx. They are convenient to use because they are equal to one when
squared, i.e.:

σ2 =
[
1 0
0 1

]
(4.98)

The rotation operator for a rotation about �u becomes:

Ru(α) = e−iσu
α
2 (4.99)

This equation can be expanded as a series, giving:

Ru(α) = 1 + [−iσu
α

2
] +

[−iσu
α
2 ]2

2!
+

[−iσu
α
2 ]3

3!
+

[−iσu
α
2 ]4

4!
(4.100)

Collecting terms with even and odd powers of σu:

Ru(α) = 1 +
[−iσu

α
2 ]2

2!
+

[−iσu
α
2 ]4

4!
+ ... + [−iσu

α

2
] +

[−iσu
α
2 ]3

3!
+ ..

= 1 +
(α

2 )
2!

+ ... + [−iσu
α

2
] +

[−iσu(α
2 )3]

3!
= cos

α

2
1̃ − iσusin

α

2
(4.101)

where 1̃ =
[
1 0
0 1

]
, the unity matrix.

It
is convenient to define σu in polar coordinates:

σu = cosθ σz + sinθ [cosφ σx + sinφ σy] (4.102)

= cosθ

[
1 0
0 −1

]
+ sinθ{cosφ

[
0 1
1 0

]
+ sinφ

[
0 −i
i 0

]
} (4.103)

=
[
cosθ 0

0 −cosθ

]
+ sinθ{

[
0 cosφ − isinφ

cosφ + isinφ

]
} (4.104)

=
[

cosθ sinθe−iφ

sinθeiφ −cosθ

]
(4.105)

The above equation shows that the rotation of the system by an angle  about any
axis is given by

(4.97)

α
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In Dirac notation, the rotation operator is:

Ru(α) =
[
cosα

2 − i cosθsinα
2 −i sinθsinα

2 e−iφ

−i sinθsinα
2 eiφ cosα

2 + i cosθsinα
2

]
(4.106)

4.7.2.1 Rotation Operator is Unitary
Rotations, by their very nature, do not affect any lengths or physical properties of

the system, they simply rotate the system to a new orientation. Therefore, we expect
the rotation operator to be unitary, R†R = RR† = 1. This can be easily seen by
taking the product of Ru and R†

u.

R†
u(α) =

[
cosα

2 + i cosθsinα
2 +i sinθsinα

2 e−iφ

+i sinθsinα
2 eiφ cosα

2 − i cosθsinα
2

]
(4.107)

RuR†
u =

[
1 0
0 1

]
(4.108)

This result should have been anticipated due to the fact that the operators, L, for
angular momentum are Hermitian, therefore eiL must be unitary.

4.7.3 Rotations of Wave Functions and Operators
Assume that our system can be described using a set of basis vectors, |un >, with

eigenvalues for an operator , A, of an:

A|un >= an|un > (4.109)

If we perform a rotation on the system, a new basis set is generated in the same coor-
dinate system:

|u′
n >= R|un > (4.110)

These new basis vectors will be eigenvalues of the operator in the new form of the
wavefunction:

A′|u′
n >= an|u′

n > (4.111)

The effect of rotations on operators can be obtained by considering the effect of rota-
tions on observables. Rotation of the system should not change the outcome of any
measurement we make, we expect the same expectation values regardless of the ori-
entation of the system. Therefore:

A′|u′
n > = an|u′

n >

A′R|un > = anR|un >

< un|R†A′R|un > = an < un|R†R|un >

< un|R†A′R|un > = an < un|un > (4.112)

(R is a unitary operator R†R = 1)

an < un|un >=< un|A|un > (4.113)

Where θ and φ  are the pola rangles which describe the direction of the rotation axis.



110 PROTEIN NMR SPECTROSCOPY

Therefore,
A = R†A′R (4.114)

giving the form of the operator after the rotation:

A′ = RAR† (4.115)

4.7.3.1 Rotations and Commuting Observables
If an operator commutes with one of the components of angular momentum, then

that operator will be invariant to rotations about that axis. Using rotations about the
z-axis as an example:

Rz(α) = e
−i
�

Lzα (4.116)

Rz(α) 
 1 − i

�
dαLz (4.117)

A′ = (1 − i

�
dαLz)A(1 +

i

�
dαLz) (4.118)

To first order in dα, this equation gives:

A′ = A − i

�
dα[Li, A] (4.119)

Therefore A′ = A, if [Li, A] = 0.

4.7.3.2 Example: Rotations about the x-axis
Rotations about the x-axis are equivalent to RF-pulses applied along the x-axis. In
this case, the axis of rotation is specified as: θ = 90◦, φ = 0◦, giving the following
rotation matrix:

Rx(α) =
[

cos(α
2 ) −isin(α

2 )
−isin(α

2 ) cos(α
2 )

]
(4.120)

90◦ Rotation: Ru is:

Rx(π/2) =
1√
2

[
1 −i
−i 1

]
(4.121)

If this operator was applied to u+1/2:

u′
+1/2 = Rx(π/2)u+1/2

=
1√
2

[
1 −i
−i 1

] [
1
0

]

=
1√
2

[
1
−i

]
(4.122)

This rotation has converted the original wavefunction, u+1/2 to a linear combination
of u+1/2 and u−1/2, indicating that a transition in the system has occurred due to the
rotation, as would be expected for a 90◦ pulse.
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The effect of the 90◦ rotation on the Hamiltonian operator is:

H′ = RHR†

= −�ωo

2
1√
2

[
1 −i
−i 1

] [
1 0
0 −1

]
1√
2

[
1 +i
+i 1

]

= −�ωo

2
1
2

[
1 −i
−i 1

] [
1 +i
−i −1

]

= −�ωo

2

[
0 i
−i 0

]
(4.123)

Note that the rotated H is no longer diagonal. Regardless, the eigenfunctions of H′

are the rotated wavefunctions, u′, determined above.

H′|u′
+1/2 > = E+1/2|u′

+1/2 >

= −�ωo

2

[
0 i
−i 0

]
1√
2

[
1
−i

]

= −�ωo

2
1√
2

[
1
−i

]

= −�ωo

2
|u′

+1/2 > (4.124)

180◦ Rotation: α = π

Rx(π) =
[

0 −i
−i 0

]
(4.125)

Applying this rotation to u+1/2:

u′
+1/2 = Rx(π)u+1/2

=
[

0 −i
−i 0

] [
1
0

]
=

[
0
−i

]
= −iu−1/2 (4.126)

The 180◦ rotation completely converts one eigenstate, u+1/2, to the other eigenstate,
u−1/2. This is the expected behavior of a 180◦ pulse, exchanging the populations of
one state for another.

360◦ Rotation: α = 2π
We expect this rotation to leave any operator or wavefunction unchanged, Ru(2π) =
1̃, the unity matrix. This result should always be obtained, regardless of the direction
of the rotation axis:

Ru(2π) = 1̃cosπ − iσusinπ

= 1̃(−1)

= −1
[
1 0
0 1

]
(4.127)

The negative sign simply represents a phase shift of the wavefunction and does not
change any expectation values.
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4.8 Exercises
1. Determine u′

−1/2 for a rotation of 90◦ about the x-axis. Show that this wavefunc-
tion is orthonormal to u′

1/2.
2. Show, using rotation matrices, that the sequential application of the following two

rotations leave the system unchanged: Ry(π/2), followed by Ry(−π/2).

4.9 Solutions
1. The rotation matrix for Rx(π/2) was defined in the text:

Rx(π/2) =
1√
2

[
1 −i
−i 1

]
(4.128)

If this operator was applied to u−1/2:

u′
−1/2 = Rx(π/2)u−1/2

=
1√
2

[
1 −i
−i 1

] [
0
1

]

=
1√
2

[−i
1

]
(4.129)

To show that u′
−1/2 is orthogonal to u′

+1/2:

< u′
−1/2|u′

+1/2 > = [
1√
2
]2

[
i 1

] [
1
−i

]
= 0 (4.130)

2. A rotation about the y-axis is defined by the following operator:

Ry(α) = cos
α

2
1̃ − iσysin

α

2

=
[
cos(α/2) 0

0 cos(α/2)

]
− isin(α/2)

[
0 −i
i 0

]

=
[
cos(α/2) −sin(α/2)
sin(α/2) cos(α/2)

]
(4.131)

Ry(−π/2) =
[

1/
√

2 1/
√

2
−1/

√
2 1/

√
2

]
Ry(π/2) =

[
1/
√

2 −1/
√

2
1/
√

2 1/
√

2

]
(4.132)

Ry(−π/2)Ry(π/2) =
[
1 0
0 1

]
(4.133)

The final result is the identity matrix. This result is not surprising since the two
rotations described a 90◦ pulse about the y-axis, followed by a -90◦ pulse along
the same axis. The latter pulse should restore the system to its original state.



Chapter 5

QUANTUM MECHANICAL DESCRIPTION OF A
ONE PULSE EXPERIMENT

In the first chapter a classical model of the nuclear magnetism was used to de-
scribe a one-dimensional NMR experiment. In this model, the magnetization was
represented as a bulk magnetic moment and the pulses were used to rotate the bulk

induces a current in the coil, which is then digitized to produce the acquired free in-
duction decay.

The same experiment can be described using quantum mechanics, as illustrated
in Fig. 5.1. In this case the magnetization is represented by a wavefunction, pulses

P−x
90

B1

1 3

z

x

z

x
y

x

z

x

z

y y y

2

Ψo
H−→ Ψ(t) R−→ Ψ′ H−→ Ψ′(t) S(t) =< Ψ′(t)|Sx|Ψ′(t) >

Figure 5.1. Quantum and classical description of a one-pulse experiment. The pulse se-
quence and resultant FID are shown in the top section of the figure. The experiment is divided
into three sections: 1) preparation period, prior to the pulse, 2) excitation by a 90◦ RF-pulse
along the minus x-axis, and 3) the detection period. The middle section of the diagram shows
a classical vector model. The final detected signal (far right) is from the bulk magnetization
precessing in the transverse plane. The lower part of the panel shows the quantum mechanical
description. Prior to the pulse, the system is represented by Ψo. This wavefunction evolves with
time, under the influence of the Hamiltonian, to give Ψ(t). The pulse causes a rotation of Ψ(t)
to produce Ψ′. The rotated wavefunction evolves under the Hamiltonian to give Ψ′(t). The final
detected signal is the expectation value of the x-component of the spin angular momentum.

magnetism to the transverse plane. Precession of the bulk magnetization in thex-y plane
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become rotation operators, and the detected signal is the expectation value of the x-
and y-components of the spin angular momentum.

The NMR experiment will be subdivided into three distinct periods: 1) preparation,
2) excitation, and 3) detection. To maintain generality and correspondence with the
classical solution, we will consider a wavefunction that represents a spin, �u, that is
oriented in space with polar angles θ and φ. Using the classical vector model as a
guide, the initial direction of �u, prior to the pulse, would be along the z-axis. After a
90◦ pulse, we would anticipate �u to lie in the x-y plane.

In order to write the wavefunction for this spin we will determine the eigenvectors
of the operator for angular momentum in the direction of the spin. The operator for
the spin angular momentum along �u is:

Su = Sx sin(θ) cos(φ) + Sy sin(θ) sin(φ) + Sz cos(θ) (5.1)

Su =
�

2

[
cos(θ) sin(θ)eiφ

sin(θ)e−iφ − cos(θ)

]
(5.2)

This operator has eigenvectors (written in terms of the eigenvectors of the Hamil-
tonian, u+1/2, u−1/2):

|+ >u= cos(
θ

2
)e−iφ/2|u+1/2 > + sin(

θ

2
)eiφ/2|u−1/2 > (5.3)

|− >u= − sin(
θ

2
)e−iφ/2|u+1/2 > + cos(

θ

2
)eiφ/2|u−1/2 > (5.4)

The wavefunctions |+ >u and |− >u describe the basis vectors of a spin oriented
along the u axis.

5.1 Preparation: Evolution of the System Under Bo

In general, the time dependence of the state function depends on the Hamiltonian:

i�
dψ

dt
= Hψ (5.5)

If Ψ is an eigenfunction of the Hamiltonian (HΨ = EΨΨ), then the above equation
can be integrated directly to give the following;

ψ(t) = ψ(0)e
−iEt

� (5.6)

For the eigenfunctions of a spin one-half particle, the time dependence of the eigen-
functions are explicitly:

u+1/2(t) = u+1/2(0)e
+iωSt

2 u−1/2(t) = u−1/2(0)e
−iωSt

2 (5.7)

The time dependence of the |+ > state is:

| + (t) > = cos(
θ

2
)e−iφ/2e+i

ωSt

2 |u+1/2 > + sin(
θ

2
)eiφ/2e−i

ωSt

2 |u−1/2 >

= cos(
θ

2
)e−i(φ−ωSt)/2|u+1/2 > + sin(

θ

2
)ei(φ−ωSt)/2|u−1/2 > (5.8)
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Comparing Eq. 5.3 to Eq. 5.8 shows that:

θ(t) = θ0 φ(t) = φ0 − ωst (5.9)

Thus, the angle of �u with respect to the field, θ, does not change in time, but �u pre-
cesses around k̂ with an angular velocity ωs, the absorption frequency of the transition.
Note that this precession is identical to the classical precession of the magnetic mo-
ment about the Bo field.

The expectation values of the z- and x-components of the angular momentum of
the system are easily calculated for the basis functions:

| + (t) > =
[
cos( θ

2 )e−i(φo−ωSt)/2

sin( θ
2 )ei(φo−ωSt)/2

]
=

[
cos( θ

2 )e−iφ(t)/2

sin( θ
2 )eiφ(t)/2

]
< Sz > = < +(t)|Sz| + (t) >

=
[
cos( θ

2 )e+iφ(t)/2 sin( θ
2 )e−iφ(t)/2

] �

2

[
1 0
0 −1

] [
cos( θ

2 )e−iφ(t)/2

sin( θ
2 )eiφ(t)/2

]

=
[
cos( θ

2 )e+iφ(t)/2 sin( θ
2 )e−iφ(t)/2

] �

2

[
cos θ

2e−iφ(t)/2

−sin θ
2eiφ(t)/2

]

=
�

2

[
cos2 θ

2
− sin2 θ

2

]

=
�

2
cosθ (5.10)

Similarly, the x-component is:

< Sx > =
[
cos( θ

2 )e+iφ(t)/2 sin( θ
2 )e−iφ(t)/2

] �

2

[
0 1
1 0

] [
cos( θ

2 )e−iφ(t)/2

sin( θ
2 )eiφ(t)/2

]

=
[
cos( θ

2 )e+iφ(t)/2 sin( θ
2 )e−iφ(t)/2

] �

2

[
sin θ

2eiφ(t)/2

cos θ
2e−iφ(t)/2

]

=
�

2

[
cos

θ

2
sin

θ

2
eiφ(t) + cos

θ

2
sin

θ

2
e−iφ(t)

]

=
�

2
2cos

θ

2
sin

θ

2

[
e+iφ(t)−iφ(t)

]
=

�

2
sinθcosφ(t)

=
�

2
sinθ cos(φo − ωst) (5.11)

Note that the z-component of the angular momentum is not time dependent. Since the
energy of the system is directly proportional to Sz , the energy of the system is also
time invariant, as one would expect for a spin in a static magnetic field. In contrast,
the x-component is time dependent, oscillating with a frequency equal to ωs. The
spin is precessing about the static magnetic field at its Larmor frequency, as expected
from the classical model. Since the spins are incoherent, the net x-component of the
magnetization, averaged over a collection of spins, will be zero.
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5.2 Excitation: Effect of Application of B1

In the presence of the static field, a single spin will precess about the static field
with no change in its energy. Transitions in energy are caused by the application of
the oscillating B1 field. To determine how the system evolves during the pulse it
is necessary to the determine the form of the Hamiltonian while the pulse is being
applied. The Hamiltonian operator in the presence of the B1 field is given by 1:

H = −γ�S · [ �Bo + �B1(t)]
= ωsSz + ω1[cos(ωt)Sx + sin(ωt)Sy] (5.12)

where the minus sign has been absorbed into ωs and ω1. Note that ωs and ω1 are
proportional to the magnetic field strengths, while ω is the frequency of the applied
RF-pulse.

Using the definitions of the Sx, Sy, and Sz operators it is possible to express the
Hamiltonian in matrix form as the following:

H =
�

2

[
ωs ω1e

−iωt

ω1e
+iωt −ωs

]
(5.13)

As before, the time evolution of ψ is given by:

i�
dψ

dt
= Hψ (5.14)

If we evaluate the time dependence of the following arbitrary wavefunction:

ψ = a+u+1/2 + a−u−1/2 =
[
a+

a−

]
(5.15)

Equation 5.14 becomes:

i
da+

dt
=

ωs

2
a+ +

ω1

2
e−iωta− (5.16)

i
da−(t)

dt
=

ω1

2
eiωta+ − ωs

2
a− (5.17)

Equations 5.16 and 5.17 indicate that the wave function now becomes time depen-
dent, i.e. the probability that the system will be found in one of the two eigenfunctions
of the Hamiltonian changes with time. This is due to the fact that the Hamiltonian dur-
ing the pulse is not diagonal, consequently the original eigenfunctions are no longer
eigenfunctions of the new Hamiltonian.

These time dependent equations are difficult to solve in their current form. How-
ever, we know from the classical analysis that a rotating frame of reference would be

1For convenience we assume that the B1 field is described as rotating in the x-y plane, therefore it has an
x-component of cos ωt and a y-component of sin ωt.
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useful. The operator for rotation about the z-axis at a rate of ω t is:

Rz(−ωrt) = cos
−ωrt

2
1̃ − iσzsin

−ωrt

2
(5.18)

=
[
cos−ωrt

2 − isin−ωrt
2 0

0 cos−ωrt
2 + isin−ωrt

2

]
(5.19)

=
[
e+i ωr

2 t 0
0 e−i ωr

2 t

]
(5.20)

(The rotation angle here is negative, since the coordinate frame is under rotation, not
the wave function).

The effect of this rotation on the wave function is:

ψ′ = Rz(−ωrt)ψ (5.21)

=
[
e+i ωr

2 t 0
0 e−i ωr

2 t

] [
a+

a−

]
(5.22)

=
[
a+e+i ωr

2 t

a−e−i ωr
2 t

]
(5.23)

and the coefficients in the rotating frame are:

ar
+ = eiωrt/2a+ ar

− = e−iωrt/2a− (5.24)

Substituting the expressions for ar
± into the time dependent differential equations (Eqs.

5.16, 5.17) gives the following:

i
da+

dt
=

ωS

2
a+ +

ω1

2
e−iωta−

i
de−i ωr

2 tar
+

dt
=

ωS

2
e−i ωr

2 tar
+ +

ω1

2
e−iωte+i ωr

2 tar
−

i

[
−i

ωr

2
e−i ωr

2 tar
+ + e−i ωr

2 t dar
+

dt

]
=

ωS

2
e−i ωr

2 tar
+ +

ω1

2
e−iωte+i ωr

2 tar
−

ωr

2
ar
+ + i

dar
+

dt
=

ωS

2
ar
+ +

ω1

2
e−iωteiωrtar

−

i
dar

+

dt
=

(ωS − ωr)
2

ar
+ +

ω1

2
e−i(ω−ωr)tar

−

similarly :

i
dar

−
dt

=
ω1

2
e+i(ω−ωr)tar

+(t) + − (ωS − ωr)
2

ar
−

The coefficients of the ar
+ and ar

− terms can be used to define the effective Hamil-
tonian in the rotating frame. In the laboratory frame, the Hamiltonian is:

H =
�

2

[
ωs ω1e

iωt

ω1e
−iωt −ωs

]

r
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which gives the following time dependence of the coefficients:

i
da+

dt
=

ωS

2
a+ +

ω1

2
e−iωta− i

da−(t)
dt

=
ω1

2
eiωta+ − ωS

2
a−

In the rotating frame, the equivalent expressions are:

i
dar

+

dt
=

(ωS − ωr)
2

ar
+ +

ω1

2
e−i(ω−ωr)tar

−

i
dar

−
dt

=
ω1

2
e+i(ω−ωr)tar

+(t) + − (ωS − ωr)
2

ar
−

Comparing the expressions for the rotating frame to the equivalent expressions in
the laboratory frame gives the form of the Hamiltonian in the rotating frame:

Heff =
�

2

[
∆ω ω1

ω1 −∆ω

]
(5.25)

Here, we assume that the rotation rate of the coordinate system is equal to the fre-
quency of the B1 pulse, i.e. ω = ωr, and we define ∆ω = ωs − ωr. If we further

assume that the spin is on resonance, then the effective Hamiltonian simplifies further:

Heff =
�

2

[
0 ω1

ω1 0

]
= ω1Sx (5.26)

The effective Hamiltonian can be used to calculate the time evolution of the system
during the RF-pulse:

i�
dΨ
dt

= HΨ

dΨ
Ψ

=
ω1Sx

i�
dt

Ψ(t) = e(−i/�)Sxω1tΨ(0) = Rx(ω1τ)Ψ(0) (5.27)

The above expressions shows that the time evolution of the system during a pulse is
equivalent to a rotation. The direction of the rotation axis is defined by the direction of
the pulse and the rotation angle is given by ω1τ , where τ is the duration of the pulse.

5.2.1 The Resonance Condition
Application of the B1 field to the system causes transitions from one state of the

system to another, with the absorption of energy. The extent of the transition is de-
scribed by the changes in the coefficient of each wavefunction, in this case a− and a+.
Since the evolution of the system during the pulse is simply described by a rotation
operator, it is easy to calculate the state of the system after the pulse, given the state
of the system before the pulse. Taking the specific case of a system beginning in the
u+1/2 state (a+ = 1), the effects of a 90◦, 180◦, or 360◦ pulse on this state are as
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follows (See Eqs. 4.121, 4.126, and 4.127, in Chapter 4):[
1
0

]
Rx(π/2)−→

[
1√
2

1√
2

]
(5.28)

[
1
0

]
Rx(π)−→

[
0
−i

]
(5.29)[

1
0

]
Rx(2π)−→

[−1
0

]
(5.30)

The probability of finding the system in the u−1/2 after the pulse, P−1/2, is just a∗
−a−,

giving:

P−1/2 : 0
Rx(π/2)−→ 1/2

0
Rx(π)−→ 1

0
Rx(2π)−→ 0

(5.31)
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Figure 5.2. Effect of frequency offset on tran-
sition probabilities. The probability of finding
the system in the u−1/2 state, after starting en-
tirely in the u+1/2 state at t=0 is shown for an
on-resonance pulse (solid line) and a pulse that
is 6000 Hz off-resonance (dashed line).

The probability of finding the system
in the u−1/2 state, P− = a∗

−a−, can
be calculated using the effective Hamil-
tonian in the rotating frame. The de-
pendence of P− on the frequency off-
set (∆ω = ωs − ω) and pulse length,
τ , is given by Eq. 5.32 (see Cohen-
Tannoudji et al. [42] for more de-
tails). This transition probability is
shown in Fig. 5.2 for an on-resonance
pulse and a pulse that is 6000 Hz off-
resonance. The field strength of the
pulse, ω1 was 2500 Hz, giving a 90◦

pulse of 100 µsec. Note that the tran-
sition probability oscillates with time.
In the case of the on-resonance pulse,
there is complete conversion of the sys-
tem from the u+1/2 state to the u−1/2

state in 200 µsec. This corresponds to
a 180◦ pulse, or complete inversion of the magnetization. At four times the 90◦ pulse
length, or 400 µsec, the system is returned to the original state, corresponding to a
360◦ pulse. The transition probabilities for the on-resonance pulses in Fig. 5.2 (solid
curve) are identical to those presented in Eqs. 5.31, as expected.

P−(t) =
ω2

1

ω2
1 + (∆ω)2

sin2

[√
ω2

1 + (∆ω)2
τ

2

]
(5.32)

In the case of an off-resonance pulse, the extent of conversion between states is
significantly smaller, showing that an off-resonance pulse is less efficient at causing
transitions. Also note that the frequency of the oscillations of P (t) has increased for
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the off-resonance pulse. This is due to the fact that the effective magnetic field is larger
than for the on-resonance spins, causing a faster transition rate, or a faster precessional
rate in the classical model.

5.3 Detection: Evolution of the System Under Bo

After the pulse, the magnetization will precess about Bo, as it did during the prepa-
ration period. The difference between the state of the system prior to the pulse and
after the pulse is that the system will have been rotated to a new direction, �u′ by the
application of the RF-pulse. As before, the z-component of the spin angular momen-
tum of the system will be time invariant. In contrast, the expectation value of Sx

will evolve as cos(ωst), while the expectation value of Sy will evolve as sin(ωst),
generating the cosine and sine modulated signals in the detection coil.



Chapter 6

THE DENSITY MATRIX & PRODUCT OPERATORS

The previous chapter showed how it is possible to keep track of the evolution of
a single spin during an NMR experiment by calculating the effect of pulses and free
precession on its wavefunction. Using this approach, the system at the beginning of
the experiment would be represented by linear combinations of the basis vectors:

Ψ(0) =
∑

ci(o)ui (6.1)

where ci(0) represent the coefficients that describe the system at t = 0.
At the end of the NMR experiment the system is also described as a linear com-

bination of the basis vectors, but with different coefficients. The coefficients change
from the initial values as a result of the various pulses and time periods that have been
experienced by the spin during the experiment.

Ψ(t) =
∑

ci(t)ui (6.2)

Regardless of the change in the coefficients, it is possible to calculate the expecta-
tion value of any observable. For example, the signal detected in the real channel of
the receiver, Sx, is given by:

< Sx > = < Ψ|Sx|Ψ >

=
∑
ij

c∗i (t)cj(t) < ui|Sx|uj > (6.3)

However, in most NMR experiments, the detected signal arises from an ensemble of
N spins, therefore, the average expectation value of Sx is the actual observable:

< Sx > =
∑
N

∑
ij

c∗i (t)cj(t) < ui|Sx|uj > (6.4)

This ensemble average can be obtained in one of two ways. The first method involves
calculating the evolution of all N wavefunctions through the experiment and then
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Ψo
H−→ Ψ(t) R−→ Ψ′ H−→ Ψ′(t) S(t) =< Ψ′(t)∗|Sx|Ψ′(t) >

ρo
H−→ ρ(t) R−→ ρ′ H−→ ρ′(t) S(t) = Trace[ρSx]

Figure 6.1. Evolution of the wavefunction and density matrix during a one-pulse NMR exper-
iment. The initial state of a single wavefunction is represented by Ψo, this evolves to Ψ′(t) at
the end of the experiment. The detected signal is the expectation value of Sx. In the case of the
density matrix, the initial state of an ensemble of spins is represented by ρo. At the end of the
experiment the final state is ρ′(t) and the observed signal is calculated from the density matrix.
H represents the Hamiltonian associated with Bo and R represents a radio-frequency pulse, in
the form of a rotation operator.

averaging over all N spins. This procedure is very tedious. The second method, which
is discussed in this chapter, is to use a description of the system that captures the nature
of the ensemble in a more concise and manipulatable fashion. Such a representation
is provided by the density matrix.

The density matrix is a matrix whose elements contain information on the average
probability of all possible states of the ensemble. Instead of following the evolution of
the different wavefunctions through the experiment, the evolution of the density matrix
is followed. At the end of the experiment, the average expectation values are obtained
from the final density matrix. The close correspondence between the wavefunction
and the density matrix is illustrated in Fig. 6.1.

6.1 Introduction to the Density Matrix
The information on the ensemble average of a system is contained in the ensemble

average of the pairwise products of the coefficient that are associated with the basis
vectors, for example:

< Sx > =
∑
N

∑
ij

c∗i (t)cj(t) < ui|Sx|uj >

=
∑
ij

c∗i (t)cj(t) < ui|Sx|uj > (6.5)

Therefore, if we specified the value of:

c∗i (t)cj(t)

for all possible values of i and j, then the properties of the system are completely
determined. The density matrix, ρ, consists of all such products.

The mth, nth element of the density matrix (ρmn) for an arbitrary, time-dependent,
wavefunction is obtained as follows:

ρmn(t) =< um|ψ(t) >< ψ(t)|un >

=< um|ψ(t) > c∗n(t)
= cm(t)c∗n(t)

(6.6)
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For example, in a system that has two basis vectors, the density matrix is:

ρ =
[
c1c

∗
1 c1c

∗
2

c2c
∗
1 c2c

∗
2

]
(6.7)

The matrix elements of the density matrix, as defined by Eq. 6.6 are of the same form
as the matrix elements of an operator. Hence the density matrix is an operator, and
will be transformed by rotations with the same rules as any other operator:

ρ′ = RρR† (6.8)

6.1.1 Calculation of Expectation Values From ρ

The expectation value for an observable:

A = < ψ|A|ψ >

=
∑
k,p

< c∗kuk|A|cpup >

=
∑
k,p

cpc
∗
k < uk|A|up >

=
∑
k,p

ρpk < uk|A|up >

=
∑
k,p

< up|ρ|uk >< uk|A|up >

=
∑

p

< up|ρA|up > [note i ]

=
∑

p

ρppApp

= Trace[ρA] [note ii ] (6.9)

Notes: i) Closure, 1 =
∑

k |uk >< uk|, is used to remove one of the sums.
ii) The trace of a matrix is simply the sum of its diagonal elements.

The above result implies that if we know the density matrix of the system at anytime,
we can easily calculate the expectation value of an operator from that density matrix.
For example, the signal detected for the real data channel would be:

Mx = Trace(ρSx) (6.10)

6.1.2 Density Matrix for a Statistical Mixture
For the case of a single isolated spin, representation of the system by either its

wavefunction or density matrix are essentially equivalent and equally tedious. How-
ever, if there is a statistical mixture of states, such as the large number of molecules in
a typical NMR sample, the density matrix is much more convenient.
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For an ensemble of spins, the total state of the system is given by:

Ψ =
N∑

k=0

pkψk (6.11)

where pk is the statistical probability of finding a spin in a particular state. pk is the
fraction of the kth mixed state or sub-system in the sample, and ψk corresponds to
the wavefunction for that sub-system. Each ψk is a linear combination of the basis
functions:

ψk =
∑

i

ck
i ui (6.12)

where ck
i are the normal quantum mechanical probabilities associated with finding the

wavefunction in the ith state.
The expectation value of any operator, A, for the kth sub-system is:

Ak =< ψk|A|ψk > (6.13)

The average value of this observable for the entire system is the expectation value asso-
ciated with a particular state, multiplied by the statistical probability of that particular
state.

A =
∑

k

pkAk (6.14)

The expectation value of the system in the kth sub-state is:

Ak = Trace (ρkA) =
∑

j

ρk
jjAjj (6.15)

Therefore, the average expectation value over the entire ensemble of sub-states is:

A =
∑

k

pkTrace(ρkA)

=
∑

k

pk

∑
j

ρk
jjAjj

=
∑

j

∑
k

pkρk
jjAjj

=
∑

j

ρ̄jjAjj

= Trace[ρ̄A] (6.16)

The important result is that the average expectation value can be obtained from the
average density matrix in exactly the same fashion as the expectation value of a single
spin was obtained from its density matrix (see Eq. 6.9).

As an example consider the wavefunction for a spin that is oriented at an angle θ
and φ in polar coordinates:

Ψ = cos(
θ

2
)e−iφ/2|u+1/2 > + sin(

θ

2
)eiφ/2|u−1/2 > (6.17)
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The density matrix for this general state is:

ρ =
[

cos2(θ/2) cos(θ/2)sin(θ/2)e−iφ

cos(θ/2)sin(θ/2)e+iφ sin2(θ/2)

]
(6.18)

The expectation value for Sx is:

< Sx >= Trace(ρSx) (6.19)

Calculating ρSx first:

ρSx =
[

cos2(θ/2) cos(θ/2)sin(θ/2)e−iφ

cos(θ/2)sin(θ/2)e+iφ sin2(θ/2)

]
�

2

[
0 1
1 0

]

=
�

2

[
cos(θ/2)sin(θ/2)e−iφ cos2(θ/2)

sin2(θ/2) cos(θ/2)sin(θ/2)e+iφ

]
(6.20)

< Sx > = Trace(ρSx) =
�

2

[
cos

θ

2
sin

θ

2
e−iφ + cos

θ

2
sin

θ

2
e+iφ

]

=
�

2
2 cos

θ

2
sin

θ

2

[
eiφ + e−iφ

2

]

=
�

2
2 cos

θ

2
sin

θ

2
cosφ (6.21)

If the spin is oriented such that its magnetic moment is along the x-axis, then θ =
90, and φ = 0. The expectation value of Sx is then:

< Sx >=
�

2
2

1√
2

1√
2

=
�

2
(6.22)

as expected. Calculation of the expectation value of Sy for this example yields <
Sy >= 0.

The conclusion from the above calculation is that a single spin can have a non-
zero value of < Sx >. However, in a large population of incoherent spins at thermal
equilibrium, there will be a random distribution of the angle φ. Under these conditions,
the average density matrix is:

< ρ > =

[
cos2(θ/2) cos(θ/2)sin(θ/2)

∫ φ=2π

φ=0
e−iφ

cos(θ/2)sin(θ/2)
∫ φ=2π

φ=0
e+iφ sin2(θ/2)

]
(6.23)

Since
∫ φ=2π

φ=0
eiφ = 0, the average density matrix is:

< ρ > =
[
cos2(θ/2) 0

0 sin2(θ/2)

]
(6.24)

and the average expectation value of Sx is now zero:

< Sx > = Trace(ρSx)

= Trace

(
�

2

[
cos2(θ/2) 0

0 sin2(θ/2)

] [
0 1
1 0

])

=
�

2
Trace

([
0 cos2(θ/2)

sin2(θ/2) 0

])
= 0 (6.25)
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6.2 One-pulse Experiment: Density Matrix Description
A one-pulse experiment is simply a single 90◦ pulse followed by detection of the

signal. The evolution of the system in this experiment can be followed by the density
matrix, and the expectation value of any observable can be calculated from ρ (see Fig.
6.2).

To begin, the density matrix that describes an ensemble of spins at thermal equi-
librium, or ρo, is required. This density matrix should reflect the fact that the average
value of < Sx > and < Sy > are zero, and it should also reflect the population
difference between the ground and the excited state at thermal equilibrium.

The population difference at thermal equilibrium is given by the Boltzmann distri-
bution:

e−E/kT

Z
(6.26)

Using the Boltzmann distribution as an operator gives the desired form of the density
matrix. A single element of the density matrix is:

ρpn =< up|e
−H/kT

Z
|un >

and the entire density matrix is:

ρ =
1
Z

[
< u1|e−H/kT |u1 > < u1|e−H/kT |u2 >
< u2|e−H/kT |u1 > < u2|e−H/kT |u2 >

]

=
1
Z

[
e−E1/kT < u1|u1 > e−E2/kT < u1|u2 >
e−E1/kT < u2|u1 > e−E2/kT < u2|u2 >

]

=
1
Z

[
e−E1/kT 0

0 e−E2/kT

]

=
1
Z

[
e+�ωo/2kT 0

0 e−�ωo/2kT

]
(6.27)

Expanding the exponential as a series and taking only the first term (ea ≈ 1 + a) we
find:

ρ =
1
Z

[
1 + γ 0

0 1 − γ

]
=

1
Z

[
1 0
0 1

]
+

1
Z

ωo

kT

�

2

[
1 0
0 −1

]
(6.28)

P90x

ρ
0

ρ
1 ρ  (  )2 t

Figure 6.2 Density matrix description
of the one-pulse experiment. The top
part of the figure shows the classical de-
scription of a one-pulse NMR experi-
ment. The density matrix ρo defines
the system prior to the pulse, ρ1 is the
system immediately after the pulse, and
ρ2(t) defines the time evolution of the
system during detection of the free in-
duction decay.
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where γ = �ωo/2kT .
One can see that this matrix is composed of the unit matrix plus Sz . Since the

unit matrix has no effect on any of the common observables we can ignore it 1. Fur-
thermore, since we are only interested in the changes in the amplitudes and the time
evolution of the individual elements of the density matrix, we can also ignore con-
stants. Therefore, the density operator for a system under thermal equilibrium can be
written:

ρ0 =
�

2

[
1 0
0 −1

]
= Sz (6.29)

To simplify the calculations even further, � can be removed from the expression using
the following representation of angular momentum operators:

Ix =
Sx

�
=

1
2

[
0 1
1 0

]
Iy =

Sy

�
=

1
2

[
0 −i
i 0

]
Iz =

Sz

�
=

1
2

[
1 0
0 −1

]
(6.30)

Thus, ρo is equal to the matrix Iz .

6.2.1 Effect of Pulses on the Density matrix
In the last chapter we showed that pulses, or B1 fields, can be represented as rotation

operators. Since the density matrix is also an operator, it will have the following
transformation properties under the effect of a pulse:

ρ′ = RρR†

= e−iP ρeiP (6.31)

where the operator P describes a rotation of the system about any axis. For pulses in
the x-y plane (θ=90◦) the rotation operator for a rotation of α degrees is given by:

Rφ(α) = e−iP =
[

cos(α
2 ) −isin(α

2 )e−iφ

−isin(α
2 )eiφ cos(α

2 )

]
(6.32)

the direction of the pulse in the x-y plane is defined by the φ angle. For example, a
pulse along the x-axis corresponds to φ = 0◦, giving the following rotation matrix for
a 90◦ pulse:

Rx(π/2) =

[
1√
2

−i√
2−i√

2
1√
2

]
=

1√
2

[
1 −i
−i 1

]
The density matrix after this pulse is given by:

ρ1 = RxIzR
†
x

=
1√
2

[
1 −i
−i 1

]
1
2

[
1 0
0 −1

]
1√
2

[
1 i
i 1

]

=
1
2

[
0 i
−i 0

]
= −Iy

(6.33)

1Specifically, the trace of the product of the unit matrix with Sx, Sy , and Sz is zero.



128 PROTEIN NMR SPECTROSCOPY

If we calculate the expectation value of Sx, Sy, and Sz for this density matrix, we
find:

< Sx >= 0 < Sy >= −1 < Sz >= 0 (6.34)

Note that the off-diagonal elements of the density matrix after the pulse are clearly
non-zero. This implies that the ensemble average of this element of the density matrix
is non-zero. Therefore, after the pulse, the distribution of the spins about the z-axis is
no longer random - a preferred direction of the spins has been induced by the pulse.
Specifically, the ensemble of spins has become coherent, with each spin having the
same value of φ (compare to Eq. 6.24).

6.2.1.1 Free Precession: Time evolution of the Density Matrix
The time evolution of any wavefunction is defined by the evolution operator:

Ψ(t) = e−iHt/�Ψ(0)

Under influence of the Bo field, or free precession, the Hamiltonian is simply: −ωsIz ,
giving the following expression for the time evolution:

Ψ(t) = eiωSIztΨ(0)

Comparing this equation to the rotation operator for z-rotations:

Rz(α) = e−i Lz
�

α (6.35)

shows that the evolution of the spins under free precession is equivalent to rotation of
the system about the z-axis with a rotation angle equal to ωst.

The time evolution of the density matrix formed after the 90◦x pulse is:

ρ2(t) = e+iωStIzρ1e
−iωStIz (6.36)

Conversion of eiωStIz to its matrix form is simple since the basis vectors are eigenval-
ues of Iz . Therefore, we can directly write:

e+iωStIz =
[

e+iωSt/2 0
0 e−iωSt/2

]
(6.37)

ρ(t) =
1
2

[
e+iωSt/2 0

0 e−iωSt/2

] [
0 i
−i 0

] [
e−iωSt/2 0

0 e+iωSt/2

]

=
1
2

[
0 ie+iωSt

−ie−iωSt 0

]

=
[

0 i[cos(ωSt) + isin(ωSt)]
−i[cos(ωSt) − isin(ωSt)] 0

]

=
[

0 i cos(ωst)
−i cos(ωst) 0

]
+

[
0 −sin(ωst)

−sin(ωst) 0

]

=
1
2

[−Iycos(ωst) − Ixsin(ωst)]

(6.38)

This density matrix represents a spin precessing clockwise in the x-y plane at an an-
gular velocity of ωs, beginning from the minus y-axis.
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6.2.1.2 Detection of the Signal
Equation 6.38 gives the density matrix that represents the FID during detection.

Quadrature detection of the FID is defined as measuring I+ = Ix + iIy . In matrix
notation I+ is:

I+ = Ix + iIy =
1
2

[
0 1
1 0

]
+

i

2

[
0 −i
i 0

]
=

1
2

[
0 1
0 0

]
(6.39)

The expectation value of I+ is given by the trace of I+ρ (ignoring constants):

< I+ > = Trace

([
0 1
0 0

] [
0 i e+iωSt

−i e−iωSt 0

])

= Trace

([−i e−iωSt 0
0 0

])
= −ie−iωSt (6.40)

The Fourier transform of this function will give a dispersion lineshape found at ωS .
This result is completely consistent with a classical description of the effect of a 90◦

pulse applied along the x-axis, and detection such that the real channel is defined to
be along the x-axis and the imaginary channel along the y-axis.

6.3 Product Operators
From the above analysis of a one-pulse experiment we see that it is possible to write

ρ as a matrix that is proportional to one, or more, angular momentum operators:

• The initial density matrix, ρo, is proportional to Sz .
• The density matrix after the pulse, ρ1, is proportional to Sy .
• The density matrix during detection is given by a combination of Sy and Sx.

This representation of the density matrix also provide a good deal of intuition to
the quantum mechanical description of the system. For example, prior to the pulse,
the bulk magnetization is aligned along the z-axis. After the 90◦ pulse on the x-axis,
the magnetization is along the y-axis. During detection, the bulk magnetization will
precess in the transverse plane.

The use of Cartesian angular momentum operators to represent the density matrix
is referred to as the product operator notation. The origin of this name will become
apparent when two coupled spins are analyzed, as products of angular momentum
operators will be required to describe the density matrix. A detailed description of the
product operator formalism can be found in [153].

For a single isolated spin, it is possible to represent any density matrix using a
linear combination of the following four operators:

1̃ Ix Iy Iz (6.41)

where 1̃ is the identity operator2.

2The identity operator has no effect on a wavefunction. In the case of a spin-1/2 particle, 1̃ =

[
1 0
0 1

]
.
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Although the use of product operators provides a very convenient and concise al-
gebraic representation of the density matrix, keep in mind that the various angular
momentum operators simply represent the density matrix.

6.3.1 Transformation Properties of Product Operators
Since the density matrix can be represented by angular momentum operators, the

effects of pulses and free precession on the density matrix can be determined by eval-
uating the effect of rotations on the angular momentum operators. In this context,
pulses are represented by rotations about the x- or y-axis with a rotational angle equal
to the flip angle of the pulse (β). Similarly, free precession is represented by a rotation
about the z-axis with an angle ωt. The evolution of the density matrix due to rotations
about the x-, y-, or z-axis are given in Table 6.1 and illustrated in Fig. 6.3.

These rotations follow the right-hand rule. In general, rotation of a product operator
about an orthogonal axis gives the original product operator times cosβ plus the other
orthogonal product operator, times sinβ. For example, a z-rotation applied to ρ = Ix

generates the following:

Ix
Rz(β)−→ Ixcosβ + Iysinβ (6.42)

These transformation laws are exactly as one would predict from the classical de-
scription of the system. For example, a 45◦ pulse applied along the y-axis would leave
the bulk magnetic moment half-way between the z- and x-axis with a observed mag-
netic moment in the z-direction of cos(45◦) and the observed magnetic moment in the
x-axis of sin(45◦).

β = ωτ

β β

Chemical shift x−pulse y−pulse

x

z
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 I

 I

 I
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 I

−I

 I
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z
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y

z

−Iy

 I x

x−I

 I

 I

y

Figure 6.3 Evolution of
single-spin product operators.
A graphical representation of
the effect of chemical shift
evolution (rotation about the
z-axis) and pulses on the
single-spin density matrix is
shown.

Table 6.1. Transformation of product operators for a single spin. Excitation pulses are rep-
resented as rotations about the x-axis (Rx) or the y-axis (Ry), with a flip angle of β. Evolution
of the system under the static magnetic field, Bo, is represented by a rotation about the z-axis
(Rz), with an overall rotation angle of ωt. In all cases, a right-handed rotation is used. The
actual direction of evolution can be either clockwise or counter-clockwise, depending on the
sign of γ.

ρo Rx Ry Rz

Ix Ix Ixcos(β) − Izsin(β) Ixcos(ωt) + Iysin(ωt)
Iy Iycos(β) + Izsin(β) Iy Iycos(ωt) − Ixsin(ωt)
Iz Izcos(β) − Iysin(β) Izcos(β) + Ixsin(β) Iz
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6.3.1.1 Derivation of Transformation Laws
The effect of rotations on the density matrix can be derived in two ways. The first

way utilizes the rotation operator derived earlier:

Ru(β) = cos
β

2
1̃ − iσusin

β

2
(6.43)

This operator can be applied to the various starting representations of ρ (e.g. Ix, Iy,
or Iz), to obtain the resultant density matrix.

Alternatively, the rotation of the density matrix can be written as a function (see
Slichter [151] for more details):

f(β) = e−iβIzIxeiβIz (6.44)

and f(β) is determined by trying to find a differential equation which provides a so-
lution for f(β). Taking the first derivative of f(β) with respect to β gives:

df

dβ
= −ie−iβIz [IzIx − IxIz] eiβIz

= e−iβIz [Iy] eiβIz

where the above step used the following commutator for angular momentum operators:
[Ix, Iz] = iIy . The second derivative is:

d2f

dβ2
= ie−iβIz [−IzIy + IyIz] eiβIz

= −e−iβIz [Ix] eiβIz

= −f(β) (6.45)

The solution to this equation is of the form:

f(β) = A cos(β) + B sin(β) (6.46)

The constants, A and B, are obtained from f(0) and df/dt(0):

f(0) = Ix f ′(0) = Iy

Thus:
f(β) = ie−iβIzIxeiβIz = Ix cos(β) + Iy sin(β) (6.47)

6.3.2 Description of the One-pulse Experiment
The product operator notation shown in Table 6.1 permits the rapid evaluation of

the outcome of NMR experiments. The simple one-pulse experiment, consisting of a
90◦ degree pulse along the x-axis, is evaluated as follows (see Fig. 6.4):

Iz
Rx(π/2)−→ −Iy

Rz(ωt)−→ −Iycos(ωt) + Ixsin(ωt) (6.48)

The observed signal is obtained in the usual fashion:

Signal(t) = Trace[I+ρ2(t)]
= Trace[I+(−Iycos(ωt) + Ixsin(ωt))]
= −ieiωt (6.49)
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P90x

ρ
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ρ
1 ρ  (  )2 t

ρo =
Rx(π/2)−→ ρ1 =

Rz(ωst)−→ ρ2(t) =

1
2

[
1 0
0 −1

]
1
2

[
0 i
−i 0

]
1
2

[
0 ie+iωSt

−ie−iωSt 0

]

Iz − Iy − Iycos(ωst) + Ixsin(ωst)

Figure 6.4. One-pulse experiment, representation by the density matrix and product operators.
Equivalent description of a one pulse experiment using the density matrix (top), or product
operator notation (bottom). Note that the sign of the frequency, ωS , differs between the two
methods of analysis because of the adoption of the right-hand-rule for the evolution of product
operators.

6.3.3 Evaluation of Composite Pulses
The product operator notation is also useful for evaluating the effect of multiple

pulses on the magnetization. A useful class of these experiments are composite pulses.
These are a series of pulses whose overall effect is to produce a specific flip angle with
reduced sensitivity to non-ideal pulse lengths or rotation angles. For example, a widely
used composite 180◦ (π) pulse is:

[
π

2
]x − [π]y − [

π

2
]x (6.50)

The effect of this pulse on magnetization beginning along the z-axis (i.e. ρo = Iz)
is rapidly obtained as follows:

Iz
π/2x−→ −Iy

πy−→ −Iy
π/2x−→ −Iz (6.51)
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Figure 6.5 Excitation profile of
180◦ composite pulse. The effect
of varying the flip angle of a single π
pulse (dashed line) and a composite
π pulse on the z-component of the
magnetization are shown (solid line).
The x-axis indicates the flip angle
of the π pulse, one half of this value
would be used for the π/2 pulses in the
composite pulse. The y-axis shows the
Iz component of the density matrix.
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Now assume that the flip angles are set to β < 90◦, then the final density matrix after
this pulse is:

ρ = Iz[cos2β cos2β − sin2β] − Iy[cosβsinβcos2β + sinβcosβ] + Ix[cosβsin2β]
(6.52)

The effect of the flip angle on the inversion profile of the simple π pulse and the
composite pulse are shown in Fig. 6.5. It is clear that the composite pulse is capable
of inverting the magnetization over a much wider range of flip angles and is thus less
affected by having β �= 90◦.

The above analysis varied only the flip angle and assumed that the pulses were
along the x- or y-axis. As the frequency of the pulses are moved away from the reso-
nance frequency of the spin, the pulse length will become non-ideal and the rotation
axis for the pulses will be displaced from the x-y plane. The greater the difference
between the frequency of the pulse and the spin, the less effective the inversion will
become. It can be shown that the composite pulse is also less sensitive to these res-
onance offset effects and is able to invert the magnetization over a wider frequency
range than a simple π pulse.

6.4 Exercises
1. The NMR sample volume generally extends beyond the excitation/receive coil.

This region of the magnetic field is less homogeneous, thus signals from this region
will display a poor lineshape. This region of the sample experiences very weak B1

fields during pulses, because it is outside of the coil. Show that the following
composite pulse will suppress signals from this region, but produce the equivalent
of a 90◦ pulse for flip angles close to 90◦, i.e for spins within the sample coil.

βx βy β−x β−y (6.53)

where, β is the flip angle.

2. Using the product operator formalism determine the effect of the following com-
posite pulse: [π

2 ]x − πy − [π
2 ]x with β < 90◦, on ρ = Iz . That is, show that Eq.

6.52 holds true.

3. Show, using product operators, that there is no evolution of the chemical shift at
the end of the following sequence: τ − P x

180 − τ . Assume that the density matrix
is equal to Ix at the beginning of the first τ period.

6.5 Solutions
1. The effect of this composite pulse can be easily evaluated using product operators.

The effect of each pulse on the density matrix is shown in the following table for
two possible flip angles (β is assumed to be small, such that cos(β) = 1 and
sin(β) ≈ β.
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Analysis of Composite Pulses Using Product Operators.

β = 90◦ β � 90◦

Pulse Effect on ρ Effect on ρ

x −Iy Iz − βIy

y −Iy Iz + βIx − βIy

−x +Iz Iz + βIx

−y −Ix Iz

After the completion of all four pulses, spins within the coil are represented by the
density matrix −Ix, indicating that the magnetization is in the x-y plane. Thus
the composite pulse behaved as if it were a single 90◦ pulse. In contrast, spins
that were outside of the excitation coil are returned to the z-axis by the four-step
sequence, thus they do not produce a detectable signal.

2.

Iz
βx→ Izcosβ − Iysinβ

2βy→ cosβ[Izcos2β + Ixsin2β] − Iysinβ

βx→ Iz[cos2βcos2β − sin2β] − Iy[cosβsinβcos2β + sinβcosβ]
+Ix[cosβsin2β]

3. During the first τ period, Ix evolves by precession about the z-axis, which is equiv-
alent to a rotation about the z-axis by an angle ωτ :

Ix → Ixcos(ωτ) + Iysin(ωτ)

the 180◦ pulse along the x-axis causes the following transformation of the density
matrix:

Ixcos(ωτ) + Iysin(ωτ) → Ixcos(ωτ) − Iysin(ωτ)

Note that only the Iy term is affected by the pulse along the x-axis.

During the second τ period each term of the density matrix evolves as follows:

Ixcos(ωτ) − Iysin(ωτ) → cos(ωτ)[Ixcos(ωτ) + Iysin(ωτ)]
−sin(ωτ)[Iycos(ωτ) − Ixsin(ωτ)]

= Ix[cos2(ωτ) + sin2(ωτ)]
+Iy[cos(ωτ)sin(ωτ) − cos(ωτ)sin(ωτ)]

= Ix

Since the density matrix has been returned, or refocused, to its original state, the
sequence: τ−P180−τ is often referred to as a refocusing element. The evolution of
the chemical shift during the first τ period is reversed during the second τ period.



Chapter 7

SCALAR COUPLING

Scalar couplings arise from spin-spin interactions that occur via bonding electrons.
Consequently, they provide information on the chemical connectivity between atoms.
Therefore, these couplings can be utilized to correlate NMR signals of atoms that
are chemically bonded to one another, providing chemical shift assignments if the
molecular structure is known. In particular, the scalar coupling across the peptide
bond permits the linkage of spins within one amino acid to those of its neighbors, as
discussed in Chapter 13.

In addition to providing information on chemical connectivities, the sizes of three
bond scalar couplings are sensitive to the electron distribution of the intervening
bonds, consequently these couplings can provide information on the conformation
of rotatable bonds in proteins.

In this chapter we will first explore the origin of scalar couplings between nuclear
spins, understanding the effect of this coupling on the resultant NMR spectrum from
a classical perspective. The coupling will then be analyzed using quantum mechanics
to fully evaluate the effect of the coupling on the frequency and intensity of resonance
lines in the NMR spectrum of coupled spins. Finally, a density matrix treatment of
coupled spins will be introduced in the subsequent Chapter as a prelude to analyzing
the effect of scalar coupling in more complex multi-dimensional NMR spectra.

7.1 Introduction to Scalar Coupling
Scalar, or J-coupling, occurs between nuclei which are connected by chemical

bonds. This coupling causes splitting of the spectral lines for both coupled spins by
an amount J, or the coupling constant (See Fig. 7.1). The nomenclature that is used to
describe the coupling is as follows:

nJAB

where n refers to the number of intervening bonds, and A and B identify the two
coupled spins. For example, the coupling constant between the amide nitrogen and
the Cβ carbon would be written as: 2JNCβ

. The value of J is usually given in Hz and
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is the observed frequency separation between the split resonance lines of the coupled
spins (see below). A resonance line that is split due to J-coupling is generally referred
to as a multiplet. The spectrum shown in Fig. 7.1 is an example of a doublet. If the
resonance line was split into three signals, it would be called a triplet. Finally, splitting
into four lines generates a quartet.

The effect of J-coupling on the spectrum depends on the frequency separation of
the coupled spins. If the two coupled spins differ greatly in their resonance frequen-
cies (∆ν > J), then the system is referred to as an AX system, where the X signifies
the fact that the two chemical shifts are quite different. All coupling between different
atom types, or heteronuclear spins, are AX couplings because of the large difference
in the frequencies of coupled spins. Examples include, JNH , JCH , and JNC . AX cou-
plings can be analyzed using a classical analysis, similar to that depicted in Fig. 7.1.
When two coupling spins have nearly equivalent resonance frequencies (∆ν ≤ J)
then the system is referred to as an AB system. For example, the coupling between
two Hβ protons on an amino acid is an example of an AB system. Accurate analysis of
AB systems require a detailed quantum mechanical treatment. Lastly, when the cou-
pled spins have the identical resonance frequencies, the observed coupling disappears
entirely. This is most often seen when multiple protons have equivalent environments,
such as the three protons on a methyl group.

7.2 Basis of Scalar Coupling
Scalar coupling arises from the interaction of the nuclear magnetic moment with

the electrons involved in the chemical bond. The nuclear spin polarization of one
atom affects the polarization of the surrounding electrons. The electron polarization
subsequently produces a change in the magnetic field that is sensed by the coupled
spin. For example, consider a C-H group in a molecule, as illustrated in Fig. 7.1. The
proton nuclear spin polarizes the electron in the σ bonding orbital. This polarization
alters the magnetic field at the carbon nucleus. Since there are two possible spin states
for the proton magnetic dipole, the effective field at the carbon nucleus is increased

+J/2ω

− J/2ω

∆Β

∆Β

J

ωο

H C

H C

Figure 7.1 Nuclear spin coupling in a 13C-H group.
Two C-H groups in separate, but otherwise identical
molecules, are shown. The two molecules differ only
in the spin state of the proton. The bonding electrons
in the σ orbital become polarized from the proton mag-
netic dipole, as indicated by the oval field lines. The
polarization of the electrons can either increase or de-
crease the magnetic field at the 13C nucleus, depending
on the proton spin state. One orientation of the pro-
ton spin increases the magnetic field (upper molecule),
while the other orientation causes a decrease in the ap-
parent field (lower molecule), causing either an upfield
or downfield shift in the resonance line, depending on
the spin-state of the attached proton. The observed car-
bon spectrum is the sum of these two resonances, giving
two peaks that are separated by the J-coupling constant,
as shown in the middle spectrum.
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or decreased, depending on the spin state of the attached proton. Since the population
differences between the two orientations of the proton spin are approximately equal,
one-half of the attached carbons will experience an increase in the local magnetic field
while the other half will experience a decrease. This difference in the local magnetic
field at the carbon nucleus will lead to a shift of the carbon resonance frequency. Since
there are two possible proton spin states, the carbon spectrum is split into two lines,
with the separation between the lines equal to the J-coupling.

The change in the magnetic field induced by the proton spins is proportional to γH .
The corresponding change in the carbon resonance frequency is proportional to the
product of this field change and the gyromagnetic ratio of the carbon spin, i.e.:

∆ω ∝ ±γHγC (7.1)

The effect of the carbon spin on the proton spin is calculated in the same way. The
change in the local magnetic field at the proton nucleus is proportional to ±γC , giving
rise to a frequency shift of the protons of ±γCγH . Consequently, the proton spin
will experience exactly the same shift in frequency as its coupled partner, giving rise
to exactly the same splitting of the proton resonance line as the resonance line from
the attached carbon. Also note that the observed frequency shift only depends on the
product of the gyromagnetic ratios of the coupled spins; the scalar coupling constant
is independent of the applied magnetic field (Bo).

Values of J-coupling constants that are important in biomolecular NMR are shown
in Table 7.1. The strength of the J-coupling depends on several factors, including the
gyromagnetic ratio of the coupled spins, the number of bonds connecting the coupled
spins, and the conformation of the intervening bonds in the case of multiple bond
couplings. The series of single bond heteronuclear couplings (Table 7.1, left column)
illustrates the effect of the gyromagnetic ratio on the coupling constant; the coupling
constant increases with increasing γ. Scalar coupling through multiple bonds greatly
attenuates the coupling. For example, the strong single bond H-C coupling of 130 Hz
is reduced to 5 Hz when an additional carbon-carbon bond is inserted between the two
coupled spins (Table 7.1).

In the case of multiple bond couplings, the conformation of the coupled atoms
affects the coupling constant. For example, the three bond proton-proton coupling in

Couplings Involving Heteronuclear (13C or 15N) Spins Proton-Proton Couplings

C-N 14 Hz H-C-H -12 to -15 Hz
C-C 35 Hz H-C-C-H 2-14 Hz
H-N 92 Hz H-C=C-H 10 (cis)/17 (trans)
H-C 130 Hz H-N-C-H 1-10 Hz
H-C-C 5 Hz (two bond coupling) (3 Hz α-helix)

(10 Hz β-strand)

Table 7.1. Homonuclear and heteronuclear coupling constants. Homonuclear (proton-proton)
and heteronuclear coupling constants that are commonly found in biopolymers are listed. The
values in this table are approximate; the coupling constants will also be affected by the electronic
environment of the associated spins.
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Figure 7.2 Karplus curve for a peptide
group. The relationship between J and
the φ torsional angle in polypeptides is
shown. The φ angles for regular sec-
ondary structures are indicated by the
vertical gray bars. The φ torsional an-
gle is defined by the relative orientation
of the H-N bond vector to the Cα-CO
bond vector. The molecular fragment
to the right of the plot has a φ angle
of 180◦.
J = 6.98 cos2(φ−60)−1.38 cos(φ−
60) + 1.72

the H-C-C-H group ranges from 2 to 14 Hz. The relationship between the coupling
constant and the torsional angle is represented by the Karplus relationship [80]:

J = Acos2θ + Bcosθ + C (7.2)

where A, B, and C are empirical constants. For example, the φ angle in the peptide
bond affects the strength of the coupling between the amide proton and the alpha
proton, as illustrated in Fig. 7.2.

7.2.1 Coupling to Multiple Spins
The coupling between a carbon and a hydrogen in a 13C-H group results in the

splitting of both the proton and carbon spectral line by an amount JCH Hz. If the
carbon atom is coupled to more than one equivalent proton1, such as in a 13CH2 or
13CH3 group, then a more complex splitting pattern is observed.

In the case of a 13CH2 group a triplet of lines is observed in the carbon NMR
spectrum, as illustrated in Fig. 7.3. This pattern arises because there are four possible
combinations of the spin-states of the two coupled protons and the local magnetic field
at the carbon nucleus will be the sum of the field changes induced by each proton.
When the magnetic moment of both protons point upwards, in the direction of Bo,
the frequency shift of the resonance line will be 2 × J/2 Hz, or J Hz. When the
proton spins are both pointing in the opposite direction the shift is −J Hz. When the
direction of the proton spins are opposite to each other, the local fields at the carbon
cancel, resulting in a zero frequency shift of the carbon spin. The intensity of the
lines in the carbon spectrum is proportional to the number of molecules in the sample
having one of the four possible proton spin-states. Since the state in which the proton
spins point in opposing directions occurs twice as frequently as the other two states,
the central line of the triplet will have twice the intensity of the outer lines, giving an
observed intensity ratio of 1:2:1, as illustrated in Fig. 7.3.

The coupling between a carbon atom and three equivalent protons, such as in a
methyl group (13CH3), can be analyzed in exactly the same way. The change in the

1Equivalent protons are generally considered to be a collection of protons that are attached to a single
carbon atom and have the same chemical shift. Equivalency is most often a result of free rotation of the
group, which averages the local environments of all of the protons.

The actual curve plotted is:

.(from Ref [162]).
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Figure 7.3. Scalar coupling to multiple equivalent protons. The effect of scalar coupling to
two (A) or three (B) equivalent protons on the carbon spectrum is shown. The possible arrange-
ments of two (labeled A B) or three protons (labeled A B C) are shown in the upper part of each
panel (1H spin-states). The resultant shift in the frequency of the attached carbon is indicated
by ∆ν. The final carbon spectrum is shown in the lower part of each panel. In both cases the
splitting, or separation between the lines, is equal to 1JCH . The intensity of each line depends
on the number of molecules in the sample with a particular spin state; a 1:2:1 ratio will be found
for two coupled protons and a 1:3:3:1 ratio is found for three coupled protons.

local field that occurs when the magnetic dipoles from all of the protons are aligned in
the same direction is ± 3

2J . When the magnetic dipoles of two protons are oriented in
the same direction, while the third is pointing in the opposite direction, the frequency
shift is ± 1

2J since the opposing pairs cancel each other’s effect on the local magnetic
field at the carbon nucleus. Again, the relative intensity of each line is proportional to
the number of atoms that give a particular frequency shift, in this case the four lines in
the quartet will have a relative intensities of 1:3:3:1.

Homonuclear, proton-proton, couplings are analyzed in a similar way. For example,
consider the NMR spectrum of ethanol, shown in Fig. 2.6. In this example, all of the
carbons are 12C and are therefore NMR inactive. The two CH2 protons are split into a
quartet by the three equivalent methyl protons. Likewise, the three methyl protons are
split into a triplet due to coupling to the two equivalent CH2 protons.

The effect of coupling to multiple spins on an NMR spectral line can be easily
obtained from Pascal’s triangle, as illustrated in Fig. 7.4. Each row of the triangle

n=0

n=1

n=2

n=3 1

1

1 1

1 2 1

1 3 3

Figure 7.4 Analysis of J-coupling using Pascal’s tri-
angle. Pascal’s triangle can be used to readily evaluate
the effect of coupling to multiple equivalent spins on
the appearance of a resonance line. The top of the tri-
angle represents the resonance line from a spin with no
coupling partner (n = 0) and each subsequent row rep-
resents the spectra that would be obtained as a result of
coupling to one, two, or three additional spins.
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indicates the location of each line in the multiplet as well as the relative intensity of
the line.

In cases where an atom is coupled to two different, or non-equivalent, spins, then
the couplings are treated independently. For example, the carbonyl carbon is coupled
to both the amide nitrogen (1JNC′ ≈ 12 Hz) as well as the alpha carbon, (1JC′Cα

≈
55 Hz), consequently the spectra line from the carbonyl will be a quartet, showing
both couplings (see Fig. 7.5).

Cα
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J J

C

N

α
13

15

J
C’C α

NC’ NC’

0 20 40−40 −20

Figure 7.5 Scalar coupling to non-
equivalent spins. The spectrum of
a carbonyl carbon is shown. A quar-
tet is observed because the coupling to
the alpha carbon (JCCα ) is larger than
the two bond coupling to the nitrogen
(JNC ). The spin-states of the Cα car-
bon and nitrogen are shown below the
spectrum. Since these four states are
equally likely, the ratio of the intensities
of the lines in the quartet are 1:1:1:1.

7.3 Quantum Mechanical Description
The Hamiltonian that describes scalar coupling between spins is given by:

H = �I J̃ �S (7.3)

The scalar coupling is represented by a tensor quantity2 which will be diagonal in
some coordinate frame:

J̃ =

⎡
⎣Jxx 0 0

0 Jyy 0
0 0 Jzz

⎤
⎦ (7.4)

Usually, the different elements are averaged by isotropic rotation in solution, given an
observed average value which is a scalar:

< J >=
1
3
[Jxx + Jyy + Jzz] (7.5)

This simplifies the Hamiltonian to:

H = J�I · �J (7.6)

7.3.1 Analysis of an AX System
The dot product, �I · �S, expands to:

I · S = IxSx + IySy + IzSz (7.7)

2See Appendix B for a comparison of scalars, vectors, and tensors.
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In general, it would be necessary to use the complete expression for the dot product
when analyzing the effect of the coupling on the energy states. However, if the fre-
quency difference between the coupled spins is larger than the J-coupling, as is the
case in an AX spin-system, then terms involving transverse operators can be dropped.
This leads to a simplified representation of the Hamiltonian for a pair of coupled spins:

H = −ωIIz − ωSSz + 2πJIzSz (7.8)

or in frequency units:

H = −νIIz − νSSz + JIzSz (7.9)

Before using this Hamiltonian to calculate the energy levels of the system it is
necessary to write expressions for the basis states of the system. Four new states are
generated by taking all possible combinations of the original basis vectors that were
associated with each spin. These states are3:

φ1 = |αα > φ2 = |βα > φ3 = |αβ > φ4 = |ββ > (7.10)

These wavefunctions are eigenfunctions of the uncoupled Hamiltonian. The first
character (α or β) refers to the I spin while the second character refers to the S spin. In
both cases α is associated with an mz of +1/2, and β is associated with an mz of -1/2.
For example, |αβ > is a wavefunction in which the I spin has an mz value of +1/2
and the S spin has an mz value of -1/2. The four basis states form an ortho-normal

The energy of each of these states is calculated directly from the Hamiltonian
(H|Ψ >= EΨ|Ψ >):

H|φ1 > = −νI/2 − νS/2 + J/4|αα > (7.11)

H|φ2 > = +νI/2 − νS/2 − J/4|βα > (7.12)

H|φ3 > = −νI/2 + νS/2 − J/4|αβ > (7.13)

H|φ4 > = +νI/2 + νS/2 + J/4|ββ > (7.14)

The four energy levels are illustrated in Fig. 7.6. Six different transitions are pos-
sible with this system. Observable transitions are those that have a non-zero value for
the scalar product of the ground and excited state with Ix +Sx. The actual probability
that the transition will occur is given by the square of the scalar product:

Pg→e = | < ψe|Ix + Sx|ψg > |2 (7.15)

Of the six possible transitions, the following four are observable with equal intensity,
with the indicated energies:

3Normally, the convention would be to write these states as: φ2 = |αβ >, φ3 = βα >, however, the order
used here facilitates solving an AB coupled system, as described in Section 7.3.2.

basis set, e.g. < αα|αα >= 1, < αα|αβ >= 0.
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Figure 7.6. Energy levels and resultant spectrum for two coupled spins. The energy level
diagram on the left shows the relative energy of all four states. The observable single quantum
transitions are indicated by black arrows and the observed frequency of these transitions, in Hz,
are also given. Unobservable zero- and double-quantum transitions are indicated with the gray
arrows. The right side of the diagram gives the resultant spectrum. The two states that are
involved in each transition are indicated underneath each peak. For example, the left-most peak
arises from a transition between φ1 and φ3.

E1→2 = νI − J/2 (7.16)

E1→3 = νS − J/2 (7.17)

E2→4 = νS + J/2 (7.18)

E3→4 = νI + J/2 (7.19)

These transitions represent a normal 1D NMR spectrum between two coupled spins,
as shown in Fig. 7.6.

In addition to the above single quantum transitions there is also a double quantum
transition: Eαα→ββ = ωI + ωS , and a zero quantum transition: Eαβ→βα = ωI −ωS ,
neither of which are directly observable since they involve an overall change in mz of
±2 or zero.

7.3.2 Analysis of an AB system
When the chemical shift difference between the two coupled spins is of the same

order as the coupling constant it is then necessary to perform a more complete quan-
tum mechanical treatment. This analysis will show that the original eigenstates of
the coupled spins are no longer eigenstates of the complete Hamiltonian. It will be
necessary to find new eigenstates and eigenvalues (energies) of the system. A remark-
able outcome of this analysis is that for the case of completely equivalent spins, such
as the protons in a -CH3 group, the proton-proton coupling vanishes and the quartet
collapses into a single line.

We will begin by writing the complete Hamiltonian (in frequency units):

H = −νIIz − νsSz + J(IxSx + IySy + IzSz) (7.20)
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It is very useful to replace the transverse spin operators (e.g. Ix) by raising and lower-
ing operators:

Ix =
1
2
(I+ + I−) Iy =

1
2i

(I − I−) (7.21)

IxSx + IySy =
1
4
(I+S+ + I+S− + I−S+ + I S )

−1
4
(I+S+ − I+S− − I−S+ + I−S−)

=
1
2
[I+S− + I−S+] (7.22)

The Hamiltonian has the following form using the previous basis vectors:

H =

|αα > |βα > |αβ > |ββ >
< αα| −∑

ν/2 + J/4 0 0 0
< βα| 0 ∆ν/2 − J/4 J/2 0
< αβ| 0 J/2 −∆ν/2 − J/4 0
< ββ| 0 0 0 +

∑
ν/2 + J/4

(7.23)
where ∆ν = νI − νS and

∑
ν = νI + νS .

The wavefunctions |αα > and |ββ > are still eigenvectors of the complete Hamil-
tonian since the off-diagonal elements are all zero for these two wavefunctions. In
contrast, the |αβ > and |βα > wavefunctions have become mixed by the coupling.
It is necessary to find a linear combination of these two functions that are eigenvec-
tors of the complete Hamiltonian. These are obtained by finding the eigenvalues and
eigenvectors of the central part of the above matrix (See Cohen-Tannoudji et al.[42]
for an excellent description of the diagonization of 2x2 matrices. Their results are
summarized in this discussion.):

|βα > |αβ >
< βα| ∆ν/2 − J/4 J/2
< αβ| J/2 −∆ν/2 − J/4

(7.24)

The eigenvalues are found by solving the characteristic equation, and they are found
to be:

E2 = −J

4
+

1
2

√
∆ν2 + J2 E3 = −J

4
− 1

2

√
∆ν2 + J2 (7.25)

Finding the eigenvectors of the Hamiltonian is equivalent to finding the rotation that
will diagonalize the Hamiltonian. It is convenient to define the rotation angle θ as:

tanθ =
J

∆ν
(7.26)

where θ = 0 when ∆ν >> J and θ = π/2 when ∆ν << J .
The eigenvectors, expressed as linear combinations of the original eigenvectors,

are:

φ2 = cos
θ

2
|βα > +sin

θ

2
|αβ > φ3 = −sin

θ

2
|βα > +cos

θ

2
|αβ > (7.27)

+

−−
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Table 7.2. Observed transitions for two AB coupled spins.

Transition Energy Intensity

1 → 2 ν̄ + 1
2

√
∆ν2 + J2 − 1

2
J 1

4
(1 + sinθ)

1 → 3 ν̄ − 1
2

√
∆ν2 + J2 − 1

2
J 1

4
(1 − sinθ)

2 → 4 ν̄ − 1
2

√
∆ν2 + J2 + 1

2
J 1

4
(1 + sinθ)

3 → 4 ν̄ + 1
2

√
∆ν2 + J2 + 1

2
J 1

4
(1 − sinθ)

ν̄ = (νI + νS)/2 is the frequency at the center of the quartet.

The four observable transitions, their energies and intensities, are shown in Table
7.2. The transition probabilities are calculated as described in Eq. 7.15. For example,
the probability of the 2 → 1 transition is obtained as follows:

P2−1 = | < φ1|Ix + Sx|φ2 > |2

= | < αα|Ix + Sx|
[
cos

θ

2
|βα > +sin

θ

2
|αβ >

]
|2

=
1
4
| < αα|I+ + I− + S+ + S−|

[
cos

θ

2
|βα > +sin

θ

2
|αβ >

]
|2

=
1
4
| < αα|

[
sin

θ

2
|ββ > +cos

θ

2
|αα > +cos

θ

2
|ββ > +sin

θ

2
|αα >

]
|2

=
1
4
|
[
cos

θ

2
+ sin

θ

2

]
|2

=
1
4
(1 + sinθ)

(7.28)

The effect of the frequency separation between the coupled spins on the appearance
of the spectra is shown in Fig. 7.7. In this simulation the J-coupling constant was
10 Hz, a typical value for proton-proton couplings in amino acids. The lower curve
shows the expected spectra for a frequency separation of 100 Hz, or 0.2 ppm on a 500
MHz spectrometer. Although ∆ν = 10J , some effects of the mixing of the states are

∆ν =100 Hz

∆ν =10 Hz

∆ν =5 Hz

∆ν =0 Hz

  -80   -60   -40   -20     0    20    40    60    80

Frequency (Hz)

Figure 7.7 Effect of fre-
quency separation on
observed J-coupling. Sim-
ulated spectra are shown
to illustrate the collapse of
observed coupling as ∆ν
becomes smaller than J. The
J-coupling constant is 10 Hz,
and the separation between
the lines is decreased from
100 Hz (bottom spectrum) to
0 Hz (top spectrum).
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already apparent. The outer transitions show a lower intensity and the positions of the
lines are shifted by a few 10ths of a Hertz. As the frequency separation between the
two coupled spins decreases, the intensity of the outer lines decreases and the lines
move towards the average frequency. Finally, when the spins are equivalent (νI = νS ;
∆ν = 0), there is no observable coupling.

7.4 Decoupling
Scalar coupling leads to splitting of spectra lines and therefore reduces the signal-

to-noise in the spectrum by spreading the intensity over all of the peaks in the mul-
tiplet. This loss in signal-to-noise can be restored by collapsing the multiplet to a
single line by decoupling. Since the splitting arises from the influence of the magnetic
state of one spin on the other, decoupling can be accomplished by simply inverting
the spin-state of the coupled partner during detection. For example, in the case of a
13CH group, if the carbon magnetization is inverted rapidly, the protons in the sample
no longer sense two distinct carbon spin-states, but a single averaged state. One way
of achieving this inversion is to simply apply a train of 180◦ pulses to the carbon, as
illustrated in Fig. 7.8. More effective decoupling is obtained as the rate of inversion is
increased by reducing both the inter-pulse spacing and the 180◦ pulse length.

7.4.1 Experimental Implementation of Decoupling
Decoupling is incorporated into one-dimensional proton NMR experiments as il-

lustrated in Fig. 7.9. In the case of proton decoupling during proton acquisition it
is necessary to gate the decoupling off during digitization of the data, otherwise the
decoupling pulses would enter the receiver. In the case of heteronuclear decoupling, it
is possible to decouple the non-observed spin continuously while acquiring the proton
signal.

Figure 7.8. Averaging of spin states during decoupling. A series of π pulses can average spin
states, removing the effects of spin-spin scalar coupling on the NMR spectrum (decoupling).
The upper part of the figure shows the precession of a single proton in a CH or NH group.
The lower segment shows a train of π pulses that are applied to the heteronuclear spin (13C
or 15N). The black vertical arrows represent the spins state of the heteronuclear spin. The
proton originally precesses in a clockwise direction. Inversion of the heteronuclear spin reverses
the direction. If the inter-pulse delay is small compared to the J-coupling, the proton simply
oscillates around the y-axis without undergoing any evolution due to J-coupling. Consequently
its position in the spectrum is defined solely by its chemical shift and no splitting of the line
occurs.
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Figure 7.9. Decoupling in one-dimensional pulse sequences. The experimental set-up for
homonuclear (A) and heteronuclear (B) decoupling are shown. In the case of heteronuclear de-
coupling a separate radio-frequency channel is required for the heteronuclear spin. In contrast,
homonuclear 1H-1H decoupling would utilize the same circuit as the excitation pulse. The top
part of each panel shows a standard one-dimensional pulse sequence and resultant FID, sampled
at the times indicated by the filled circles. The lower part shows the decoupling pulses, as gray
rectangles. Homonuclear decoupling is gated, or turned off, during digitization of each point,
otherwise the intense decoupling power would corrupt the signal. In the case of heteronuclear
decoupling, the pulses can be applied continuously because the decoupling enters the probe on
a completely separate circuit, hence little power is transferred to the proton detection channel.
In addition, the large frequency difference between the detected proton signal (e.g. 500 MHz)
versus that of the decoupling pulse (e.g. 50 MHz) facilitates removal of the decoupling signal
by filtering.

7.4.2 Decoupling Methods
Due to resonance off-set effects, the simple inversion of the coupled partner by the

application of 180◦ pulses is very ineffective if the resonance frequency of the de-
coupled spin differs from the carrier frequency. Because of the wide frequency range
of 13C and 15N spins it has been necessary to design more elaborate pulse sequences
for decoupling of these nuclei.

Decoupling schemes can be divided into two broad categories, those which were
designed for isolated X-H systems, where there are no other significant couplings, and
those that were designed for systems where the coupled partner shows coupling to
atoms of the same type. An example of the former is the NH group, where the 15N has
no other coupling partners except for the amide proton. An example of the latter is the
CαH2 group in glycine. The two α-protons show strong proton-proton coupling, on
the order of 15 Hz, that can interfere with proton decoupling during the observation of
carbon.

The three commonly used decoupling schemes for isolated H-C and H-N spins are
MLEV-16, WALTZ-16, and GARP-1. These schemes are usually provided with the
software that accompanies the spectrometer or are easily programmed with the pulse
program software. A detailed description of the development and properties of these
schemes can be found in Freeman [56]. MLEV-16 is an early decoupling scheme
whose properties are inferior to WALTZ and GARP and is only included here for
purposes of comparison.

The schemes that have been designed for the decoupling of scalar coupled spins
consist of a collection of three related schemes: DIPSI-1, DIPSI-2, and DIPSI-3
(Decoupling In the Presense of Scalar Interations). The basic pulse elements that
make up each of the DIPSI sequences, along with an indication of their performance
levels are presented in Table 7.3. The three DIPSI sequences differ in the length of
the fundamental rotation operator (see below) to accommodate timing limitations that
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may occur in pulse sequences. DIPSI-1 is the shortest sequence and comparable to
WALTZ-16 in overall length.

Each of these decoupling schemes are composed of a fundamental rotation opera-
tor, R, which is applied with various phases during decoupling. Each rotation operator,
R, can be considered to be equivalent to a 180◦ pulse, causing inversion of the de-
coupled spin. In these decoupling schemes the rotation operators have been designed
to be insensitive to resonance offset effects. The MLEV rotation operator is one of
the simplest; a composite 180◦

each decoupling scheme are shown in Table 7.3. Additional
insensitivity to resonance offset effects is obtained by forming a four element cycle of
the basic rotation operator:

RRR̄R̄ (7.29)

where R̄ is the inverse of R. In the case of MLEV and WALTZ decoupling, cyclic
permutations of this basic cycle are combined to give a 16 step super-cycle,

RRR̄R̄ R̄RRR̄ R̄R̄RR RR̄R̄R (7.30)

which further compensates for resonance-offset effects. The number of R elements
in the super-cycle are often indicated in name of the decoupling scheme, e.g. MLEV-
4=RRR̄R̄ and MLEV-16=RRR̄R̄ R̄RRR̄ R̄R̄RR RR̄R̄R.

Decoupling R Element Ξ Residual
Line

Ref.

Scheme Broadening

MLEV-16 [π/2]x[π]y[π/2]x 1.5 Large [94]
WALTZ-16 [π/2]x[π]−x[3π/2]x 1.8 Small [147]
DISPI-1 365 295 65 305 350 0.8 Small [148]
DISPI-2 320 410 290 285 30 245 375 265 370 1.2 Small [148]
DISPI-3 245 395 250 275 30 230 360 245 370 340 1.6 Very Small [148]

350 260 270 30 225 365 255 395

GARP-1 R = P̄QPQ, overall cycle is RRR̄R̄ 4.8 Moderate [146]
P = 27.1 57.6 122.0
Q = 120.8 262.8 65.9 64.6
87.0 90.0 137.2 256.2 71.6 51.1

Table 7.3. Decoupling schemes. The properties of a number of common decoupling schemes
are shown. The R element is the basic rotation operator that is used to form the RRRR de-
coupling element. Pulse angles and phases are indicated. In the case of DIPSI and GARP
decoupling, the pulses are along the x-axis or along the minus x-axis if the angle is overlined.
Angles are given in degrees. The figure of merit, Ξ, for each sequence is also provided. Fi-
nally, the quality of the decoupling is indicated by the residual line broadening; higher quality
sequences have a smaller residual line broadening.

pulse (see Sec. 6.3.3, pg. 132). The different rotation
operators associated with
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7.4.3 Performance of Decoupling Schemes
The frequency range over which the decoupling is effective is characterized by the

bandwidth. Empirically, decoupling is considered to be effective if the intensity of
the collapsed multiplet has at least 80% of the intensity of the fully decoupled signal.
The bandwidth can be increased by using shorter pulses in the decoupling sequence.
However, the additional power will cause sample heating, and in extreme cases can
lead to equipment failure. Since the decoupling bandwidth is proportional to the field
strength of the decoupling pulses, it is convenient to define a figure of merit, Ξ, as:

Ξ =
2π∆F

γB
(7.31)

where ∆F is the region over which the decoupling is effective (in Hz), and γB is the
strength of the decoupling field (in units of rad/sec). Schemes that have a higher figure
of merit can decouple a larger bandwidth for the same amount of RF power.
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  0.0
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  0.8

  1.0
-7000 -5000 -3000 -1000 1000 3000 5000 7000

  0.0
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  0.6

  0.8

  1.0 WALTZ

GARP

∆F

Frequency Offset [Hz]

Figure 7.10. Bandwidth of WALTZ and GARP decoupling. A series of NMR spectra of a sin-
gle amide proton, attached to an 15N spin, are shown for different decoupler frequencies. The
decoupler frequency is given relative to the frequency of the 15N resonance. This frequency
was varied in 500 Hz steps, ranging from 7000 Hz below (left) to 7000 Hz above the nitrogen
frequency (right). A single line indicates collapse of the proton doublet to a singlet. For fre-
quencies far outside the bandwidth, a doublet is observed, with a splitting of 92 Hz (JNH = 92
Hz). The horizontal line marks a relative height of 0.8 for the proton line, defining the band-
width. Outside the bandwidth, the residual linewidth broadens the line, decreasing the signal
height. In this illustration the bandwidth of the WALTZ decoupling is 4 kHz, while that for
GARP decoupling is 11 kHz. In the case of GARP decoupling, the height of the proton lines
are not uniform within the bandwidth due to a variation in the residual decoupling that depends
on the frequency offset. In contrast, the height of the lines for WALTZ decoupling are uniform,
indicating a small dependence of the residual coupling on the frequency offset.
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The Ξ values for MLEV-16, WALTZ-16, DIPSI-n, and GARP-1 decoupling are
shown in Table 7.3. MLEV-16 has the smallest bandwidth while WALTZ-16 has a
slightly larger bandwidth, but the quality of the decoupling is much higher (see below).
GARP-1 has the largest bandwidth of the three schemes, but is of lower quality than
WALTZ-16. The bandwidths of the DIPSI-n sequences depend on the length of the
sequence with DIPSI-3 providing the largest bandwidth of the three. However, its
bandwidth is still smaller than that of WALTZ-16.

In addition to differing in bandwidth, decoupling schemes also differ in the amount
of residual coupling that remains in effect in the presence of the decoupling. The
residual coupling will increase the apparent linewidth of the unresolved multiplet,
causing a decrease the intensity of the observed peak. The amount of residual coupling
depends on the decoupling scheme (see Table 7.3 and Fig. 7.10). In the case of H-X
decoupling schemes, WALTZ-16 has a much smaller residual bandwidth than GARP
or MLEV-16, and therefore gives high quality decoupling. Of the DIPSI decoupling
schemes, DIPSI-3 produces excellent decoupling in the case of scalar coupled systems,
out-performing WALTZ-16. A guide to the selection of decoupling schemes is given
in Table 7.4

Table 7.4. Guide to decoupling schemes.

Situation Decoupling Scheme Rational

Decouple 15N,
observe protons.

WALTZ-16. Narrow bandwidth of 15N, typ-
ically 30 ppm (∆F = 1.8
kHz) with no 15N-15N cou-
pling, WALTZ-16 provides ex-
cellent line-narrowing.

Decouple 13C,
observe protons.

GARP-1 for natural abundance. Require high bandwidth to
cover carbon spectrum. Typ-
ical bandwidth is 80 ppm
(∆ F = 12 kHz).

DIPSI-3 for uniformly labeled sam-
ples, provided sufficient bandwidth can
be generated. This will depend on the
hardware and the desired bandwidth.

13C-13C couplings can inter-
fere with GARP-1 decoupling.

Decouple 1H,
observe carbon
or nitrogen.

DISPI-2 or DIPSI-3. Timing con-
straints may force the use of DIPSI-2
in triple resonance experiments.

Moderate proton bandwidth
needed, 4 ppm (∆ F = 2.4
kHz) for amides, 6 ppm for
aliphatics (∆ F = 3.6 kHz).
1H-1H couplings will interfere
with WALTZ-16 and GARP-1.
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7.5 Exercises
1. What was the power of the decoupler field strength, in units of Hz, for the series

of spectra that were shown in Fig. 7.10?

2. The 15N chemical shift of amide groups range from 100 to 135 ppm. Assuming
a magnetic field strength that gives a proton frequency 500 MHz, would WALTZ
decoupling at the decoupler power level used in Fig. 7.10 provide satisfactory
decoupling?

3. What change in power level would be required to adjust the bandwidth of the
WALTZ decoupling in Fig. 7.10 to 1750 Hz.

4. Aliphatic carbon frequencies range from 0 to 70 ppm. Assuming a magnetic field
strength that gives a proton frequency of 800 MHz, calculate the decoupler field
strength required to decouple this bandwidth using WALTZ decoupling. What is
the equivalent 90◦ pulse width for this field strength? Is is possible to use WALTZ
decoupling to decouple carbons at this field strength?

5. Given that the 90◦ pulse length for 15N spin is 40 µsec at a power level of 0
dB, calculate the power required to decouple over a bandwidth of 1800 Hz using
WALTZ decoupling.

7.6 Solutions
1 The bandwidth for WALTZ decoupling was 4 kHz. The figure of merit for WALTZ

is 1.8, Ξ = 2π∆F/γB, therefore:

1.8 =
2π4000

γB

γB =
2π4000

1.8
= 13, 962 rad/sec = 2, 222 Hz

2 A 35 ppm 15N chemical shift range corresponds to 1750 Hz at this magnetic field
strength. The 4 kHz bandwidth will be more than adequate.

3 This requires a reduction in the decoupler field strength by a factor of 2.3
(4,000/1,750). Therefore the attenuation will be:

dB = 20 log
V1

V2

= 20 log 2.3
= 7.18

4 A 70 ppm is equivalent to 14 kHz (70 ppm x 200 MHz). Given a figure of merit
of 1.8 for WALTZ decoupling, a decoupler field strength of approximately 7,800
Hz is required. At this field strength, a 90◦ pulse would require 32 µsec. This
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pulse length is close to the length that would be considered at full power. Hence
WALTZ decoupling of carbon at this magnetic field strength would certainly lead
to sample heating and would likely result in equipment failure.

5 The figure of merit for WALTZ is 1.8, therefore a 1 kHz decoupler field strength
would be sufficient. The field strength at 0 dB can be obtained from the 90◦ pulse
length:

γB1[Hz] =
1
4τ

= 6250 Hz

The change in power is calculated as follows:

dB = 20 log
1000
6250

= 20 × (−0.795) = −15.9 dB. (7.32)

Therefore, the power level should be decreased by 15.9 dB.



Chapter 8

COUPLED SPINS: DENSITY MATRIX AND
PRODUCT OPERATOR FORMALISM

In the previous chapter the coupling between two spins was analyzed using the
wavefunctions associated with each of the quantum states. This type of analysis is
quite satisfactory for determining the appearance of the one-dimensional NMR spec-
trum of the coupled spins. However, this approach is completely impractical for calcu-
lations on an ensemble of spins that are subject to multiple excitation pulses in typical
NMR experiments. Consequently, we return to the density matrix to analyze the evo-
lution of the coupled spins. In this analysis we will only assume weak coupling, of the
AX kind. This assumption is not a severe restriction since heteronuclear couplings,
such as between protons and carbon or carbon and nitrogen, are those that are used for
magnetization transfer by various NMR experiments.

This chapter begins with the analysis of a one-pulse experiment using the density
matrix. The analysis follows the same treatment as given in Chapter 6 for an uncou-
pled spin. The density matrix will then be represented by product operators and a
series of rules that describe the transformation of the product operators by pulses and
free evolution will be introduced. These rules will greatly simplify the analysis of
complicated pulse sequences.

8.1 Density Matrix for Two Coupled Spins
For two coupled spins the wavefunctions are a linear combination of the four basis

vectors:
Ψ = c1|αα > +c2|αβ > +c3|βα > +c4|ββ > (8.1)

and the density matrix is now a 4x4 matrix, of the following form:

ρ =

⎡
⎢⎢⎣

c1c
∗
1 c1c

∗
2 c1c

∗
3 c1c

∗
4

c2c
∗
1 c2c

∗
2 c2c

∗
3 c2c

∗
4

c3c
∗
1 c3c

∗
2 c3c

∗
3 c3c

∗
4

c4c
∗
1 c4c

∗
2 c4c

∗
3 c4c

∗
4

⎤
⎥⎥⎦ (8.2)

where each element represents the average of the coefficients over the ensemble.
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Figure 8.1. Transitions for a coupled two-spin system. Each individual transition is indicated
by a uni-directional arrow. Each transition has a corresponding element in the density matrix, as
indicated in the right side of the figure. The four populations are indicated with white squares.
The two zero quantum transitions, with frequencies of Ω23 and Ω32 are indicated with light gray
squares. The eight single quantum transitions are indicated in a darker gray. The two double
quantum transitions, with frequencies Ω14 and Ω41 are indicated by the black squares.

Each of the 16 elements in this density matrix provides information on various
states of the system. The nature of the information contained in each element can
be identified from its time evolution under the Hamiltonian. This time dependence is
given by:

i�
dρnm

dt
= (En − Em)ρnm (8.3)

or in frequency units:
dρnm

dt
= −i(Ωn − Ωm)ρnm (8.4)

For two coupled spins, the individual elements of the density matrix will evolve with
the frequencies given in Table 8.1. For example, given an initial value of c1c

∗
3(t = 0),

the values of this element of the density matrix at some future time is:

c1c
∗
3(t) = ei(ωI−πJ)tc1c

∗
3(t = 0) (8.5)

Table 8.1. Time evolution of the elements of the density matrix. The frequency at which an
element of the density matrix evolves is indicated. The row indicates the ground state and
the column indicates the excited state. For example, the element of the density matrix that
represents the double quantum transition from the αα ground state to the ββ double quantum
state will evolve at a frequency of ω = ωI + ωS .

αα αβ βα ββ

αα 0 ωS − πJ ωI − πJ ωI + ωS

αβ −ωS + πJ 0 ωI − ωS ωI + πJ
βα −ωI + πJ −ωI + ωS 0 ωS + πJ
ββ −ωI − ωS −ωI − πJ −ωS − πJ 0
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The 16 elements of the density matrix can be divided into four distinct groups. The
four diagonal elements, cic

∗
i , do not evolve with time and therefore refer to the pop-

ulation of the ψi state. The off-diagonal elements indicate the presence of coherently
excited states or transitions. These transitions can be divided into zero quantum, single
quantum, and double quantum transitions:

Zero quantum transitions, or coherences, are those whose frequency is given by the
difference in the resonance frequency between the I and S spins. These transitions
connect the αβ and βα states. Zero quantum transitions correspond to spin-spin
flips, or an interchange of mz values. There is no net change in the overall quantum
number. The zero-quantum transitions are indicated as Ω23 and Ω32 in Fig. 8.1.

Single quantum transitions, or coherences, change mz for one of the two spins.
These transitions form the outer set of arrows in Fig. 8.1.

Double quantum transitions, or coherences, involve a change in mz for both spins.
The two double quantum transitions connect the ββ state to the αα state.

8.2 Product Operator Representation of the Density
Matrix

In the case of a single spin it was possible to describe the density matrix in terms
of a group of four product operators:

E Ix Iy Iz

where E is the identity matrix. This set of four density matrices forms a closed group,
as such they are adequate to describe the evolution of any arbitrary density matrices
under pulses or free precession.

For two uncoupled spins, I and S, we can also write two sets of product operators
that can be used to represent the density matrices associated with the two spins:

E Ix Iy Iz

Sx Sy Sz

It is clear that the set of seven different density matrices will not be sufficient to de-
scribe a coupled system because the Hamiltonian for the scalar coupling itself is the
product of two operators:

H = 2πJIzSz

A closed group of product operators that can be used to describe any arbitrary density
matrix for two coupled spins is generated by taking all possible products of the single
spin operators. This forms a set of 16 product operators:

1/2E Ix Iy Iz

Sx 2IxSx 2IySx 2IzSx

Sy 2IxSy 2IySy 2IzSy

Sz 2IxSz 2IySz 2IzSz

(8.6)

Coupled Spins: Density Matrix and Product Operator Formalism
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The matrix form of these density matrices is found by forming the tensor or direct
product between pairs of single-spin 2x2 matrices. This is equivalent to taking all
possible combinations of the elements in each 2x2 matrix. The direct product of two
single spin operators is calculated as follows.

Consider two operators, OA and OB :

OA =
[
a b
c d

]
, OB =

[
e f
g h

]
(8.7)

then the direct product of the two operators, OA ⊗OB , is obtained as follows:

OAB = OA ⊗OB

=
[
a b
c d

]
⊗

[
e f
g h

]
=

⎡
⎢⎢⎣

a

[
e f
g h

]
b

[
e f
g h

]

c

[
e f
g h

]
d

[
e f
g h

]
⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

ae af be bf
ag ah bg bh
ce cf de df
cg ch dg dh

⎤
⎥⎥⎦ (8.8)

Any pair of operators can be combined to give the resultant direct product. For exam-
ple:

IxSy = Ix ⊗ Sy =
1
2

[
0 1
1 0

]
⊗ 1

2

[
0 −i
i 0

]
=

1
4

⎡
⎢⎢⎣

0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

⎤
⎥⎥⎦ (8.9)

Single spin operators can also be written in the same representation as the two coupled
spins by taking the direct product with the identity matrix:

Iz = Iz ⊗ 1 =
1
2

[
1 0
0 −1

]
⊗

[
1 0
0 1

]
=

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ (8.10)

The complete set of 16 product operators are listed in Table 8.2.

8.2.1 Detectable Elements of ρ
The density matrix contains information on populations, zero-quantum, single-

quantum, and double-quantum transitions. Only a sub-set of these can be detected
by the instrument. Quadrature detection measures Mx + iMy , or equivalently,
[Ix + Sx] + i[Iy + Sy], which is equal to I+ + S+. Consequently, the detected signal
is given by: Trace(ρ [I+ + S+]).

The above trace is only non-zero for the density matrices Ix, Iy, Sx, and Sy. In
addition, the density matrices represented by the lowering operators, I− and S− can
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Table 8.2. Product operators for two coupled spins.

1
2
E =

1
2

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ 2IzSz =

1
2

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎤
⎥⎥⎦

Ix =
1
2

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎤
⎥⎥⎦ Sx =

1
2

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎦

Iy =
1
2

⎡
⎢⎢⎣

0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0

⎤
⎥⎥⎦ Sy =

1
2

⎡
⎢⎢⎣

0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

⎤
⎥⎥⎦

Iz =
1
2

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ Sz =

1
2

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

⎤
⎥⎥⎦

2IxSx =
1
2

⎡
⎢⎢⎣

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎤
⎥⎥⎦ 2IySy =

1
2

⎡
⎢⎢⎣

0 0 0 −1
0 0 1 0
0 1 0 0

−1 0 0 0

⎤
⎥⎥⎦

2IxSz =
1
2

⎡
⎢⎢⎣

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦ 2IySz =

1
2

⎡
⎢⎢⎣

0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

⎤
⎥⎥⎦

2IzSx =
1
2

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

⎤
⎥⎥⎦ 2IxSy =

1
2

⎡
⎢⎢⎣

0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

⎤
⎥⎥⎦

2IzSy =
1
2

⎡
⎢⎢⎣

0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

⎤
⎥⎥⎦ 2IySx =

1
2

⎡
⎢⎢⎣

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

⎤
⎥⎥⎦
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also be detected. All other density matrices will give no detectable signal. However,
we shall see later that density matrices that contain one transverse operator and one
longitudinal operator, for example, 2IxSz can evolve into a detectable signal due to
J-coupling.

Whether a particular product operator representation of the density matrix can be
detected is determined by simply calculating Trace(ρ [I+ + S+]). The matrix form of
I+ and S+ are obtained by adding Ix + iIy and Sx + iSy , giving:

I+ =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ S+ =

⎡
⎢⎢⎣

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦ (8.11)

As examples, we first show that the density matrices, represented by Ix or I−, give a
detectable signal.

Signal(Ix) = Trace(ρ [I+ + S+]) = Trace(Ix [I+ + S+])

= Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠ = Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 1
0 0 0 0
0 1 1 0
0 0 0 1

⎤
⎥⎥⎦

⎞
⎟⎟⎠

= 0 + 0 + 1 + 1
= 2 (8.12)

Signal(I−) = Trace(ρ [I+ + S+]) = Trace(I− [I+ + S+])

= Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠ = Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

⎞
⎟⎟⎠

= 0 + 0 + 1 + 1
= 2 (8.13)

In contrast, the density matrices represented by I+, 2IxSz , or 2IxSy , do not give a
detectable signal:

Signal(I+) = Trace(ρ [I+ + S+]) = Trace(I+ [I+ + S+])

= Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠ = Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠

= 0 + 0 + 0 + 0
= 0

(8.14)
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Signal(2IxSz) = Trace(ρ [I+ + S+]) = Trace(2IxSz [I+ + S+])

= Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠ = Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 1
0 0 0 0
0 1 1 0
0 0 0 −1

⎤
⎥⎥⎦

⎞
⎟⎟⎠

= 0 + 0 + 1 − 1
= 0

(8.15)

Signal(2IxSy) = Trace(ρ [I+ + S+]) = Trace(2IxSy [I+ + S+])

= Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠ = Trace

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0 0 0 0
0 0 0 i
0 0 0 −i
0 i i 0

⎤
⎥⎥⎦

⎞
⎟⎟⎠

= 0 + 0 + 0 + 0
= 0

(8.16)
In summary, the relationships between the density matrix and the detected signals are:

1 Density matrices that are represented by product operators consisting of one trans-
verse operator, e.g. Ix, represent single quantum transitions and yield a detectable
signal. In the case of quadrature detection, I− and S−, are the detected signals.

2 Density matrices that are represented by product operators consisting of one trans-
verse operator and one z-operator, e.g. 2IxSz , are not directly detectable, but can
evolve into detectable magnetization due to J-coupling. Product operators of this
type represent undetectable single-quantum transitions.

3 Density matrices that are represented by product operators consisting entirely of
z-operators, e.g. Iz, Sz, IzSz represent populations or zero quantum transitions
and therefore cannot be detected.

4 Density matrices that represent product operators consisting of two transverse
terms, e.g. 2IxSy , represent double quantum transitions that do not give rise to
detectable transitions.

8.3 Density Matrix Treatment of a One-pulse Experiment
As a simple example, the evolution of the density matrix for two coupled spins

during a one pulse experiment will be described. In this example I and S represent
two coupled protons. Both spins are excited by a 90◦ pulse along the x-axis and the
resulting signal is detected after excitation. The evolution of the density matrix during
this experiment can be represented as follows:

ρo
PX−→ ρ1

H−→ ρ1(t) (8.17)

Coupled Spins: Density Matrix and Product Operator Formalism
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The excitation pulse is represented as a rotation of the density matrix, using the rota-
tion operator, generating the density matrix after the pulse, ρ1:

ρ1 = Rx(π/2)ρoR
†
x(π/2) (8.18)

During detection, the density matrix will evolve under the complete Hamiltonian, H =
−ωIIz − ωSSz + 2πJIzSz , as follows:

ρ1(t) = e−iHtρ1e
+iHt (8.19)

With the final detected signal given by:

S(t) = Trace(ρ1(t) [I+ + S+]) (8.20)

To calculate ρ1(t) it is necessary to define the initial density matrix, ρo, the rotation
operator that represents the pulse, Rx(π/2), as well as the evolution operator, e−iHt.

The simplest method of obtaining ρo and Rx(π/2) is to take the direct product of
the corresponding one-spin 2x2 matrices to generate the 4x4 matrix that describes the
coupled spins.

ρo = Iz + Sz

= Iz ⊗ 1 + 1 ⊗ Sz =
1
2

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

⎤
⎥⎥⎦ +

1
2

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

⎤
⎥⎥⎦ (8.21)

Note that this result could have also been obtained by direct addition of the 4x4 matrix
forms of Iz and Sz .

The rotation matrix, Rx(π/2) is obtained from the single-spin rotation matrix for
an x-rotation (see Eq. 4.121) in a similar fashion:

RIS
x (π/2) = RI

x(π/2) ⊗ RS
x (π/2)

=
1√
2

[
1 −i
−i 1

]
⊗ 1√

2

[
1 −i
−i 1

]

=
1
2

⎡
⎢⎢⎣

1 −i −i −1
−i 1 −1 −i
−i −1 1 −i
−1 −i −i 1

⎤
⎥⎥⎦ (8.22)
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Calculation of ρ1: The density matrix immediately after the 90◦ pulse is obtained by
applying the rotation operator to ρo, giving:

ρ1 = Rx(π/2)ρoR
†
x(π/2)

=
(

1
2

)2

⎡
⎢⎢⎣

1 −i −i −1
−i 1 −1 −i
−i −1 1 −i
−1 −i −i 1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

1 i i −1
i 1 −1 i
i −1 1 i
−1 i i 1

⎤
⎥⎥⎦

=
(

1
2

)2

⎡
⎢⎢⎣

0 2i 2i 0
−2i 0 0 2i
−2i 0 0 2i
0 −2i −2i 0

⎤
⎥⎥⎦ =

1
2

⎡
⎢⎢⎣

0 i i 0
−i 0 0 i
−i 0 0 i
0 −i −i 0

⎤
⎥⎥⎦

= −Iy − Sy (8.23)

Note that the effect of the pulse is to convert the initial density matrix, ρo = Iz + Sz

to ρ1 = −Iy − Sy . This is exactly the same transformation that was observed with
a single uncoupled spin. This result is not surprising since the coupling has not yet
entered into the calculations.

Evolution of the Density Matrix during Detection: The time dependence of ρ is
obtained by:

ρ1(t) = e−iHtρ1e
+iHt (8.24)

Evolution of individual single-quantum elements of the density matrix can be deter-
mined using the information provided in Table 8.1, giving the following:

ρ1(t) =

⎡
⎢⎢⎣

0 iei(+ωS−πJ)t iei(+ωI−πJ)t 0
−iei(−ωS+πJ)t 0 0 iei(+ωI+πJ)t

−iei(−ωI+πJ)t 0 0 iei(+ωS+πJ)t

0 −iei(−ωI−πJ)t −iei(−ωS−πJ)t 0

⎤
⎥⎥⎦

(8.25)
The final detected signal is given by Trace(ρ [I+ + S+]). To simplify

the calculation, the signal associated with only the I spin will be calculated.
We first calculate ρI+:

ρI+ =⎡
⎢⎢⎣

0 iei(+ωS−πJ)t iei(+ωI−πJ)t 0
−iei(−ωS+πJ)t 0 0 iei(+ωI+πJ)t

−iei(−ωI+πJ)t 0 0 iei(+ωS+πJ)t

0 −iei(−ωI−πJ)t −iei(−ωS−πJ)t 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

0 0 0 iei(+ωS−πJ)t

0 0 −iei(−ωS+πJ)t 0
0 0 −iei(−ωI+πJ)t 0
0 0 0 −iei(−ωI−πJ)t

⎤
⎥⎥⎦

(8.26)
The trace gives the detected signal (ignoring the sign of ω):

Trace(ρ I+) = −i[ei(ωI+πJ)t + ei(ωI−πJ)t] (8.27)

Coupled Spins: Density Matrix and Product Operator Formalism
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The amplitude “i” simply represents a phase shift of the signal and can be ignored.
The remaining part of the expression represents two spectral lines, centered around ωI

and separated by a total of 2πJ rad/sec. Repeating this calculation using S+ would
yield a similar result, with ωI replaced by ωS . The final detected signal contains four
resonance lines, doublets at ωI and ωS , with each doublet split by J Hz:

S(t) = ei(ωI+πJ)t + ei(ωI−πJ)t + ei(ωS+πJ)t + ei(ωS−πJ)t (8.28)

8.4 Manipulation of Two-spin Product Operators
The above manipulations of the 4x4 density matrix are even more tedious than

the manipulation of the simpler 2x2 density matrix for uncoupled spins. The repre-
sentation of the density matrix by a linear combination of product operators greatly
simplifies the calculation of ρ at various positions in the NMR experiment. As with
the analysis of the single isolated spin, we develop a set of rules to describe the effect
of different propagators, such as pulses and free evolution, on the system. The trans-
formation rules that were discussed in Chapter 6 for a single spin are repeated here in
Table 8.3.

Since there are now two coupled spins, we also have to determine how to apply
these rules to products of operators. In addition, it is also necessary to consider the
effect of the J-coupling term in the Hamiltonian, 2πJIzSz , on the evolution of the
density matrix under free precession. Rules for determining how the density matrix is
modified by pulses and free precession are as follows:

1. If operators P and Q commute (i.e. belong to different spins) , then a rotation oper-
ator associated with one spin has no effect on the density matrix that corresponds
to the other spin:

e−iθP QeiθP = Qe−iθP eiθP

= Q (8.29)

Rotation Operator
ρ Pulses Free Precession

Rx(β) Ry(β) Rz(ωt)

Ix Ix Ix cos β − Iz sin β Ix cos ωt + Iy sin ωt
Iy Iy cos β + Iz sin β Iy Iy cos ωt − Ix sin ωt
Iz Iz cos β − Iy sin β Iz cos β + Ix sin β Iz

Table 8.3. Product operator transformations for a single spin. The left column lists the value
of the density matrix prior to application of the rotation operator. The second two columns
show the effect of pulses along the x- or y-axis, with a flip angle of β degrees, on the respective
density matrix. The right column shows the effect of free precession on the density matrix. In
this case the rotation angle is ωt.
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For example, a proton pulse has no effect on the density matrix that represents
magnetization associated with carbon or nitrogen spins.

2. The one spin component of an evolving product operator can be treated separately:

2IySz
β(Ix+Sx)−→ 2 [Iycos(β) + Izsin(β)] [Szcos(β) − Sysin(β)] (8.30)

For example, a 90◦x pulse, applied to both spins, gives:

2IySz −→ −2IzSy (8.31)

3. One-spin operators (e.g. Ix), that are found as part of the rotation angle are taken
as constants in the expression. The usual application of this rule is to evaluate the
effect of J-coupling on evolution of the density matrix. For example, the effect of
J-coupling on the evolution of protons (I spins) is equivalent to a rotation about
the z-axis by an angle 2πJSzt,

e−i2πJIzSz = e−i(2πJSzt)Iz (8.32)

For example, the evolution of Ix due to J coupling is:

Ix
2πJIzSzt−→ Ixcos(πJt2Sz) + Iysin(πJt2Sz) (8.33)

The difficulty with this expression is that there is now an operator, Sz , that is part
of an argument for a trigonometric function. The operators are taken out of the
argument using the series expansion for each term:

cosθ = 1 − θ2

2!
+

θ4

4!
.... sinθ =

θ

1!
− θ3

3!
+

θ5

5!
... (8.34)

cos(πJt2Sz) = 1 − (πJ2t)2

2!
S2

z +
(πJ2t)4

4!
S4

z ...

= 1 − (πJ2t)2

2!

[
1
4

]
+

(πJ2t)4

4!

[
1
4

]2

...

= cos(πJt) (8.35)

In a similar fashion:

sin(πJt2Sz) =
πJ2t

1
Sz − (πJ2t)3

3!
S3

z +
(πJ2t)5

5!
S5

z

=
πJ2t

1
Sz − (πJ2t)3

3!
S2

zSz +
(πJ2t)5

5!
S4

zSz

=
πJ2t

1
Sz − (πJ2t)3

3!

[
1
4

]
Sz +

(πJ2t)5

5!

[
1
4

]2

Sz

= 2Sz

[
πJt

1
− (πJt)322

3!

[
1
4

]
+

(πJt)524

5!

[
1
4

]2
]

(8.36)

= 2Szsin(πJt) (8.37)
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Thus,

Ix
2πJtIzSz−→ Ixcos(πJt) + 2IySzsin(πJt) (8.38)

4. The evolution of a product of two operators under J-coupling would be evaluated
using a combination of rule 2 and rule 3. First consider the evolution of 2IySz:

2IySz
J−→ 2[Iycos(πJtSz) − Ixsin(πJtSz)] × Sz

= 2[Iycos(πJt) − IxSzsin(πJt)] × Sz

= 2IySzcos(πJt) − 2IxS2
zsin(πJt)

= 2IySzcos(πJt) − Ixsin(πJt)

(8.39)

The product of two transverse operators is evaluated in exactly the same way:

2IxSy
J−→ 2 [Ixcos(πJt) + 2IySzsin(πJt)]×

[Sycos(πJt) − 2IzSxsin(πJt)]
(8.40)

It can be shown that product operators containing two transverse terms, such as
2IxSy , do not evolve under J-coupling (see Section 10.2.1.1).

8.5 Transformations of Two-spin Product Operators
The transformations of product operators that are associated with evolution, pulse,

and scalar coupling can be obtained by application of the above four rules. These
transformations can be summarized in a graphical form that readily permits the cal-
culation of the evolution of the density matrix in product operator format (see Fig.
8.2). The following are a series of example transformations that are evaluated using

2 I   S

−2I   S

2 I   S

2 I   S

2 I   S

−2I   S

z z

x z

x z

z z

y z

y z

Θ=π  τJ Θ=π  τJ

β
β

Θ=ωτ
x
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 I
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 I
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z
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x

y

z

−I

 I

x

y

y

−Ix

x

Figure 8.2 Manipulation of
the density matrices using the
product operator representa-
tion. The upper left section of
the figure shows the effect of
chemical shift evolution (e.g.
H = ωIIz), with a rotation
angle of ωt. The effects of
pulses, with a flip angle of
β degrees, are also shown on
the top of the figure for pulses
along the x-axis (middle), or
y-axis (right). The effects of
J-coupling on the density ma-
trix are shown on the lower
part of the figure, for the den-
sity matrix represented by Ix

(left), or Iy (right). Here, the
rotation angle is πJt.
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this diagram. In all cases the product operator to the left of the arrow represents the
density matrix before the transformation while the product operator to the right of the
arrow represents the density matrix after the transformation, for example:

Iy
ωIt−→ Iycos(ωIt) − Ixsin(ωIt)

Iy
βx−→ Iycos(β) + Izsin(β)

Iz
βy−→ Izcos(β) + Ixsin(β)

Iy
2πJIzSz−→ Iycos(πJt) − 2IxSzsin(πJt)

Note that in all cases the new density matrix, ρ, is a linear combination of the
cosine weighted initial density matrix, ρi, plus the sine weighted density matrix that
is advanced by 90◦, ρ90:

ρi → ρicos(αt) + ρ90sin(αt) (8.41)

As time passes, the system will pass through all four forms of the density matrices
that are in the same plane within Fig. 8.2. For example, the evolution of Ix under
J-coupling proceeds as follows:

Ix → 2IySz → −Ix → −2IySz → Ix → 2IySz... (8.42)

1
2

S  = −z 1
2

x
yy

x

z z

I 2I  Sx y z

τ =     1
 2 J

zS  = +

Figure 8.3. Inter-conversion of in-phase and anti-
phase magnetization. In-phase magnetization, Ix,
evolves under J-coupling to produce anti-phase mag-
netization, 2IySz . In this representation the vector
components of the anti-phase magnetization evolve in
opposite directions because of the opposite spin states
of Sz (mz = +1/2 or mz = −1/2).

Transverse magnetization that
is associated with a single spin
operator, for example Ix, is of-
ten referred to as in-phase magne-
tization. In-phase magnetization
evolves under the influence of J-
coupling to anti-phase magnetiza-
tion, 2IySz . A vector model that
represents this evolution is illus-
trated in Fig. 8.3. This represen-
tation shows why anti-phase mag-
netization cannot be detected (see
Section 8.2.1); the individual vec-
tor components of the anti-phase
magnetization cancel each other.

8.6 Product Operator Treatment of a One-pulse
Experiment

The product operator treatment of the one-pulse experiment for two coupled spins
is similar to that utilized for a single isolated spin. As before, the NMR experiment
transforms the initial density matrix, ρo, to ρ1(t) and the final detected signal is ex-
tracted from the final density matrix. The only complication is that it is necessary to
keep track of two spins, I and S. Analysis of each step of the one-pulse experiment is
discussed below.

Coupled Spins: Density Matrix and Product Operator Formalism
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Initial Product Operator: As discussed above, ρo = Iz + Sz .

Effect of 90◦ Pulse: We assume that this is a homonuclear experiment, therefore the
pulse is applied to both spins. Assuming a perfect 90◦ pulse:

ρo → ρ1 (8.43)

Iz + Sz
Px(π/2)−→ −Iy − Sy (8.44)

Free Precession: The free precession of the spins causes the density matrix to evolve
according to:

ρ1(t) = e−iHtρ1e
iHt

= e−i(ωIIz+ωSSz+2πJIzSz)tρ1e
+i(ωIIz+ωSSz+2πJIzSz)t

= e−iωIIzte−iωSSzte−i2πJIzSztρ1e
+iωIIzte+iωSSzte+i2πJIzSzt

= e−iωIIzte−iωSSzt
[
e−i2πJIzSztρ1e

+i2πJIzSzt
]
e+iωIIzte+iωSSzt

(8.45)

In the above expression the order of the terms in the Hamiltonian has been changed
such that evolution of the system due to J-coupling (i.e. e−i2πJIzSztρ1e

i2πJIzSz ) is
evaluated first, and then the evolution of the system due to each chemical shift is sub-
sequently evaluated. This reordering of the terms greatly facilitates the analysis by
product operators. This rearrangement of the Hamiltonian is legitimate since all oper-
ators, Iz, Sz, and IzSz , commute with each other because I and S refer to different
spins. Evaluating the effect of J-coupling on ρ1 gives:

−Iy − Sy
J→ [−Iycos(πJt) + 2IxSzsin(πJt)] + [−Sycos(πJt) + 2SxIz(πJt)]

The evolution of each of these terms due to the chemical shift part of the Hamiltonian
is as follows:

ρ1(t) = −cos(πJt) [Iycos(ωIt) − Ixsin(ωIt)]
+ 2Szsin(πJt) [Ixcos(ωIt) + Iysin(ωIt)]
− cos(πJt) [Sycos(ωSt) − Sxsin(ωSt)]
+ 2Izsin(πJt) [Sxcos(ωIt) + Sysin(ωIt)] (8.46)

Collecting terms:

ρ1(t) = −Iycos(ωIt)cos(πJt) + Ixsin(ωIt)cos(πJt)
− Sycos(ωSt)cos(πJt) + Sxsin(ωSt)cos(πJt)
+ 2IxSzcos(ωIt)sin(πJt) + 2IySzsin(ωIt)sin(πJt)
+ 2SxIzcos(ωSt)sin(πJt) + 2SyIzsin(ωSt)sin(πJt) (8.47)

Since the only density matrices that give rise to detectable signal are represented by
single transverse operators it is necessary to only focus on the first two lines of the
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above equation. Additional simplification is obtained if the transverse operators are
written in the form of raising and lowering operators:

ρ1(t) =
[
− 1

2i
(I+ − I−)cos(ωIt) +

1
2
(I+ + I−)sin(ωIt)

]
cos(πJt)

+
[
− 1

2i
(S+ − S−)cos(ωSt) +

1
2
(S+ + S−)sin(ωSt)

]
cos(πJt)

(8.48)

Since the only components of the density matrix that gives rise to detectable signal are
I− and S−, it is only necessary to consider these two density matrices.

ρ1(t) = I−
[
cos(ωIt)

2i
+

sin(ωIt)
2

]
cos(πJt)

+ S−
[
cos(ωSt)

2i
+

sin(ωSt)
2

]
cos(πJt)

= I− eiωItcos(πJt) + S− eiωStcos(πJt)

(8.49)

Therefore, the detected signal is:

S(t) = eiωItcos(πJt) + eiωStcos(πJt) (8.50)

The Fourier transform of eiωIt gives a single peak at ωI and the eiωst term gives a
single peak at ωS . Each of these terms in the time domain is multiplied by cos(πJt),
therefore the peaks at ωI and ωS will be convoluted with the Fourier transform of
cos(πJt), resulting in the splitting of each peak by 2πJ . This gives the normal four
line AX type spectrum, with a separation of 2πJ between each set of doublets.

Coupled Spins: Density Matrix and Product Operator Formalism

1
2i

1
2i

1
2i

1
2i



Chapter 9

TWO DIMENSIONAL HOMONUCLEAR
J-CORRELATED SPECTROSCOPY

Multi-dimensional NMR experiments generate a spectrum in which the position
of a spectral line, or peak, is defined by two or more frequencies. The existence of
such a peak indicates that the participating spins are coupled to one other by scalar (J)
coupling through chemical bonds or via dipolar coupling through space. The position
of the peak is defined by the chemical shifts, or resonance frequencies, of the coupled
spins.

In this chapter we will focus solely on the generation of multi-dimensional spectra
via homonuclear J-coupling. In general, all of the protons within an amino acid residue
belong to the same network of scalar coupled spins, or a spin-system. The exceptions
to this rule are the aromatic residues, in which the aromatic protons form a separate
spin-system because of the small coupling between the Hβ proton and the protons on
the aromatic ring. The spins that belong to a spin-system can be identified by multi-
dimensional J-correlated spectroscopy. The identification of residue type on the basis
of the properties of the spin system, such as the number and type of chemical shifts,
is an important step in the assignment of resonance lines to individual atoms in the
protein.

In addition to providing information for resonance assignments, the J-coupling con-
stants can often be extracted from these spectra, providing structural information on
the torsional angles. Finally, the increased dimensionality of the experiment also in-
creases the resolution of the spectrum, permitting the observation of resolved lines in
large systems.

This chapter begins with a general introduction to multi-dimensional NMR spec-
troscopy and then features a discussion of three important homonuclear two dimen-
sional experiments: COSY, DQF-COSY, and TOCSY, each of which are used to eluci-
date scalar couplings between spins within a spin-system. Experiments that elucidate
heteronuclear couplings will be discussed in Chapter 10.



170 PROTEIN NMR SPECTROSCOPY

9.1 Multi-dimensional Experiments
Multidimensional NMR experiments consist of an interleaved combination of

chemical shift labeling periods and magnetization transfer, or mixing, periods. The
mixing periods serve to transfer the chemical shift information from one spin to its
coupled partner. For example, in a two-dimensional (2D) NMR experiment, repre-
sented by:

A −→ B,

the magnetization begins on spin “A”, is frequency labeled with the chemical shift of
“A”, and then it is transferred during a mixing period to spin “B”. The magnetization
on spin “B” is detected in the usual way, as a signal in the receiver coil. The final
detected signal is now dependent on two time domains, the first was used to record ωA

while the second time domain is used to measure ωB . The detected signal at the end
of the two dimensional experiment is given by:

S(t1, t2) = ηei(ωAt1)ei(ωBt2) (9.1)

where η represents the efficiency of magnetization transfer between the two spins. The
final detected signal that is shown in Eq. 9.1 indicates that the directly detected FID,
ei(ωBt2) is modulated by a term, ei(ωAt1) that contains information of the frequency of
the coupled spin. The Fourier transform of this signal will produce a two-dimensional
spectrum that contains a single peak, located at (ωa, ωb). This type of peak is termed
a crosspeak because the two frequencies that define its position are different. In some
experiments, notably homonuclear proton multi-dimensional experiments, peaks exist
that have the same frequency in all dimensions. These peaks are referred to as self-
peaks, autopeaks, or diagonal peaks and represent magnetization that was not trans-
ferred to another spin during the experiment, hence the recorded frequencies are the
same in all dimensions.

In a three-dimensional experiment two labeling and mixing segments are used, re-
sulting in a path of magnetization flow between three spins as: A → B → C, giving

ωA

1ω
ωA ωA

1ω 1ω

2ω 2ω

3ω 3ω 3ω
ωC

2ω
ωBωB

Figure 9.1. Peak location in a three-dimensional spectrum. The location of a crosspeak in a
three dimensional spectrum is defined by the intersection of three orthogonal planes. The first
plane is the locus of all points that have a frequency of ωA in the first frequency dimension.
The second plane is the locus of all points that have a frequency of ωB in the second frequency
dimension. The intersection of these two planes is a line, as indicated in the center diagram. The
third plane is defined by all points that have a frequency of ωC in the third frequency dimension.
This plane intersects the line at a single point, which is location of the crosspeak.
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the following signal.

S(t1, t2, t3) = ηei(ωAt1)ei(ωBt2)ei(ωCt3) (9.2)

In this case, the amplitude of the detected FID is modulated by terms that provide
information on the frequencies of the other two coupled spins. Fourier transformation
of this signal will generate a peak whose position within a three-dimensional cube is
defined by ωA, ωB , and ωC in each dimension, as illustrated in Fig. 9.1.

In multi-dimensional experiments, the intensity of the crosspeaks will be propor-
tional to η. In the case of J-coupled spins η can approach unity. In the case of dipolar
coupled spins η is related to the distance between the two spins providing a means to
measure inter-atomic distances.

9.1.1 Elements of Multi-dimensional NMR Experiments
Generalized pulse sequences for two-dimensional and a three-dimensional experi-

ments are shown in Fig. 9.2. Any two-dimensional NMR experiment can be divided
into four basic elements: preparation, evolution, mixing, and detection. These ele-
ments are described in detail in Table 9.1. In a three dimensional experiment, the
evolution period and mixing period would be repeated an additional time.

t 3

t1

t1 t2

t1(p−1) x 

t1(p−1) x 

t2(r−1) x 

t3(r−1) x t2(q−1) x 

Preparation

Preparation Evolution

2 3 4 p 2 q.... ....

B

A

Mixing DetectionEvolutionEvolution

2 3 4 .... p

t 2

m=1

m=1 n=1

n=1 2 3 4 .... r

o=1 2 3 4 .... r

∆

∆ ∆

∆

∆

∆

∆∆

Detection

Mixing

Mixing

Figure 9.2. Generalized two-dimensional and three-dimensional pulse sequences. Panels A
and B show a two-dimensional or a three-dimensional experiment, respectively. Both exper-
iments begin with an excitation pulse that is followed by an evolution period, t1, and then a
mixing period. In a two-dimensional experiment the FID is collected after the mixing period. In
the case of a three-dimensional experiment, another evolution and mixing period follow before
acquisition of the FID. Initially, the length of the t1 period is set to zero (or ∆t1/2) and the first
(m = 1) FID containing r points is collected. Note that this FID usually consists of multiple
scans, all of which are summed to the same memory location. Subsequently, t1 is incremented
by a fixed amount, ∆t1 (the dwell time in t1), and a second (m = 2) FID is collected and stored
in a different memory location. This process is repeated a total of p times until the desired
evolution time is attained. In the case of the three-dimensional experiment (B), the t1 and t2
evolution periods are sampled independently. For every t1 time, q t2 times would be acquired,
leading to a total of p× q separate FIDs. Note that the increment in t1 (∆t1) need not equal the
increment in t2 (∆t2), nor does p necessarily equal q.

Two Dimensional Homonuclear J-Correlated Spectroscopy
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Table 9.1. Elements of a two dimensional NMR experiment.

1. Preparation period: The length of this period is fixed and is usually employed
to allow the spins to return to, or near, thermodynamic equilibrium. This period
typically ends with a single 90◦ pulse that excites the first spin (’A’).

2. Evolution period (t1): This time period is used to encode the chemical shift of
’A’ in the density matrix due to evolution under the Hamiltonian: H = ωAIAZ .
This period is referred to as the indirectly detected domain, or dimension, because
the excited state of spin ’A’ is not directly detected by the receiver coil. Rather,
the evolution of the system is sampled digitally, i.e. t1 begins at zero and then
is incremented by a constant amount, ∆t1, with a separate FID acquired at each
increment of t1. A total of p FIDs are acquired, generating a total acquisition time
in t1 of (p − 1) × ∆t1.

3. Mixing period: This event causes the magnetization that is associated with spin
’A’ to become associated with spin ’B’. This period leads to the transfer of the
chemical shift information of spin ’A’ to spin ’B’. The mixing can be evoked by
either J-coupling or dipolar coupling. The key point is that the amount of magneti-
zation transferred from A to B is proportional to cos(ωAt1) or sin(ωAt1). Hence
the magnetization of ’B’ becomes amplitude modulated by a function that contains
information about ωA.

4. Detection Period: During this period of direct detection, the magnetization that is
precessing in the x-y plane is detected in the normal fashion. This signal is also
sampled digitally, with a time interval of ∆t2, the usual dwell time, giving a total
acquisition time of (r − 1) × ∆t2.

9.1.2 Generation of Multi-dimensional NMR Spectra
The data from a two-dimensional experiment can be represented as a two-

dimensional array of single data points, with each cell of this array indexed by the
evolution time in t1 or t2, as indicated in Fig. 9.3. Typically, each directly detected
FID would contain 1k or 2k points (e.g. r = 1024 or 2048) while the indirectly de-
tected dimension would contain between 128 and 1k points (e.g. p = 128 to 1024),
depending on the nature of the experiment. Processing of this time domain data into
a two-dimensional spectrum requires calculation of a two-dimensional Fourier trans-
form:

Ω(ω1, ω2) =
∫ ∫

S(t1, t2)eiωt1eiωt2dt1dt2 (9.3)

where Ω represents the final spectrum and S(t1, t2) represents the initial matrix of
data points.

In practice, this transform is computed one dimension at a time, usually beginning
with the transform of the data as a function of t2, followed by transformation as a
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t2 −→
t1 ↓ 1 2 3 4 5 6 7 8 . r

1 x x x x x x x x . .
2 x x x x x x x x . .
3 x x x x x x x x . .
4 x x x x x x x x . .
5 x x x x x x x x . .
. . . . . . . . . . .
p . . . . . . . . . .

Figure 9.3 Data structure for two-
dimensional data. The data structure
for a two-dimensional data set is shown.
Each row corresponds to a FID of r
points that was acquired at the indicated
t1 value. There are a total of p t1 values.
Each FID may result from the sum of
more than one scan, but all scans would
be acquired with the same t1 value.

function of t1.

F (t1, ω2) =
∫

S(t1, t2)eiωt2dt2

Ω(ω1, ω2) =
∫

F (t1, ω2)eiωt1dt1 (9.4)

With reference to Fig. 9.3, the processing software would read and transform p rows,
corresponding to the directly detected FIDs, to produce F (t1, ω2), a mixed data ma-
trix. The software would then load r columns and perform the Fourier transform in the
t1 direction to generate the final data matrix or spectrum, Ω(ω1, ω1). These steps are
illustrated in Fig. 9.4. In the case of a 3-dimensional experiment, these steps would
proceed as t3, followed by t2, and then t1.

9.2 Homonuclear J-correlated Spectra
In this section we will look with some detail at two common two-dimensional

homonuclear J-correlated experiments, the COSY (COrrelated SpectroscopY) and the
DQF-COSY (Double-Quantum Filtered COSY). The COSY experiment was first pre-
sented by Jeener in 1971 [78] and was given its current name in 1980 [91]. The
DQF-COSY experiment is a specific example of a multiple-quantum filtered COSY
experiment [131].

The focus in this chapter will be on understanding how frequency labeling oc-
curs and how this information is passed from one spin to its coupled partner. The
application of these experiments to protein NMR spectroscopy will be discussed in
subsequent chapters.

9.2.1 COSY Experiment
The pulse sequence, and the corresponding pulse program, for the COSY exper-

iment are shown in Fig. 9.5. The COSY experiment is the simplest of all multi-
dimensional NMR experiments, consisting of an excitation pulse, a frequency labeling
period, and a second pulse that serves to transfer the magnetization from one coupled
spin to another.

The pulse program will acquire n scans using the first t1 time. Each of these scans
are summed prior to storing the FID in memory. The t1 delay is the incremented by
∆t1 (id0), and then n scans are acquired at the new t1 time. This process is repeated a

Two Dimensional Homonuclear J-Correlated Spectroscopy
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Figure 9.4. Generation of a two-dimensional spectrum. In this example the frequency of the
two coupled spins are 190 and 250 Hz. Note that only one magnetization path is considered
here (i.e. A → B), therefore only one peak is present in the spectrum, located at νA = 190 Hz
and νB = 250 Hz.
Panel A shows, at the extreme left, the series of pulse sequences that are used to obtain evo-
lution of the first time domain. The sequence at the bottom has a t1 time of zero; the mixing
pulse immediately follows the excitation pulse. The t1 evolution time is incremented by a fixed
amount, ∆t1, producing a series of separate experiments, arranged from the bottom to the top
of the diagram. The FIDs that are obtained for each value of these experiments are shown in the
right part of panel A. Each FID corresponds to a single t1 value. Note that at early t1 times the
first points of the FID are greater than zero, these points become negative at later t1 times due
to the fact the FID is equal to cos(ωAt1)e

iωBt2 .
Panel B shows the Fourier transform of each of the FIDs, hence the horizontal axis is converted
from the time domain in panel A to the frequency domain in B. The vertical axis is still in units
of time. Note that the intensity of the resonance line at 250 Hz, is positive for short t1 values,
but becomes negative at longer t1 values, as anticipated from the FIDs shown in panel A.
Panel C shows the results from the second Fourier transform, along t1. This transform was
obtained by taking a column of data at each ν2 frequency and computing the transform of the
data in t1. A single peak is found at νA = 190 Hz and νB = 250 Hz.
Panel D shows a contour, or topographical plot, of the same spectrum that is displayed in panel
C. In this illustration, contour lines that join points of height intensity are more darkly shaded
than lines that join regions of low intensity. The location of the two-dimensional peak is readily
apparent in such a plot.
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3
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1
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2
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Mixing
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Detection
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t 1 t
2

ρ
0
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ρ
3

1 ze ;Zero the memory.
2 d1 ;Inter-scan relaxation delay (1 sec)
3 (p1 ph1):f1 ;Pulse of length p1, phase=ph1 on channel 1.

d0 ;t1 evolution time
(p1 ph2):f1 ;Second 90 pulse, with phase=ph2 (mixing pulse)
go=2 ph31 ;Acquire FID (Receiver phase=31) go to 2, n-times
write ;Write the FID to disk.
id0 ;increment t1 time
lo to 3 times td1 ;go to 3 p times (total number of t1 values)

exit ;End of pulse sequence.
ph1 =0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3 ;Phase of 1st excitation pulse.
ph2 =0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 ;Phase of 2nd pulse.
ph31=0 2 0 2 3 1 3 1 2 0 2 0 1 3 1 3 ;Phase of receiver.

Figure 9.5. COSY pulse sequence. The upper part of this figure shows the COSY pulse se-
quence while the lower part shows the corresponding pulse program that is used to represent
the sequence. The text to the right of the semi-colon in the pulse program briefly describes each
step of program. The COSY experiment consists of two 90◦ pulses that bracket the t1 evolution
time. The phase of these pulses, as well as the phase of the receiver, are cycled as indicated
in the last three lines of the pulse program. A total of p t1 times are acquired, each of which
consisting of n-scans. The second pulse serves to transfer the magnetization from one coupled
spin to the other. The density matrices at various points in the pulse sequence are indicated by
ρi. The density matrix immediately after the second pulse is ρ3, which evolves during detection
of the FID, giving ρ3(t).

total of p times. This phase cycle is more involved than the cyclops phase cycle used
in the one-pulse experiment (Fig. 2.19), and requires a total of 16 scans to complete.
Therefore, this experiment would have to be acquired with a multiple of 16 scans for
each t1 point. A more complicated phase cycle is required to eliminate unwanted
signals from the spectrum. The generation of these cycles will be discussed in more
detail in Chapter 11.

9.2.1.1 Overall Change of ρ During the COSY Experiment
The changes in the density matrix that occur during the COSY experiment are il-

lustrated in Fig. 9.6. The density matrix begins with only the diagonal elements as
non-zero. After the first pulse, single quantum transitions for both the I and S spins
are created. These elements of the density matrix are labeled with their appropriate
frequencies, ωI and ωS , respectively. The mixing pulse interchanges the single quan-
tum elements that are associated with the I spins by the elements that were associated

Two Dimensional Homonuclear J-Correlated Spectroscopy
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P90
xP90

x

0 1 3 3
(t  )

22
(t  )

1
ρ ρ ρ ρρ

Figure 9.6. Pictorial representation of den-
sity matrix changes during the COSY experi-
ment. The changes that occur in the density
matrix during the COSY experiment are illus-
trated in this figure. The non-zero elements of
the density matrix are shaded. A solid shad-
ing indicates that no time evolution has oc-
curred. Squares shaded with a light gray back-
ground are initially associated with I spins and
squares shaded in darker gray are initially asso-
ciated with S spins. These associations are in-
terchanged by the mixing pulse. Right-slanted

black-lines ( ) indicate evolution of the ele-
ment of the density matrix at the chemical shift

of spin I . Left-slanted white-lines ( ) indicate
evolution of the element of the density matrix
at the chemical shift of spin S. Double cross-
hatched squares indicate evolution at ωI in t1

and ωS in t2 ( ) or at ωS in t1 and ωI in t2

( ). The pulse sequence is shown below the
4×4 density matrices. For reference, each ele-
ment of the density matrix evolves according to
the following table shown to the right.

Evolution of the Density Matrix

αα αβ βα ββ

αα P1 ΩS ΩI ΩIS

αβ ΩS P2 Ω0 ΩI

βα ΩI Ω0 P3 ΩS

ββ ΩIS ΩI ΩS P4

Entries containing the symbol Ω evolve
with time according to the indicated fre-
quency. For example, the element marked
with ΩS will evolve as e−iωSt during free
precession. ΩIS evolves at the sum of the
resonance frequencies and Ω0 evolves at
the difference between ωI and ωs. The
diagonal elements correspond to popula-
tions and do not evolve. The contribution
of the J-coupling to the evolution has been
ignored here.

with the S spins, and vice versa. This mixing causes the chemical shift information
from one spin to be transferred to the other spin.

9.2.1.2 Density Matrix/Product Operator Analysis of the COSY
Experiment

The goal is to begin with the initial density matrix, ρ0, and follow it through the
entire sequence to find ρ3(t) from which the observed signal can be obtained.
The initial density matrix of the system is:

ρo = Iz + Sz (9.5)

The first pulse is a 90◦ pulse along the x-axis. Since this is a homonuclear experiment
this pulse is applied to both spins, bringing the magnetization from the z-axis to the
minus y-axis. The transformation of the density matrix is:

ρ = e−iβIxe−iβSxρoe
iβIxeiβSx (9.6)
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where the term e−iβIxe−iβSx is the rotation operator for a rotation about the x-axis.

ρ1 = e−iβIxIze
iβIx + e−iβSxSze

iβSx

= Izcosβ − Iysinβ + Szcosβ − Sysinβ

= − [Iy + Sy] (β = 90◦)
(9.7)

During t1 the density matrix evolves under the complete Hamiltonian, by applying
the following transformation to ρ1:

R = ei(ωIt1Iz+ωSt1Sz+πJ2IzSzt1) (9.8)

Since all of these operators commute, they can be considered separately and re-
arranged for convenience. In this case we will evaluate evolution due to chemical
shift of the S spin first, followed by evolution due to the chemical shift of the I spin,
followed lastly by J-coupling. This gives the following transformation of the density
matrix:

ρ2 = eiπJ2IzSzt1
[
eiωIt1Iz

[
eiωSt1Szρ1e

iωSt1Sz
]
eiωIt1Iz

]
eiπJ2IzSzt1 (9.9)

We can use the diagram presented in Chapter 8 to evaluate the evolution of the den-
sity matrix due to chemical shift (i.e. eiωt). The relevant portion of the diagram is
reproduced in Fig. 9.7.

−Iy → − [Iycos(ωIt1) − Ixsin(ωIt1)]
−Sy → − [Sycos(ωSt1) − Sxsin(ωSt1)]

(9.10)

The effect of scalar coupling on each of the terms in the above equation is:

Iy → Iycos(πJt1) − 2IxSzsin(πJt1) (9.11)

Sy → Sycos(πJt1) − 2IzSxsin(πJt1) (9.12)

Ix → Ixcos(πJt1) + 2IySzsin(πJt1) (9.13)

Sx → Sxcos(πJt1) + 2IzSysin(πJt1) (9.14)

The combined effect of these two transformations is:
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2 I   S

2 I   S
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y z
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Figure 9.7. Transformation of ρ by chemical shift and J-coupling.
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ρ2 = −Iycos(ωIt1)cos(πJt1) + 2IxSzcos(ωIt1)sin(πJt1)
−Sycos(ωSt1)cos(πJt1) + 2IzSxcos(ωSt1)sin(πJt1)
+Ixsin(ωIt1)cos(πJt1) + 2IySzsin(ωIt1)sin(πJt1)

+Sxsin(ωSt1)cos(πJt1) + 2IzSysin(ωSt1)sin(πJt1) (9.15)

The underlined terms will ultimately produce the crosspeaks in the spectrum, as dis-
cussed below.

The effect of the second 90◦ x-pulse on the various terms in the above equation is
shown to the right of the arrows (the trigonometric terms have been ignored temporar-
ily):

Iy → Iz Sy → Sz

Ix → Ix Sx → Sx

2IxSz → −2IxSy 2IzSx → −2IySx

2IySz → −2IzSy 2IzSy → −2IySz

The first line, containing Iz and Sz , corresponds to a density matrix with only diagonal
matrix elements, representing undetectable magnetization. Terms in the second line
(Ix and Sx) are detectable, but they will only produce diagonal peaks because the
same spin is transverse before and after the mixing pulse. Therefore these elements
of the density matrix will evolve with the same frequency during t1 and t2. The third
line contains terms that represent the creation of double quantum coherence after the
second pulse. These cannot be detected in the experiment. The last line contains the
two terms of interest, those which will generate crosspeaks.

9.2.1.3 Origin of COSY Crosspeaks
The crosspeaks in the COSY spectrum arise from the following product operators:

2IySz
90x→ −2IzSy 2IzSy

90x→ −2IySz

The transformation by the 90◦ pulse causes the transverse magnetization that was
associated with one spin to be transferred to the other spin. This can be seen by
inspection of the density matrix which corresponds to these product operators, for
example:

2IySzsin(ωIt1)sin(πJt1) =⎡
⎢⎢⎣

0 0 −i ΩIsin(πJt1) 0
0 0 0 i ΩIsin(πJt1)

i ΩIsin(πJt1) 0 0 0
0 −i ΩIsin(πJt1) 0 0

⎤
⎥⎥⎦

where sin(ωIt1) has been replaced by ΩI . After the 90◦ pulse this density matrix
becomes:⎡

⎢⎢⎣
0 −i ΩIsin(πJt1) 0 0

i ΩIsin(πJt1) 0 0 0
0 0 0 −i ΩIsin(πJt1)
0 0 i ΩIsin(πJt1)) 0

⎤
⎥⎥⎦
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The matrix elements that represent single quantum transitions of one spin, such as
−iΩIsin(πJt1), have been moved to elements of the density matrix that evolve with
the frequency of the other spin (ΩS) during t2 (see Fig. 9.6). Therefore the am-
plitude of the density matrix element that evolves at a frequency of ωS during t2 is
sin(ωIt1)sin(πJt1). The complete expression for the density matrix that describes
the crosspeaks is:

ρ3 = −2IzSysin(ωIt1)sin(πJt1)
−2IySzsin(ωSt1)sin(πJt1) (9.16)

These product operators are not directly detectable, however they evolve into de-
tectable magnetization due to the J-coupling term in the Hamiltonian. Temporarily
neglecting amplitude factors (e.g. sin(ωIt1)sin(πJt1)), the evolution of these prod-
uct operators are:

ρ3
J→ ρ′3 (9.17)

−2IzSy → −2IzSycos(πJt2) + Sxsin(πJt2) (9.18)

−2IySz → −2IySzcos(πJt2) + Ixsin(πJt2) (9.19)

Of these, only Ix and Sx will be detectable, thus it is only necessary to evaluate how
these terms will evolve due to chemical shift. Again, neglecting amplitude factors:

ρ′3
Ω→ ρ3(t)

Sx → Sxcos(ωSt2) + Sysin(ωSt2)
Ix → Ixcos(ωIt2) + Iysin(ωIt2)

(9.20)

Forming I− and S−, and incorporating the amplitude factors from evolution in t1 as
well as evolution due to J-coupling in t2, gives the following for the detectable portion
of the density matrix:

ρ3(t) = I−[sin(ωst1)sin(πJt1)sin(πJt2)eiωIt2 ]

+ S−[(sin(ωIt1)sin(πJt1)sin(πJt2)eiωSt2 ]
(9.21)

The detected signal is obtained by evaluating Trace[ρ(I+ + S+)]:

S(t1, t2) = sin(ωSt1)sin(πJt1)sin(πJt2)eiωIt2

+ sin(ωIt1)sin(πJt1)sin(πJt2)eiωSt2
(9.22)

9.2.1.4 Origin of COSY Diagonal Peaks
The diagonal peaks in the COSY spectrum arise from the Ix and Sx terms that

are present after the second 90◦ pulse. Choosing to focus on the I spin only, and
temporarily ignoring amplitude factors from evolution during t1, the evolution under
J-coupling is:

Ix
J→ Ixcos(πJt2) + IySzsin(πJt2) (9.23)

Two Dimensional Homonuclear J-Correlated Spectroscopy



180 PROTEIN NMR SPECTROSCOPY

Only the Ix term will be detectable, thus its evolution under chemical shift is:

Ix
Ω→ Ixcos(ωIt2) + Iysin(ωIt2) (9.24)

Incorporating the amplitude factors associated with Ix from evolution during t1 give
the following:

ρ3(t) = Ixsin(ωIt1)cos(πJt1)cos(πJt2)cos(ωIt2)
+ Iysin(ωIt1)cos(πJt1)cos(πJt2)sin(ωIt2)

(9.25)

Substituting Ix = 1
2 [I+ + I−] and Iy = 1

2i [I
+ − I−] gives the amplitude of the I−

part of the density matrix:

ρ3(t) = I−[sin(ωIt1)cos(πJt1)cos(πJt1)eiωIt2 ] (9.26)

Therefore the signal that is associated with the diagonal peak is:

S(t1, t2) = sin(ωIt1)cos(πJt1)cos(πJt1)eiωIt2 (9.27)

9.2.1.5 Appearance of the COSY Spectrum
A schematic representation of the COSY spectrum is shown in Fig. 9.8 and a

portion of a simulated COSY spectrum is shown in Fig. 9.9.
The signal that gives rise to the crosspeaks is:

S(t1, t2) = sin(ωSt1)sin(πJt1)sin(πJt2)eiωIt2

+sin(ωIt1)sin(πJt1)sin(πJt2)eiωSt2 (9.28)

while the signal that is associated with the diagonal peaks is:

S(t1, t2) = sin(ωIt1)cos(πJt1)cos(πJt1)eiωIt2

+sin(ωSt1)cos(πJt1)cos(πJt1)eiωSt2 (9.29)

The position of these peaks in the 2D-spectrum is determined by the terms that contain
chemical shift information. For example, sin(ωSt1)eiωIt2 specifies a crosspeak at
(ωS , ωI). Therefore, Eq. 9.28 represents the two crosspeaks and Eq. 9.29 represents
the two diagonal peaks, at (ωI , ωI) and (ωS , ωS), as expected.

The additional terms in eqs. 9.28 and 9.29, such as sin(πJt1), are responsible
for generating the splitting of each peak by the J-coupling. Since the time domain
signal is a product of two functions in each dimension, its Fourier transform will be
the convolution of the individual transforms with each other. For example,

sin(πJt)eiωt FT→ FT [(sin(πJt))] ⊗ FT
[
(eiωt)

]
In the case of the crosspeak, the resonance peak is convoluted with the Fourier

transform of sin(πJt). This produces an anti-phase doublet, with a negative peak
at −πJ and a positive peak at +πJ . Note that the overall splitting between these
two peaks is 2π J rad/sec (or J Hz), as expected. Note that this splitting occurs in both
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Figure 9.8 Sketch of an AX COSY
spectrum. A schematic diagram of a
COSY spectrum is shown for two cou-
pled spins, I and S. The circles rep-
resent peaks with an absorption mode
lineshape. Filled circles are positive
and empty circles are negative. The
spectrum has been phased such that the
crosspeaks are absorption mode, thus
the diagonal peaks have a dispersion
lineshape in both dimensions, which is

represented by the symbol .

dimensions, thus forming a quartet of peaks. In addition to the introduction of the anti-
phase splitting of the line, the convolution with the Fourier transform of sin(πJt)
also causes the spectrum to be complex, since the transform of sine is imaginary.
Therefore, the crosspeaks will have a dispersion lineshape.

The diagonal peaks are modulated by cos(πJt), whose transform is doublet of
real and positive peaks at ±πJ . Convolution of this function with eiωt2 will give
an in-phase (i.e. both positive) doublet that will have an absorption mode lineshape.
Again, this splitting occurs in both dimensions, leading to a quartet of peaks with an
absorption lineshape.

Since the crosspeaks are usually of interest, they are phased to generate absorption
lineshapes. Clearly, the same phase correction has to be applied to the diagonal peaks
as well. Consequently, the diagonal peaks will be 90◦ out-of-phase and will have a
dispersion lineshape, as indicated in Fig. 9.9.

ω I

ω I

ωS

ω2

ω1

Figure 9.9. Lineshape in the COSY spectrum. A more detailed view of lower half of the
COSY spectrum that was shown in Fig. 9.8 is presented here. Note that the diagonal peak (left)
is a dispersion lineshape, while the crosspeaks have an absorption lineshape.
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9.3 Double Quantum Filtered COSY (DQF-COSY)
The COSY experiment has several drawbacks, even though it is one of simplest

two-dimensional experiments. First, the dispersive nature of the diagonal selfpeaks
can cause considerable distortion of crosspeaks that are found near the diagonal of the
spectrum. Second, the solvent peak (e.g. water), is not suppressed in the experiment.
In the case of protein spectra acquired in H20, the solvent peak can be several orders of
magnitude larger than the protein resonances, causing a considerable dynamic range
problem.

The double quantum filtered COSY experiment, or DQF-COSY, does not suffer
from these deficiencies. This experiment filters out any signals that do not arise from
coupled spins. Since the protons in water are equivalent, they behave as if they are not
coupled and will be absent from the DQF-COSY spectrum. An additional benefit of
the DQF-COSY experiment is that both the diagonal and the crosspeaks can be phased
to be in pure absorption mode, producing a much cleaner spectrum in the diagonal
region.

The DQF-COSY experiment is shown in Fig. 9.10. It is very similar to the COSY
sequence, with the exception that the single mixing pulse in the COSY experiment
has been replaced by two 90◦ pulses in the DQF-COSY. The first of these pulses
converts the single quantum states to double quantum states. The last pulse returns
this double quantum magnetization to detectable single quantum magnetization. The
experiment filters out any elements of the density matrix that does not pass though a
double quantum state. This filtering occurs as a result of the phase cycle. A more
detailed analysis will be presented in Chapter 11. For the meantime we will assume
that it occurs. The overall evolution of the elements of the density matrix are illustrated
in Fig. 9.11.

9.3.1 Product Operator Treatment of the DQF-COSY
Experiment

To simplify the analysis we will focus on just the I spins at the beginning of the
experiment. Due to symmetry, the evolution of the S spins can be easily calculated by
interchanging I and S in the following derivation. Setting ρ0 = Iz , gives the following

ρ
0

ρ
1

ρ
2

ρ
3

ρ
4

P x P x P yt 1 ∆

Figure 9.10. Double quantum filtered COSY (DQF-COSY) pulse sequence. All pulses are
90◦ pulses. The delay ∆ is just long enough to change the phase of the transmitter, or about
10 µsec. Consequently evolution of the density matrix during this period can be ignored. The
detected signal is given by Trace[ρ4(t)I

+].
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Figure 9.11. The density matrix during a DQF-COSY experiment. The evolution of the ele-
ments of the density matrix in the DQF-COSY experiment is shown. The density matrix just
before the second pulse is identical to that in the COSY experiment. The second pulse generates
double and zero quantum states, as indicated by the symbol ( ). These states also exist in the
COSY experiment, but were not detectable. The next density matrix, ρ3f is the filtered density
matrix with non-zero values for only the double quantum elements of the density matrix. These
elements are converted to detectable single quantum states by the last pulse. The filtering is
accomplished by either phase cycling or pulsed field gradients.

value for the density matrix just before the second pulse:

ρ2 = −Iycos(ωIt1)cos(πJt1) + 2IxSzcos(ωIt1)sin(πJt1)
+ Ixsin(ωIt1)cos(πJt1) + 2IySzsin(ωIt1)sin(πJt1)

(9.30)

The second pulse produces the following transformations of the individual density
matrices:

−Iy → −Iz (9.31)

Ix → Ix (9.32)

2IxSz → −2IxSy (9.33)

2IySz → −2IzSy (9.34)

In the COSY experiment, it was the last of the above terms, −2IzSy, that gave
rise to the crosspeak. In the DQF-COSY experiment, the only term that survives the
double-quantum filter is the 2IxSy . This particular density matrix actually contains
both double-quantum and zero-quantum elements:

2IxSy =
1
2

⎡
⎢⎢⎣

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

⎤
⎥⎥⎦ (9.35)

The removal of the zero-quantum terms can be accomplished by writing the above
density matrix in terms of the raising and lowering operators:

2IxSy = 2
1
2
(I+ + I−)

1
2i

(S+ − S−)

=
1
2i

[I+S+ − I+S− + I−S+ − I−S−] (9.36)

Two Dimensional Homonuclear J-Correlated Spectroscopy
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The density matrices I+S+ and I−S− are non-zero for only elements that repre-
sent double-quantum transitions while the matrices I+S− and I−S+ have only non-
zero elements that represent zero-quantum transitions. Consequently, after the double-
quantum filtering has occurred, the density matrix contains only the double-quantum
terms:

ρ3f =
1
2i

[I+S+ − I−S−]

=
1
2i

[(Ix + iIy)(Sx + iSy) − (Ix − iIy)(Sx − iSy)]

=
1
4
[2IxSy + 2IySx] (9.37)

The last pulse, P 90
y , transforms ρ3f to ρ(4):

[2IxSy + 2IySx]
P 90

y→ −[2IzSy + 2IySz] (9.38)

During detection, these terms evolve due to J-coupling to give detectable single-
quantum states:

2IzSy
J→ 2IzSycos(πJt2) − Sxsin(πJt2)

2IySz
J→ 2IySzcos(πJt2) − Ixsin(πJt2) (9.39)

The detectable single operator terms evolve with their respective chemical shifts:

−Sx
ωS→ −Sxcos(ωSt2) − Sysin(ωSt2)

−Ix
ωI→ −Ixcos(ωIt2) − Iysin(ωIt2)

If we include the amplitude factor that was generated during the t1 evolution time, as
well as the trigonometric terms from above, then the final signal is:

S(t1, t2) = cos(ωIt1)sin(πJt1)sin(πJt2)eiωSt2

+ cos(ωIt1)sin(πJt1)sin(πJt2)eiωIt2 (9.40)

The first of these two terms represents the crosspeak at (ωI , ωS) and the second rep-
resents the selfpeak at (ωI , ωI). The spectrum will also contain another crosspeak,
at (ωS , ωI), and selfpeak, at (ωS , ωS), which would be generated if the analysis was
started with ρo = Sz instead of Iz .

Note that both the crosspeak and the selfpeak have exactly the same evolution due
to J-coupling, specifically sin(πJt1)sin(πJt2). Consequently, the selfpeak and the
crosspeak will be found as anti-phase doublets that can both be phased to give pure
absorption lineshapes. This feature leads to a remarkable improvement in the appear-
ance of the DQF-COSY spectrum over that of the COSY spectrum, especially near the
diagonal (see Fig. 9.12).
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Figure 9.12 Double quantum filtered
COSY spectrum. A schematic dia-
gram of the DQF-COSY spectrum is
shown. All peaks are pure absorption
lineshapes, as illustrated by the spec-
trum shown in the lower half of the fig-
ure.
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9.4 Effect of Passive Coupling on COSY Crosspeaks
The previous discussion has focused on the two coupled spins, which define the

location of the crosspeak in the COSY or DQF-COSY spectrum. Because these two
protons define the location of the crosspeak, they are considered to be actively coupled.
The coupling of the active protons to other protons is described as passive coupling.
Passive coupling results in additional splitting of the anti-phase quartet. The origin of
this additional splitting can be easily seen by analyzing the influence of the passively
coupled spin on the evolution of the density matrix during t1 or t2. To simplify the
analysis, the density matrix associated with the COSY experiment will be used. The
same result is obtained for the DQF-COSY experiment.

As an example, consider the effect of passive Jαβ coupling on the crosspeak that is
generated from active coupling between an amide proton (S) and an alpha proton (I).
During t1, the two components of the density matrix that ultimately give rise to the
crosspeaks are:

2IzSy and 2IySz (9.41)

Two Dimensional Homonuclear J-Correlated Spectroscopy
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B Figure 9.13 Effect of passive coupling on
HN -Hα COSY peaks.

located at ωα and
ωHN .

tween the Hα proton and the Hβ pro-
ton. Note the in-phase splitting of the
peaks in the ωα dimension. There is no
splitting in the HN dimension because
the amide proton is not passively cou-
pled to any protons. Section C shows
the effect of a large passive coupling on
the appearance of the cross peak. This
often occurs in glycine residues where
the passive coupling between the two
geminal Hα proton (≈ 15 Hz) exceeds
the active coupling between the amide
and Hα proton. The effect of the pas-
sive coupling between the amide proton
and the other Hα proton on the cross-
peak pattern is not shown.

If the alpha proton is taken to be the I spin, then the term 2IzSy does not evolve due to
the coupling to the Hβ protons because the magnetization associated with the α proton

is along the z-axis (i.e. Iz
Jαβ→ Iz). In contrast, the 2IySz term does evolve due to the

Hα-Hβ coupling because the Hα spin is transverse. The evolution of this part of the
density matrix under the passive α-β coupling is as follows:

ρ′ = e+iπJαβIzKz2IySze
−iπJαβIzKz

= 2Sze
+iπJαβIzKzIye−iπJαβIzKz

= 2Sz[Iycos(πJαβt1) − IxKzsin(πJαβt1)] (9.42)

where K represents the Hβ proton. Only the 2SzIy part of this density matrix will be
detectable, therefore the second term (2SzIxKz) can be ignored. Combining evolution
due to active coupling and chemical shift gives the following for the final detected
signal of the crosspeak that originated with ρ = 2IySz:

S(t1, t2) = cos(πJαβt1)sin(πJαHN
t1)sin(ωIt1)sin(πJαHN

t2)eiωSt2 (9.43)

and for the other crosspeak that originated from ρ = 2IzSy:

S(t1, t2) = sin(πJαHN
t1)sin(ωSt1)cos(πJαβt2)sin(πJαHN

t2)eiωIt2 (9.44)

Note the association of the cos(πJαβt) term with the chemical shift evolution of the
I proton in both time domain signals. The Fourier transform of this function generates

Section A shows
the anti-phase quartet

The active coupling between these

the effect of a 4 Hz passive coupling be-
two protons is 9 Hz. Section B illustrates
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Figure 9.14. COSY crosspeaks of CH2 and CH3 groups. The COSY crosspeak for a proton
coupled to one (A), two (B) or three (C) equivalent protons. If the two actively coupled protons
are the α and β protons, then panel A corresponds to a threonine residue, panel B to a serine
residue, and panel C to an alanine residue. In the case of coupling to two equivalent protons
(panel B), the in-phase splitting generates two anti-phase doublets that overlap. Consequently,
the observed spectrum is the sum of these two. In the left section of this panel the two separate
anti-phase quartets have been displaced horizontally to show this cancellation. In the case of
coupling to a CH3 group (panel C), the third proton induces an additional in-phase splitting,
generating an octet of peaks with equal spacing.

an in-phase doublet, separated by Jαβ Hz, causing an additional splitting of the COSY
crosspeak at the Hα frequency, as shown in Fig. 9.13. Normally the passive coupling
is smaller than the active coupling. However, the passive coupling between the two
alpha protons on glycine is often larger than the active coupling to the amide proton.
Consequently, the COSY crosspeaks alternate in intensity, as shown in part C of Fig.
9.13. This feature provides a useful way of identifying glycine residues in COSY
spectra.

Passive coupling is also observed when a proton is coupled to two or more equiv-
alent protons. In this case the coupling to one of the equivalent protons is considered
to be the active coupling, generating the anti-phase quartet crosspeak, and the cou-
pling to the other proton(s) is considered to be passive, generating additional in-phase
splittings. This situation leads to a distinctive pattern of uniform peak spacings for
coupling to equivalent CH2 and CH3 groups, as shown in Fig. 9.14. The appearance
of the crosspeak in the latter case provides a way of identifying resonance associated
with methyl groups in COSY spectra.

9.5 Scalar Correlation by Isotropic Mixing: TOCSY
In the case of smaller proteins (<8 kDa), the COSY experiment can be used to

identify the complete network of coupled protons within an amino acid residue by the
detection of pair-wise interactions. However, as the protein size increases the region
of the spectrum that contains correlations between side-chain protons is often quite
crowded, making it difficult to identify all of the coupled protons. In addition, the
anti-phase nature of the crosspeaks leads to a reduction in the signal-to-noise since the
individual anti-phase peaks within the COSY crosspeak destructively interfere with
each other. This problem becomes more severe as the size of the protein increases due

Two Dimensional Homonuclear J-Correlated Spectroscopy
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Figure 9.15 COSY versus
TOCSY Lineshapes. A
cross-section through an anti-
phase (COSY) and an in-
phase (TOCSY) doublet is
shown for a J-coupling of 7
Hz. The lines broaden as the
spin-spin relaxation time (T2)
decreases. The lowest curve
corresponds to a ≈8 kDa pro-
tein while the highest curve
corresponds to a ≈50 kDa
protein.

to an increase in linewidth, as illustrated in Fig. 9.15. For small couplings, such as
the HN-Hα coupling in α-helices, it may be difficult to observe crosspeaks in COSY
experiments when the molecular weight of the protein exceeds 10 kDa.

The TOCSY, or TOtal Correlation SpectroscopY,, introduced by Braunschweiler
and Ernst [24], solves both of the deficiencies associated with COSY spectra. First, the
crosspeaks are composed of lines that are all positive absorption mode, thus preventing
the loss of signal via destructive interference (see Fig. 9.15). Second, the chemical
shift information of one proton within a spin-system is relayed to all other protons
within the spin system. This relay occurs by the sequential transfer of magnetization
through the coupled network of spins. For example, a TOCSY peak between the HN

and Hβ spin would occur via a two step process. The magnetization that is labeled
with the chemical shift of the amide proton would first be passed to the Hα proton via
JHNHα coupling, and then to the Hβ proton via JHαHβ coupling. During t2, this mag-
netization would precess at the chemical shift of the Hβ proton, generating a crosspeak
at (ωHN, ωHβ). Consequently, crosspeaks associated with the side-chain protons are
moved into the relatively sparse amide region of the proton spectrum where individual
resonances can be more readily identified.

The TOCSY experiment can also be applied to other spins besides protons. For
example, it is possible to exchange magnetization between coupled carbon spins us-
ing this technique. Carbon TOCSY experiments play an important role in obtaining
chemical shift assignments of sidechain carbons and protons. In the following sections
we will investigate the transfer process with little emphasis on the implementation of
actual pulse sequences until Chapter 13.

9.5.1 Analysis of TOCSY Pulse Sequence
A simple version of the TOCSY pulse sequence is shown in Fig. 9.16. This pulse

sequence consist of an initial 90◦ pulse, a frequency labeling time (t1), followed by a
long series of 180◦ pulses that are applied to all of the coupled spins1. The 180◦ pulses
prevent evolution of the magnetization by chemical shift during the mixing time. Con-

1Decoupling, in contrast, involves the application of pulses to only one of the coupled partners.
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Figure 9.16 TOCSY pulse sequence.
The TOCSY pulse sequence is shown
in the top of the diagram. Like
all other two-dimensional sequences it
contains a preparation, t1 frequency la-
beling, mixing, and t2 detection peri-
ods. The length of the mixing period
is τ and is illustrated here as a train of
180◦ pulses. In practice it is a series
of phase alternated pulses whose net ef-
fect is a rotation of the magnetization
by 180◦. The lower half of the diagram
illustrates the fact that each 180◦ pulse
refocuses chemical shift evolution, re-
moving this term from the Hamiltonian.

sequently, the system only evolves under J-coupling during this period, causing trans-
fer of magnetization between coupled spins.

The suppression of chemical shift evolution during the mixing period is accom-
plished by a spin-echo sequence: δ−180◦− δ. During the first δ period the transverse
spins will precess by an angle ωoδ:

Mx = cos(ωoδ), My = sin(ωoδ), or in complex notation: M = eiωoδ

The 180◦ pulse rotates the magnetization about the x-axis, placing it in the fourth
quadrant. In the complex representation, the 180◦ pulse negates the phase angle,
giving the following for the magnetization after the 180◦ pulse:

Mx = cos(ωoδ), My = −sin(ωoδ), M = e−iωoδ

During the second δ period, the magnetization precesses through an angle ωoδ, bring-
ing it back to its original starting point, along the x-axis. In complex notation the
overall process can be written as:

ei0 δ−→ e+iωoδ 180◦
−→ e−iωoδ δ−→ e−iωoδe+iωoδ = 1 (9.45)

These transformations are illustrated in the lower part of Fig. 9.16.
Since the time evolution of the system depends on the Hamiltonian:

dΨ
dt

≈ HΨ (9.46)

the lack of precession due to chemical shift implies that the term of the Hamiltonian
that drives chemical shift evolution is effectively zero during the mixing time. There-
fore, the only remaining term in the Hamiltonian is the scalar coupling between spins:

H = 2πJI · S = 2πJ [IxSx + IySy + IzSz] (9.47)

Previously, in the analysis of the COSY experiments, we had dropped the IxSx and
IySy terms because the J-coupling was a small contribution to the overall energy of

Two Dimensional Homonuclear J-Correlated Spectroscopy
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the system. However, during the TOCSY mixing time it is necessary to keep all three
(x, y, z) terms of the above dot product, hence the name “isotropic” mixing.

To describe the evolution of the system under the effective Hamiltonian it is neces-
sary to develop new eigenvectors and the associated description of the density matrix.
This derivation is beyond the scope of this text, but the results are summarized here
for two coupled spins. A more complete description can be found in [53].

The density matrix can be described by new ’product’ operators that are formed by
taking combinations of the familiar Cartesian product operators:∑

α

=
1
2

[Iα + Sα] ∆α =
1
2

[Iα − Sα]

∑
αβ

= [IαSβ + IβSα] ∆αβ = [IαSβ − IβSα]
(9.48)

where α, β, γ = x, y, z, e.g. ∆xy = [IxSy − IySx]

The evolution of ∆α under J-coupling is as follows:

∆α → ∆αcos(2πJτ) + ∆βγsin(2πJτ) (9.49)

where τ is the entire mixing period. In contrast, neither
∑

α or
∑

αβ evolve under
J-coupling.

9.5.1.1 Evolution of Magnetization
At the end of the t1 period the density matrix associated with spin I can be repre-

sented, using Cartesian product operators, as:

Ixsin(ω1t1)cos(πJt1) (9.50)

Ix can be converted to the new ∆,
∑

representation as follows:

Ix =
∑

x

+∆x (9.51)

The evolution of Ix during the mixing time, τ , is given by:∑
x

+∆x →
∑

x

+∆xcos(2πJτ) + ∆yzsin(2πJτ) (9.52)

Converting this expression back to the Cartesian form at the end of the mixing period
gives:

Ix =
1
2
Ix [1 + cos(2πJτ)] +

1
2
Sx [1 − cos(2πJτ)] + (IySz − IzSy)sin(2πJτ)

= Ixcos2(πJτ) + Sxsin2(πJτ) + (IySz − IzSy)sin(2πJτ) (9.53)

The above shows that during the mixing time, magnetization has been transferred
from one spin (Ix ) to the other coupled spin (Sx). The transfer is weighted by the
original amplitude factor of Ix (Eq. 9.50):

[sin(ω1t1)cos(πJt1)] (9.54)

.
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Figure 9.17. TOCSY - isotropic mixing of Iz . This pulse sequence will transfer magnetization
from spin I to S by mixing of magnetization along the z-axis. This experiment is a simplified
version of the experiment presented by Rance and Cavanagh [136]. The y-pulse at the end of
t1 converts IxcosωIt1 to IzcosωIt1. This magnetization is subsequently transferred to the S
spin, giving Szcos(ωIt1) at the end of the mixing time. The third 90◦ pulse converts Sz to −Sy

prior to detection. This sequence will also convert Iy , which is also present at the end of t1, to
Sy . The transverse component would have to be removed by phase cycling.

So the density matrix of the second spin, after the mixing time, is represented by:

Sx[sin(ωIt1) cos(πJt1)]sin2(πJτ) (9.55)

where the set of terms in square brackets represent the original amplitude modulation
of the Ix term and the sin2(πJτ) represents the magnetization transfered during the
mixing time.

Sx will evolve under chemical shift and J coupling to give as a final detected signal:

S(t1, t2) = sin2(2πJτ)[sin(ωIt1)cos(πJt1)]cos(πJt2)eiωSt2 (9.56)

Fourier transformation of this signal will give a crosspeak at (ωI , ωS). Note that in
contrast to the COSY experiment, the J-coupling term now appears as cos(2πJt) in
both time dimensions. Since the Fourier transform of cosine gives a pair of positive
peaks, the entire TOCSY crosspeak is positive, as indicated in Fig. 9.15.

The above analysis demonstrates transfer of magnetization from the x-component
of spin I to the x-component of spin S. However, by simply changing the indices
(e.g. replace x with y) it should be clear that exactly the same transfer would occur
between the y- or z-components of the magnetization. This behavior is predicted from
the effective Hamiltonian, which has no preferred direction. Consequently, the pulse
train in the mixing time is usually referred to as an isotropic mixing sequence because
it is capable of transferring magnetization along any axis. For example, the sequence
shown in Fig. 9.17 would generate crosspeaks by causing transfer of magnetization
from Iz to Sz during the mixing time.

9.5.2 Isotropic Mixing Schemes
Efficient isotropic mixing requires that the pulse sequence used to generate the ef-

fective Hamiltonian (2πJI · S) is independent of the chemical shifts of the coupled
spins. Since the series of π pulses used in Fig. 9.16 can also behave as decoupling
sequences, it is not surprising then that the decoupling schemes discussed in Sec-
tion 7.4 also function as isotropic mixing sequences with the same relative efficiency
and bandwidth. The performance of various pulse sequences for isotropic mixing has
been carefully analyzed by Glaser and Drobny [62]. For proton isotropic mixing, the

Two Dimensional Homonuclear J-Correlated Spectroscopy
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Figure 9.18 Transfer efficiency of
DIPSI and FLOPSY sequences. The
transfer efficiency of DIPSI-2, -3, and
FLOPSY-8 is shown as a function of
the mixing time. The sample was 13C
labeled acetate, a B1 field strength of
7.93 kHz was used, and the transmitter
was placed halfway between the C=O
and methyl lines. The J-coupling con-
stant for these two spins is 53 Hz, there-
fore 1/(2J) = 9.4 msec. Ten cycles cor-
responds to isotropic mixing times of
36.4 msec, 68.2 msec, and 29.7 msec,
for DIPSI-2, DIPSI-3, and FLOPSY-8,
respectively. Data was obtained from
[74]..

DIPSI-2 sequence has superior performance over WALTZ-16 and should be used in
any proton-proton TOCSY experiments. In addition, DIPSI-2 can be used to transfer
either transverse (Ix) or longitudinal magnetization (Iz) [139].

DIPSI-2 and DIPSI-3 sequences have been widely used for carbon TOCSY exper-
iments, see for example Kay et al [85] or Bax et al [9]). Shaka [74] has developed
an isotropic mixing sequence, FLOPSY-8, that gives optimal transfer of longitudi-
nal magnetization. Although the figure of merit2 of FLOPSY-8 is approximately 1.0,
which is somewhat worse than DIPSI-2 or -3, the efficiency of transfer is considerably
better, as illustrated in Fig. 9.18. In addition, the sequence is less sensitive to off-set
effects within its bandwidth (see below).

9.5.3 Time Dependence of Magnetization Transfer by
Isotropic Mixing

The optimal transfer time can, in principle, be obtained from the transfer function:

sin2(πJτ) (9.57)

In practice, the effective J-coupling between coupled spins depends on the frequencies
of the two coupled spins relative to the transmitter. In general, as the frequency differ-
ence between the coupled spins increases the effective J-coupling decreases, therefore
longer mixing times are required for optimal transfer. In the case of isotropic mixing
using DIPSI-3, the effective J-coupling, Jeffective , is approximately [148, 9]:

Jeffective ≈ J

[
1 − (1 − cos(θ))

√
8
3

]
(9.58)

where θ is the angle between the spins in the rotating frame (see the discussion on
the rotating frame, Chapter 1). This function is plotted in Fig. 9.19. The effective

2See Section 7.4.3.
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ing. The effective J-coupling is obtained by multiplying
the true J-coupling by the indicated correction factor. δ
is the frequency difference between the position of the
resonance line and the transmitter. ν is the intensity of
the B1 field that is used for isotropic mixing. This plot
assumes that the transmitter is placed half-way between
the two coupled spins. For example, if a 10 kHz B1 field
was used and the resonance lines for the coupled spins
were 4 kHz apart, δ would be 2 kHz, and δ/ν would be
0.2, giving Jeffective ≈ 0.87 J.

J-coupling values are higher for FLOPSY-8 than for DIPSI-3 [74]. Hence, the transfer
times will be shorter if FLOPSY-8 is used for isotropic mixing (see Fig. 9.18).

9.5.3.1 TOCSY Transfer Times in Amino Acids
The time dependence of proton-proton transfer in alanine is shown in Fig. 9.20

and that for carbon-carbon transfer in threonine is shown in Fig. 9.21. The time
dependence of transfer for additional amino acid residues can be found in [29] for
proton-proton transfers, and in [9, 35] for carbon-carbon transfers.

Both figures 9.20 and 9.21 show that it is possible to efficiently transfer magneti-
zation to distant spins within the same residue (spin system). As anticipated from the
size of the coupling constants, transfer of magnetization between coupled protons re-
quires a longer mixing time than the transfer between coupled carbons. Consequently,
the transfer of magnetization via proton-proton coupling will be relatively less effi-
cient in larger proteins due to the shorter T2 relaxation time (Compare the right side
of Fig. 9.20 to dashed lines on Fig. 9.21).

The secondary structure of a residue has a large effect on the ability to transfer
magnetization from the amide proton to the side-chain. Residues in an α-helical con-
formation possess a small J-coupling between the amide and the Hα proton. This
weak coupling greatly inhibits the transfer of magnetization from the amide proton to
the remaining protons (compare the solid and dotted lines in Fig. 9.20). In contrast,
since the carbon-carbon couplings are insensitive to secondary structure, the transfer
of magnetization in carbon-carbon TOCSY is also insensitive to secondary structure.

In summary, a proton-proton TOCSY can be used to obtain a large number of cor-
relations between the amide proton and the sidechain protons for smaller proteins, up
to a size of ≈ 12-15 kDa. For proteins in the range of 20-25 kDa it would be possible
to observe such cross peaks for residues in β-sheets. However, a poor signal-to-noise
ratio may prevent the observation of transfers between distant spins, such as between
the amide proton and the Hδ protons in isoleucine. In contrast, the transfer of carbon
magnetization by isotropic mixing is much more robust than with protons due to the
larger and more uniform carbon-carbon coupling constants.

Two Dimensional Homonuclear J-Correlated Spectroscopy
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Figure 9.20. Effect of TOCSY mixing time on transfer efficiency. The effect of mixing time on
the transfer of magnetization from the amide proton to the Hα proton (upper two panels) and
Hβ protons (lower two panels) of alanine are presented. The x-axis is the length of the isotropic
mixing sequence, and the y-axis is the relative intensity of the crosspeak. The original intensity
of the amide proton was 1.0. The solid line shows the transfer efficiency when JHN−Hα is 10
Hz (i.e. β-strand) and the dashed line shows the transfer efficiency when J HN−Hα is 4 Hz
(i.e. α-helix). The left-hand panels show typical data for a ≈ 8 kDa protein and the right-hand
panels represent transfer efficiencies for a ≈ 25 kDa protein. The transfer efficiencies, in the
absence of relaxation, are from [29]. The effect of relaxation was simulated by multiplying the
data by e−t/T2 .
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Figure 9.21 Carbon-carbon TOCSY
transfer. The transfer rate of magneti-
zation from the α-carbon of threonine
to its β- or γ-carbon is shown for an
8 kDa (solid line), a 25 kDa (dashed
line) or a 50 kDa protein (dotted line).
The transfer efficiencies, in the absence
of relaxation, were from Bax et al [9]:
JCαCβ = 35 Hz, JCβCγ = 19 Hz.
The effect of relaxation was simulated
by multiplying the data by e−t/T2 .

9.6 Exercises
1 Sketch the complete COSY spectra of the following tri-peptide: Gly-Ala-Val, as-

suming that it is contained within a larger polypeptide sequence. Assume that the
protein is in H2O and that all passive couplings are zero, with the exception of
equivalent protons in methyl groups or the two Hα protons. You can also assume
that all couplings are 10 Hz, except that for the geminal protons of glycine, which
are 15 Hz. The following table gives the chemical shifts of the protons for these
three residues:



195

Residue HN Hα Hβ Hγ

Gly 7.00 4.00, 4.50
Ala 8.00 5.00 1.25
Val 6.00 3.75 3.50 0.75, 1.00

2 Add to your sketch the crosspeaks that would appear in a TOCSY spectrum.

3 How would the COSY or TOCSY spectra change if the sample was placed in
D2O?

9.7 Solutions
1 The two-dimensional COSY spectrum is shown in Fig. 9.22.

2 The TOCSY spectrum is shown in Fig. 9.22.

3 The amide protons would replaced by deuterons. Therefore all crosspeaks that
involved the amide proton would disappear from the spectrum.
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Figure 9.22 COSY Spec-
trum. The location of the
self- and cross-peaks in the
COSY spectrum are indicated
by solid circles. TOCSY
peaks are colored gray.
The solid lines join peaks
from the alanine residue,
the dashed line joins peaks
from the glycine residue, and
the dashed line joins peaks
associated with the valine
residue. The fine structure
of selected crosspeaks have
been enlarged and labeled.
Crosspeak A corresponds to a
pair of spins with no passive
coupling. Crosspeak B is
typical of glycine HN -Hα

crosspeaks, and reflects the
passive coupling between the
two Hα protons. Crosspeak
C corresponds to the peak
between the Hα proton and
the methyl protons of alanine.
This peak is split due to
passive coupling with the Hβ

protons.
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Chapter 10

TWO DIMENSIONAL HETERONUCLEAR
J-CORRELATED SPECTROSCOPY

10.1 Introduction
The experiments discussed in the previous chapter were directed at elucidating cor-

relations between J-coupled homonuclear spins, such as protons or carbons. It is also
possible to detect correlations between protons and their attached heteronuclear spins,
such as nitrogen and carbon, using heteronuclear J-correlated spectroscopy.

Advantages of Heteronuclear NMR: There are a number of advantages associated
with combining information from heteronuclear spins with that from protons in bio-
molecular NMR studies, including:

1. The chemical shifts of the heteronuclear spins are more disperse than proton chem-
ical shifts, thus reducing the overlap of spectral peaks (see chapters 1 and 13).

2. The relaxation properties of the heteronuclear spin can be easier to interpret than
the relaxation of the proton spins, facilitating measurements of protein dynamics
(see Chapter 19).

3. The fixed distance between the proton and the heteronuclear spin facilitates the
measurement of bond orientations using residual dipolar couplings, providing an
important constraint in structure determination (see Chapter 16).

4. The one-bond coupling between the amide nitrogen and the carbonyl carbon pro-
vides a means to link amino acid spin-systems, facilitating resonance sequential
assignments (see Chapter 14).

Sensitivity of Heteronuclear NMR: Unfortunately, the resonance signal from het-
eronuclear spins is significantly less intense than that from protons. The relative sen-
sitivity of the signal from heteronuclear spins is given by [53]:

γ
5
2
X/γ

5
2
H (10.1)
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The dependence of the sensitivity on γ is due to two factors. First, a lower γ reduces
the population difference between the ground and excited quantum states by a factor
that is proportional to γ, as indicated by the Boltzmann distribution. Second, the
detection of the precessing magnetization is more sensitive for higher frequency spins,
by a factor of γ

3
2 .

In most applications of heteronuclear NMR, the protein or nucleic acid in the sam-
ple is enriched by biosynthetic incorporation of 13C glucose and 15N ammonium to an
isotopic enrichment level of 100%. With this level of isotopic enrichment, the sensitiv-
ity for 13C is 32 fold less than protons. The situation is worse for 15N, with a 300 fold
reduction in sensitivity. Consequently, most heteronuclear NMR experiments are de-
signed to transfer the intense spin polarization of the proton to the heteronuclear spin.
The sensitivity of the experiment is increased further by returning the magnetization
back to the proton for detection at the end of the experiment.

The sensitivity of these experiments can be further increased by decoupling the
proton-heteronuclear interaction during periods of chemical shift evolution. The de-
coupling collapses the quartet crosspeak into a singlet, in principal increasing the sig-
nal by a factor of four. Unfortunately, the expected intensity gains that arise from de-
coupling are not always realized. Each of the peaks in the quartet relaxes at a different
rate. The decoupling process mixes, or averages, these relaxation rates. Consequently,
decoupling decreases the average spin-spin (T2) relaxation time of the observed peak.
Shorter T2 times result in increased linewidths of the peaks, degrading both resolution
as well as the signal-to-noise. In the case of smaller proteins (<30 kDa), this effect
is small and decoupling leads to an almost four fold increase in intensity. In larger
proteins (≥50 kDa), averaging of the relaxation rates leads to a significant increase
in linewidth and loss of signal during magnetization transfer (mixing) periods. Re-
cently, methods have been devised to select only the narrowest member of the quartet
for detection, thus increasing the sensitivity and resolution of heteronuclear experi-
ments in large proteins. The general name for this technique is Transverse Relaxation
Optimized SpectroscopY, or TROSY. An introductory analysis of this important ex-
perimental technique is presented in Chapter 15.

10.2 Two Dimensional Heteronuclear NMR Experiments
There are three two-dimensional heteronuclear correlation experiments in common

use: the heteronuclear multiple quantum coherence (HMQC) experiment [10], the
heteronuclear single quantum coherence (HSQC) experiment [21], and the refocused-
HSQC experiment [12]. An example of a two-dimensional 1H-15N HSQC spectrum
of a 130 residue protein is shown in Fig. 10.1.

Although these three experiments all generate crosspeaks that correlate the proton
and heteronuclear chemical shifts, the experiments differ in the state of the density
matrix that evolves during the t1 (heteronuclear) labeling period. In the case of the
HMQC experiment a double-quantum state evolves (IxSx), the HSQC experiment
evolves as an anti-phase single-quantum state (IzSx), while in the refocused-HSQC
experiment the heteronuclear magnetization evolves as pure in-phase magnetization
(Sx). Since each of these terms relax at different rates, the linewidths of the resonance
peaks in the heteronuclear dimension differ. In the case of proteins, the refocused-
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Figure 10.1. Two-dimensional 1H-15N-HSQC spectrum. A two-dimensional HSQC spectrum
of a 130 residue protein is represented as a contour plot. The one-dimensional proton and
nitrogen spectra are shown on the left side and top of the plot, respectively. Each crosspeak
represents a signal from a single N-H pair. Each peak is a singlet because there is no evolution
due to J-coupling during both t1 and t2 periods. The pairs of peaks connected by vertical lines
indicate NH2 groups from Gln and Asn groups. The two amide protons share the same nitrogen,
consequently both peaks have the same nitrogen shift. The HMQC experiment would be almost
identical in appearance.

HSQC experiment produces the narrowest lines, followed by the HSQC experiment,
and lastly the HMQC experiment. Nevertheless, the HMQC experiment can be the
most sensitive of the three because it has the fewest number of RF-pulses.

Each of the above experiments will be discussed in more detail using the product
operator notation. In this analysis, the proton spin will be represented by I and the
heteronuclear spin by S.

10.2.1 HMQC Experiment
The heteronuclear multiple-quantum correlation experiment (HMQC) is shown in

Fig. 10.2. The most substantial technical difference between this experiment and the
homonuclear experiments discussed in Chapter 9 is the use of RF-pulses that inde-
pendently alter the proton or heteronuclear magnetization. Independent excitation of
the different spins allows greater flexibility in manipulation of the spins during the
experiment.

Two Dimensional Heteronuclear J-correlated Spectroscopy
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∆ ∆
H1

2 d1 do:f2 ;Relaxation Delay(d1), Nitrogen decoup. off(do:f2)
3 pl2:f2 ;Return N-15 transmitter to high power (level=pl2).
4 (p1 ph0):f1 ;First Pulse, applied to protons on channel 1 (f1)
5 Delta ;Polarization Transfer Delay
6 (p2 ph0):f2 ;Nitrogen pulse, on channel 2 (f2).
7 d0 ;First Half of Nitrogen evolution time.
8 (p1*2 ph0):f1 ;Refocusing 180 (2 x 90) pulse on protons.
9 d0 ;Second half of Nitrogen evolution time.
10 (p2 ph0):f2 ;Second Nitrogen pulse
11 Delta pl12:f2 ;Second Delta, N-15 power lowered to Pl12 for decoupling.
12 go=2 ph31 cpd2:f2 ;Acquire FID with decoupling applied to Nitrogen

;Loop to label 2 until n scans are acquired.

Figure 10.2. HMQC pulse sequence. The upper part of this figure shows the HMQC pulse
sequence while the lower part gives a portion of the pulse program code. The pulse program
code has been included to illustrate the application of pulses to separate channels and the imple-
mentation of decoupling. In the pulse sequence (upper diagram), the upper series of pulses are
applied to the proton (I) spins while the lower series of pulses are applied to the heteronuclear
(S) spins, which are 15N in this example. The sequence would be identical for 13C spins, with
the appropriate change of the delay ∆. The narrow bars correspond to 90◦ pulses and the wide
bar is a 180◦ pulse. The time period ∆ is nominally set to 1

2J
. Decoupling is applied during

acquisition of the proton signal in t2. The decoupling scheme is usually WALTZ-16 in the case
of 15N or GARP-1 in the case of 13C.
In the pulse program code, f1 is the proton frequency channel and f2 is the nitrogen frequency
channel. In this example, all pulses are applied along the x-axis. In practice they would be
phase cycled. The command pl12:f2, on line 11, changes the power level (pl) of the nitrogen
channel from high power to a lower level that is appropriate for decoupling. The command
cpd2:f2 , on line 12, turns on the decoupler during acquisition of the proton FID. After the FID
is acquired, the decoupler is turned off at the beginning of the relaxation delay of the next scan
(line 2) and the power of the nitrogen channel is reset to high power level for the two nitrogen
pulses (line3).

10.2.1.1 Analysis of the HMQC Experiment
The HMQC sequence can be divided into five distinct steps:

A ρ0 Initial density matrix.
B ρ1 → ρ3 Transfer of proton polarization to the nitrogen.
C ρ3 → ρ4(t1) Recording the nitrogen chemical shift during t1.
D ρ5 → ρ6 Transfer of nitrogen magnetization back to the proton.
E ρ6 → ρ6(t2) Detection of proton magnetization, amplitude modulated by eiωN t1 .
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A: Initial Density Matrix.
The initial density matrix is:

ρo = γHIz + γNSz (10.2)

where I refers to the protons and S the heteronuclear spin, which is nitrogen in this
example. The gyromagnetic ratios have be introduced here to account for the differ-
ence in the proton and heteronuclear spin populations that result from the different
energy separation between the ground and the excited states. A careful analysis of the
evolution of the γNSz throughout this pulse sequence will show that this term does
not generate any detectable magnetization. The gyromagnetic ratio for nitrogen, γN ,
is 1/10 the size of γH , thus the contribution from the initial nitrogen magnetization to
the final signal is generally minimal, and will be ignored here.

B: Transfer of Proton Polarization to the Nitrogen.
The first 90◦ pulse on the protons will generate transverse proton magnetization, this
will evolve under heteronuclear J-coupling, as follows:

γHIz
P90−→ −γHIy

J−→ −γHIycos(πJ∆) + γH2IxSzsin(πJ∆) (10.3)

If ∆ is set to 1
2J , then:

cos(πJ∆) = 0 sin(πJ∆) = 1 (10.4)

consequently the cosine term disappears, leaving:

ρ2 = γH2IxSz (10.5)

This density matrix also evolves due to the proton chemical shift because the proton
magnetization is transverse, giving:

ρ2 = γH2Sz[IxcosωI∆ + IysinωI∆] (10.6)

However, this evolution will be canceled by the symmetrically placed, equivalent de-
lay, on the other side of the proton π pulse (see below). Consequently, chemical shift
evolution of the protons will be ignored in this interval and only the γH2IxSz term
will be followed.

The second 90◦ pulse, applied only to the nitrogen spins gives:

ρ3 = γH2IxSy (10.7)

The presence of the Sy term indicates that the nitrogen has become excited. The
intensity of the excited nitrogen state depends on the initial proton polarization, repre-
senting transfer of the proton polarization to the nitrogen spin. Note that this product
operator represents a multiple (double) quantum transition, hence the name of this
experiment.

Two Dimensional Heteronuclear J-correlated Spectroscopy
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C: Recording the Nitrogen Chemical Shift.
The density matrix ρ3 has the potential to evolve during t1 under the influence of
all three terms of the Hamiltonian: J-coupling, proton chemical shift, and nitrogen
chemical shift. It will be shown below that there is no evolution of double quantum
terms via J-coupling. In addition, the proton chemical shift evolution will be refocused
by the proton 180◦ pulse. Thus, the only net change of ρ3 is due to evolution by the
nitrogen chemical shift.

Effect of J-coupling on ρ3: The general rule is that density matrices that are repre-
sented by the product of two transverse operators, such as, 2IxSx, 2IySy , 2IxSx, etc.
do not evolve due to J coupling, specifically:

ρ′ = eiJπIzSzρ e−iJπIzSz

= ρ

To show that the above holds, consider the example, ρ = 2IxSy. Evolution of this
density matrix under J-coupling for a period arbitrary time τ gives:

2IxSy
J→ 2(Ixcosφ + 2IySzsinφ)(Sycosφ − 2IzSxsinφ)
= 2[IxSycos2φ − 2IxIzSxcosφsinφ

+ 2IySzSysinφcosφ − 4IyIzSzSxsin2φ] (10.8)

(φ = πJτ ). This expression can be simplified by reducing the three and four product
operators (e.g. IyIzSzSx) to pairs of product operators. For example,

SzSx =
1
2

[
1 0
0 −1

]
1
2

[
0 1
1 0

]
=

1
4

[
0 1
−1 0

]
= −i

1
2
Sy (10.9)

The general expression for the above is: IαIβ = i
2Iγ . Where α, β, γ are cyclic

permutations of x, y, z. If the order is reversed, the sign changes, IβIα = − i
2Iγ .

Using these expressions:
4IyIzSzSx = 4(

i

2
Ix)(

i

2
Sy) = −IxSy

2IxIzSx = 2(− i

2
Iy)Sx = −iIySx

2IySzSy = 2Iy(− i

2
Sx) = −iIySx

Substituting all of the above into the original equation gives,

2IxSy
J→ 2[IxSycos2φ − 2IxIzSxcosφsinφ

+ 2IySzSysinφcosφ − 4IyIzSzSxsin2φ]
= 2[IxSycos2φ + iIySxcosφsinφ − iIySxsinφcosφ + IxSysin2φ]
= 2IxSy

Therefore, the ρ3 is unchanged by scalar coupling during t1.
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Proton Evolution During t1 - The Spin Echo: The general rule is that a 180◦ pulse
placed in the middle of an interval will result in no net evolution of the density ma-
trix via chemical shift. In the case of the HMQC sequence, the 180◦ pulse in the t1
evolution time is placed symmetrically; the evolution time before this pulse equals
the evolution time after the pulse. Therefore the 180◦ pulse will refocus any proton
chemical shift evolution. This pulse sequence element is called a spin-echo, because
the diverging transverse proton magnetization de-phases during the period before the
pulse and then re-phases by the end of the time period after the pulse, forming an echo
of the original magnetization.

Consider an arbitrary time period, τ , followed by a 180◦ pulse, and then another τ
period: τ − 180◦ − τ . Beginning with ρ3 = 2IxSy , the evolution due to the chemical
shift portion of the Hamiltonian prior to the 180◦ pulse is given by (setting φ = ωIτ ):

ρ′3 = eiωIIzτρ3e
−iωIIzτ

= 2SyeiωIIzτIxe−iωIIzτ

= 2Sy[Ixcos(φ) + Iysin(φ)] (10.10)

The 180◦ pulse applied along the x-axis to the protons will give:

2Sy[Ixcos(φ) + Iysin(φ)] P180→ 2Sy[Ixcos(φ) − Iysin(φ)] (10.11)

This product operator will evolve during the period after the pulse as follows:

2Sy[Ixcos(φ) − Iysin(φ)] ωI→ 2Sycos(φ) [Ixcos(φ) + Iysin(φ)]
−2Sysin(φ) [Iycos(φ) − Ixsin(φ)](10.12)

This can be simplified as follows:

ρ′3 = 2Sy[Ix(cos2(φ) + sin2(φ))] − 2Sy[Iycos(φ)sin(φ) − Iycos(φ)sin(φ)]
= 2IxSy (10.13)

This result is equivalent to the original density matrix, therefore no net evolution due
to the proton chemical shift has occurred during the τ − 180◦ − τ period. Since τ can
be any arbitrary length, this analysis applies to proton evolution during the ∆ periods
as well as during t1.

Evolution due to Nitrogen Chemical Shift: The density matrix, ρ3 = 2IxSy evolves
with the nitrogen chemical shift as follows:

2IxSy
ωSt1→ 2Ix[Sycos(ωSt1) − Sxsin(ωSt1)] (10.14)

Therefore the final density matrix after t1 is simply:

ρ4(t1) = 2IxSycos(ωSt1) − 2IxSxsin(ωSt1) (10.15)

Note that the density matrix is now amplitude modulated, carrying information on the
nitrogen frequency.

Two Dimensional Heteronuclear J-correlated Spectroscopy
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D: Transfer of Magnetization back to the Proton.
The second 90◦ degree pulse that is applied to the nitrogen produces ρ5,

ρ5 = 2IxSzcos(ωSt1) − 2IxSxsin(ωSt1) (10.16)

The term, 2IxSx represents double quantum coherence which cannot be detected and
will therefore be ignored. The refocusing period, ∆, will transform the single-quantum
elements of the density matrix as follows:

2IxSzcos(ωSt1) → [2IxSzcos(πJ∆) + Iysin(πJ∆)] cos(ωSt1) (10.17)

Recall that since ∆ = 1
2J , the only term that remains at the beginning of signal detec-

tion is:

ρ6 = Iycos(ωSt1) (10.18)

Again, the proton chemical shift evolution during this period can be ignored. Specif-
ically, the proton chemical shift evolution that occurred during the first ∆ period is
refocused during the second ∆ period because of the 180◦ proton pulse in the center
of the t1 period.

E: Detection.
Decoupling prevents the evolution of the system under J-coupling, thus during the
detection period, the density matrix evolves as:

ρ6(t) = cos(ωSt1)[Iycos(ωIt2) − Ixsin(ωIt2)] (10.19)

Giving a detected signal of:

S(t1, t2) = γHcos(ωSt1)eiωIt2 (10.20)

10.2.2 HSQC Experiment
The principal difference between the heteronuclear single-quantum correlation ex-

periment (HSQC) and the HMQC experiment discussed above is the fact that the den-
sity matrix during the t1 evolution period is represented by 2IzSx instead of 2IxSx.
The 2IzSx term represents a singly excited state, hence the name of this sequence.

The HSQC pulse sequence is shown in Fig. 10.3. This sequence can be divided
into the same five segments that were used to describe the HMQC experiment.

A: Initial Density Matrix.
The initial density matrix is: ρo = γHIz + γNSz . For reasons stated in the analysis
of the HMQC experiment, the contribution from the heteronuclear spin, γNSz , can be
ignored. Furthermore, the γH constant will also be dropped.
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Figure 10.3. HSQC pulse sequence. The top set of pulses are applied to the protons and
the lower set of the pulses are applied to the heteronuclear spins (15N in this illustration)
via a separate radio-frequency channel. Narrow bars correspond to 90◦ pulses and wider bars
represent 180◦ pulses. The delay τ is nominally set to 1

4J
. Polarization transfer periods

(INEPT) are labeled and include the simultaneous proton and nitrogen 90◦ pulse.

10.2.2.1 B: Polarization Transfer - First INEPT.
The first polarization transfer period is referred to as an INEPT1 transfer and the

second polarization period is often referred to as a reverse-INEPT transfer because
the magnetization associated with the insensitive spins is transfered back to the at-
tached proton by the same mechanism. For simplicity, the term INEPT will be used to
describe this method of magnetization transfer, regardless of the direction of magne-
tization transfer. The first 90◦ proton pulse converts Iz (ρo) to −Iy. Evolution of the
proton chemical shift during the remaining part of this period can be ignored because
it is a spin-echo sequence (τ − 180◦ − τ ). Therefore, it is only necessary to consider
evolution by J-coupling. The 180◦ pulses in the middle of the INEPT period are usu-
ally applied to both the proton and the heteronuclear spin simultaneously. However,
they are considered to occur sequentially in the analysis below. The evolution of the
density matrix is as follows (φ = πJτ ):

−Iy
J→ − [Iycos(φ) − 2IxSzsin(φ)]

180x
I→ − [−Iycos(φ) − 2IxSzsin(φ)]

180x
S→ − [−Iycos(φ) + 2IxSzsin(φ)]

J→ cos(φ)[Iycos(φ) − 2IxSzsin(φ)] − sin(φ)[2IxSzcos(φ) + Iysin(φ)]
= Iy[cos2φ − sin2φ] − 2IxSz[2sin(φ)cos(φ)]
= Iycos(2φ) − 2IxSzsin(2φ) (10.21)

where the trigonometric identities: cos(2φ) = cos2φ − sin2φ and sin(2φ) =
2sinφcosφ were used in the last step.

The delay, τ , is set to be equal to 1
4J , giving sin(2φ) = sin(2πJ/[4J ]) =

sin(π/2) = 1, therefore the density matrix just before the 90◦ pulses at the end of
the INEPT period is:

ρ = −2IxSz (10.22)

1INEPT is an acronym for Insensitive Nuclei Enhanced by Polarization Transfer.

Two Dimensional Heteronuclear J-correlated Spectroscopy
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Therefore the INEPT period cause the conversion of in-phase proton magnetization
(−Iy) to anti-phase magnetization (2IxSz).

The 90◦ y-pulse on the proton and x-pulse on the nitrogen convert this to:

ρ = −2IzSy (10.23)

Note that in contrast to the HMQC sequence, the density matrix in the HSQC experi-
ment is 2IzSy , i.e. the proton magnetization is longitudinal (Iz) and the nitrogen spin
is transverse (Sy). Furthermore, note that the total time for polarization transfer is the
same in both experiments, 1

2J .

C: Evolution During t1.
During this period the density matrix can potentially evolve under the influence of the
proton chemical shift, the heteronuclear chemical shift, and J-coupling.

Evolution of Proton Chemical Shift: Evolution under the proton chemical shift does
not occur since the proton state is Iz:

ρ′(t1) = −eiIzωIτ2IzSye−iIzωIτ

= −2SyeiIzωIτIze
−iIzωIτ

= −2SyIze
iIzωIτe−iIzωIτ

= −2IzSy

J-Coupling Evolution: Evolution due to J-coupling is refocused by the proton 180◦

pulse during t1. This can be seen with the following analysis (ζ = πJ t1
2 ):

−2IzSy
t1/2→ −2IzSycos(ζ) + Sxsin(ζ)
πI→ +2IzSycos(ζ) + Sxsin(ζ)
t1/2→ +cos(ζ)[2IzSycos(ζ) − Sxsin(ζ)] + sin(ζ)[Sxcos(ζ) + 2IzSysin(ζ)]

= −Sx[cos(ζ)sin(ζ) − cos(ζ)sin(ζ)] + 2IzSy[cos2(ζ) + sin2(ζ)]
= 2IzSy

Hence, the only effect of J-coupling on the density matrix during the t1 period is a
change in the sign. This is a general feature of applying a 180◦ pulse to one of the two
coupled spins within a symmetrical interval, there is no net evolution of the density
matrix due to J-coupling.

Evolution of Nitrogen Chemical Shift: The net evolution of the density matrix during
t1 is solely due the nitrogen chemical shift:

2IzSy
ωSt1→ 2Iz[Sycos(ωSt1) − Sxsin(ωSt1)]
= 2IzSycos(ωSt1) − 2IzSxsin(ωSt1) (10.24)
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D: Polarization transfer back to Protons - The Reverse INEPT.
This segment begins with the pair of x-pulses that are applied to both the proton and
heteronuclear spins, interchanging the state of the proton and heteronuclear spins:

2IzSycos(ωSt1) → 2IySzcos(ωSt1)
2IzSxsin(ωSt1) → −2IySxsin(ωSt1)

(10.25)

Note that the −2IySxsin(ωSt1) represents double quantum magnetization that cannot
be detected during the t2 period, hence it will be ignored. The subsequent part of the
INEPT period ( τ − 180◦(H,N) − τ ) will refocus the 2IySz term to give the density
matrix at the beginning of t2, i.e.:

2IySzcos(ωSt1) → Ixcos(ωSt1) (10.26)

E: Detection.
During the detection period, heteronuclear decoupling is applied so that only a single
resonance line is detected for each I-S spin pair, giving the following signal, assuming
quadrature detection in t2.

S(t1, t2) = cos(ωSt1)eiωIt2 (10.27)

An HSQC spectrum of a 15N labeled protein is shown in Fig. 10.1.

10.2.3 Refocused-HSQC Experiment
The refocused-HSQC experiment generates pure heteronuclear single quantum co-

herence, such as Sx or Sy during the t1 evolution period. The refocused-HSQC ex-
periment is shown in Fig. 10.4. This experiment consists of two back-to-back INEPT
transfer periods, a period of nitrogen chemical shift evolution, followed by two addi-
tional INEPT periods that return the magnetization to the coupled proton.

H1

N15

INEPT INEPT INEPT INEPT

1
4Jτ =

90 x 180x 90 y 180x 180x 90 x 180x

180x 90 x 180x 180x 90 x 180x

1t

(decouple)

(decouple)

τττ τ τ τ τ τ

Figure 10.4. Refocused-HSQC experiment. This experiment consists of two INEPT blocks,
followed by a heteronuclear labeling period, and finishes with two additional INEPT blocks.
The two INEPT blocks that bracket the t1 period serve to inter-convert pure single quantum
nitrogen magnetization of the type Sx to proton-nitrogen magnetization of the type 2IzSx. The
outer INEPT blocks serve to convert the mixed proton-nitrogen magnetization to pure proton
magnetization. Decoupling of the protons is applied during t1 (DIPSI-2) and decoupling of the
heteronuclear spins (WALTZ-16 for 15N and GARP-1 for 13C) is applied during t2.
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Although the refocused-HSQC experiment appears complex, it can be quickly an-
alyzed by keeping in mind the following rules that describe how the density matrix
evolves during an INEPT period:

1. The 180◦ pulses that are applied to both the proton and the heteronuclear spin will
refocus any chemical shift evolution that occurred during the first τ delay.

2. Since 180◦ pulses are applied to both spins, evolution of the density matrix due
to J-coupling will occur during the entire 2τ period. If τ = 1

4J then an in-phase
transverse term will evolve to an anti-phase term:

Ix → 2IySz (10.28)

Likewise, an anti-phase term will evolve into in-phase magnetization:

2IySz → −Ix (10.29)

Beginning from the initial density matrix (ρo = Iz), the evolution of the density matrix
to the start of the t1 period is as follows:

Iz
90I

x−→ −Iy
τ−180◦−τ−→ 2IxSz

90I
y90S

x−→ 2IzSy
τ−180◦−τ−→ Sx (10.30)

During the t1 labeling period the density matrix becomes:

Sx
t1−→ Sxcos(ωSt1) + Sysin(ωSt1) (10.31)

The density matrix does not evolve under J-coupling during this period since the pro-
tons have been decoupled. The first INEPT after the t1 period changes the above
density matrix to:

Sxcos(ωSt1)
τ−180◦−τ−→ 2SyIzcos(ωSt1)

90I
x90S

x−→ −2SzIycos(ωSt1) (10.32)

Sysin(ωSt1)
τ−180◦−τ−→ −2SxIzsin(ωSt1)

90I
x90S

x−→ 2SxIysin(ωSt1)(10.33)

The second of these terms (2SxIysin(ωst1)) will not develop into observable magne-
tization, therefore it will be removed from the analysis. The first term is converted to
pure proton magnetization by the last INEPT period:

−2SzIycos(ωSt1)
τ−180◦−τ−→ Ixcos(ωSt1)

The heteronuclear spin is decoupled during acquisition, so the evolution of the density
matrix is solely under the influence of the proton chemical shift. Assuming quadrature
detection in t2, the final signal is:

S(t1, t2) = cos(ωSt1)eiωIt2
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10.2.4 Comparison of HMQC, HSQC, and
Refocused-HSQC Experiments

The HMQC, HSQC, and refocused-HSQC experiments differ in several attributes,
including: the linewidth of resonance lines in the heteronuclear dimension, inherent
sensitivity, and the behavior of NH2, CH2, and CH3 groups versus NH and CH groups.

10.2.4.1 Comparison of Linewidth
The observed linewidths in the HMQC, HSQC and refocused-HSQC experiments

are different due to different relaxation rates and well as to the presence of additional
unresolved couplings (see [12] for additional details). The different relaxation rates are
due to the presence of different quantum states during t1. The magnetization during t1
is represented by 2IxSx in the HMQC experiment, as 2IzSx in the HSQC experiment,
and as Sx in the refocused-HSQC experiment. In general, the order of transverse
relaxation rates for these terms is: 2IxSx > 2IzSx > Sx. In some systems, such as
nucleic acids the 2IzSx term may relax more rapidly, reversing this order. Therefore,
the HMQC experiment will have broadest line in the heteronuclear dimension, while
the refocused-HSQC will have the narrowest line.

The linewidth of the peaks in the HMQC experiment are broadened further due to
proton-proton couplings that are active during the t1 evolution time. For example, the
coupling between the HN proton and the Hα proton will contribute to the linewidth
in ω1. Although the 180◦ pulse in the middle of the t1 evolution period will refocus
both proton evolution and heteronuclear coupling, it cannot refocus homonuclear J-
couplings because the 180◦ pulse effects all protons. Therefore, during t1 the system
evolves as:

ρ(t1) = 2Sy [Ixcos(πJHHt1) + IyKzsin(πJHHt1)] (10.34)

where Kz represents a second proton that is coupled to the proton attached to the
heteronuclear spin. This coupling will produce an in-phase splitting of the crosspeaks
in the ω1 frequency domain, thus reducing sensitivity.

In summary, for protein NMR, the HMQC spectrum will have the broadest lines
while the refocused-HSQC will produce the narrowest lines.

10.2.5 Sensitivity in 2D-Heteronuclear Experiments
All of these experiments utilize polarization transfer periods to relay the magne-

tization between the proton and the heteronuclear spin. During these periods, the
magnetization also decays due to relaxation. The total transfer time, τtotal, in the
HMQC and the HSQC experiments are identical, at 1/J: [2 × 1/(2J)] for the HMQC,
[4 × 1/(4J)] for the HSQC experiment. In contrast, the refocused-HSQC experiment
requires twice as long, a total of 2/J. The amount of magnetization that is lost due to
relaxation during an HMQC, or INEPT, transfer period is given by the following:

e−τtotal/T̄2 (10.35)

where, T̄2 represents the averaged relaxation rate of the magnetization during the trans-
fer period τtotal. The loss of intensity due to relaxation is of little significance for a

Two Dimensional Heteronuclear J-correlated Spectroscopy
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Figure 10.5. Optimization of HSQC delays. The transfer of magnetization during a single
INEPT sequence of a 1H-15N HSQC experiment as a function of the delay τ is shown. The

− τ/T2 . The coupling constant was set to 90 Hz, i.e. 1/(4J) =
2.7 msec. The overall loss of signal is the square of these curves since two INEPT periods are
utilized in this experiment. The solid line shows the transfer function for a small protein while
the dashed line shows the transfer function for a ≈50 kDa protein. The dotted line shows the
decay of magnetization for the 50 kDa protein, assuming a T2 of 20 msec. The optimal delay,
τ , for the large protein is 2.4 msec.

small protein and quite severe for larger proteins. For example, the amide nitrogens
in a 10 kDa protein will have an average T2 of approximately 150 msec, resulting in

respectively. In contrast, the amide nitrogens in a 50 kDa protein have an average T2

both experiments, respectively.

10.2.6 Behavior of XH2 Systems in HSQC-type
Experiments

The above discussion referred to systems in which one proton is attached to one
heteronuclear spin (i.e. CH or NH). In many cases two or more protons are at-
tached to heteronuclear spins (e.g. CH2, CH3, NH2). The presence of the additional
heteronuclear-proton couplings have to be considered in the analysis of the above se-
quences.

In the case of both the HMQC and HSQC sequences, the additional proton has no
effect on the experiment because the heteronuclear spin is transverse only during the
t1 evolution period. During this time the coupling between the heteronuclear spin and
the protons is removed by the 180◦ refocusing pulse.

In contrast, in the refocused-HSQC experiment the heteronuclear spin is transverse
during the second INEPT period. During this time it will evolve due to J-coupling

function plotted is sin(πJ2τ)e 2

a signal loss of 7% and 14% for a proton-nitrogen HSQC and a refocused HSQC,

of approximately 20 msec, leading to signal losses of 36% and 77%, respectively, for

Optimal sensitivity in these experiments is obtained when the transfer function in
sin( Jt)e−t/T2 is at a maximum. As shown in Fig. 10.5, the optimal value for the τ
delay in the HSQC experiment is always shorter that 1

4J .
π
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Figure 10.6 Transfer func-
tion for a refocused HSQC ex-
periment. Transfer function
for CH (solid), CH2 (dotted)
and CH3 (dashed) groups in
a refocused HSQC, assuming
a coupling constant of J =
140 Hz. The intensity of the
magnetization transferred dur-
ing the second INEPT period
of the pulse sequence is shown
as a function of total length of
the INEPT period (2τ ).

with both protons. Labeling the protons as I1 and I2 and considering evolution due to
coupling to the first proton gives:

2I1zSy
J1→ 2I1zSycos(πτJ1) + Sxsin(πτJ1) (10.36)

Each of these terms will also evolve due to heteronuclear coupling to the second
proton to give the following terms:

2I1zSycos(πτJ1)cos(πτJ2) + 2I2zSxcos(πτJ1)sin(πτJ2)
+Sxsin(πτJ1)cos(πτJ2) + 2I2zSysin(πτJ1)sin(πτJ2) (10.37)

Since the only term which results in the formation of the crosspeaks in the spectra
arises from the Sx term, the amplitude of the crosspeaks will be:

sin(πτJ1)cos(πτJ2) (10.38)

A similar analysis shows that for three coupled spins (e.g. CH3) the intensity is:

sin(πτJ1)cos(πτJ2)cos(πτJ3) (10.39)

The amount of magnetization transfered by the second INEPT period for CH, CH2,
and CH3 groups are shown in Fig. 10.6. The dependence of the intensity versus
transfer time of NH and NH2 groups would be the same as the solid and dotted lines,
except that the optimal times would be calculated using J = 90 Hz.

This figure shows that a delay of τ = 1/(4J) is optimal for a CH group while a
delay of τ = 1/(8J) is optimal for a CH2 group. Furthermore, when the length of the
INEPT period is set to 1/(2J), the resonance lines from CH2 and CH3 groups disappear
from the spectra. If the INEPT period is set to longer than 1/(2J), the signals from the
CH2 groups will actually become inverted relative to the CH groups.

The dependence of the intensities of signals from the NH2, CH2, and CH3, groups
on the length of the INEPT period in refocused-HSQC experiments provides a means
to identify such groups. In the case of NH2 groups on asparagine and glutamine
residues, the resonance lines will be absent in a refocused-HSQC experiment if the
INEPT delay is set to 1/(2J).

Two Dimensional Heteronuclear J-correlated Spectroscopy



Chapter 11

COHERENCE EDITING: PULSED-FIELD
GRADIENTS AND PHASE CYCLING

Coherence editing is used to remove unwanted signals from NMR spectra. For
example, in the double quantum filtered COSY experiment (Chapter 9), coherence
editing is used to suppress signals from uncoupled protons, such as the intense solvent
line, while retaining signals from coupled spins. This filtering is accomplished by
distinguishing between the different quantum states of the magnetization during the
experiment: uncoupled spins can only attain a single-quantum state while coupled
spins can be in a double-quantum state during the experiment.

Coherence editing is accomplished by encoding different states with a unique phase
during the pulse sequence. The selection of a desired state is attained by detecting
only those signals with the appropriate phase. The phase encoding of the signal can
be accomplished by either phase cycling of RF-pulses or by the application of short
pulses of spatially varying magnetic fields, otherwise known as pulsed-field gradients
(PFG), during evolution delays.

In the case of phase cycling, multiple scans are acquired with the phase of pulses
and the receiver altered in a systematic fashion such that the desired signals (e.g.
double-quantum) are always co-added while the undesired signals (e.g. single-
quantum states) add to zero at the end of the phase cycle, as illustrated in Panel A
of Fig. 11.1.

In the case of using pulsed-field gradients for coherence editing, a spatially varying
magnetic field is used to impart a characteristic phase shift on both the desired and
undesired signals. The amount of phase shift depends on the quantum level of the
spins. For example, the phase shift encoded in a single-quantum term would be half
of that encoded in a double-quantum term. The retention of the desired signal and
discarding of the undesired signal is simply accomplished by refocusing (returning
the phase shift to zero) the desired signal, as illustrated in Panel B of Fig. 11.1.

Both phase cycling and magnetic field gradients can effectively suppress undesir-
able signals. Magnetic field gradients tend to be more effective than phase cycling
methods because they can be applied in a single scan, thus scan-to-scan reproducibil-
ity of the instrument is not a critical factor. In addition, suppression of strong solvent
signals can also be accomplished within a single scan, greatly reducing the dynamic
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Figure 11.1. Coherence editing in the DQF-COSY experiment. Panel A illustrates coherence
editing by phase cycling while Panel B shows editing using pulsed magnetic field gradients.
In both cases, the signal associated with the double quantum (DQ) state is retained while that
from the single quantum state (SQ) is rejected. In the case of phase cycling (A), two scans are
acquired and summed. The phase of the signal associated with the DQ state differs from that of
the SQ such that when the signals are added, the DQ signals add while the SQ signals cancel. In
the case of coherence editing using pulsed-field gradients, the magnetization associated with the
DQ state receives a phase shift of ϕ(z) due to the application of the first field gradient (G1). The
actual phase shift depends on the z-coordinate of the nuclear spin in the sample. In contrast,
the SQ state acquires a different phase shift (ψ(z)). A second gradient (G2) is designed to
reverse the phase shift associated with the DQ state, rendering it detectable. In contrast, the
magnetization associated with the SQ state is not refocused, such that the signal averaged over
the ensemble of spins is zero. Note that the coherence editing is accomplished within a single
scan.

range of the acquired signals, resulting in more accurate conversion of the analog sig-
nal to digital form. In addition, the requirement of acquiring multiple scans with phase
cycling can lead to an undesirable increase in the length of the experiment, especially
in the case of three- or four-dimensional experiments. There are two significant dis-
advantages associated with pulsed-field gradients. First, additional delays have to be
incorporated into the pulse sequence for the application of gradients. In some cases
this is not possible due to timing constraints. Second, there can be an inherent reduc-
tion in sensitivity because the portion of the magnetization that is rejected by the field
gradients may contain useful signal. Consequently, most experiments utilize a combi-
nation of pulsed-field gradients and phase cycling to remove undesirable signals from
the spectrum.

11.1 Principals of Coherence Selection
11.1.1 Spherical Basis Set

The product operator representation of the density matrix using Cartesian angular
momentum operators, such as Ix, has proven to be very convenient for the analysis of
the effect of RF-pulses on the density matrix during an NMR experiment. However,
the Cartesian representation is cumbersome for analyzing the effect of phase cycling or
field gradients on the density matrix. Instead, we will adopt a different representation
of the density matrix in which the basis set will represent individual transitions, or
coherences, of the system. This basis set is often referred to as a spherical basis set.
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Table 11.1. Spherical and Cartesian Basis Set. The relationship between the spherical and
Cartesian basis set is presented. The property of the system that is associated with each of the
spherical basis elements is also given.

Spherical Cartesian Representation Description

σ0 Iz Population difference Pe-Pg

σ+1 Ix + iIy Upward transition Φg → Φe

σ−1 Ix − iIy Downward transition Φe → Φg

For a single uncoupled spin the correspondence between the Cartesian and the
spherical basis set is shown in Table 11.1. The density matrix, σo represents the equi-
librium population difference between the ground and excited states and is referred
to as zero-quantum coherence. Single quantum coherences are represented by σ+1,
which represents systems in transition from the ground to the excited state, and σ−1,
which represents transitions from the excited to the ground state.

The fact that the spherical basis set represents transitions in a single direction can
be clearly seen from their corresponding density matrices:

σ+1 =
�

2

[
0 1
0 0

]
σ−1 =

�

2

[
0 0
1 0

]
(11.1)

while the Cartesian representation generally represent both upward and downward
transitions, for example:

Ix =
�

2

[
0 1
1 0

]
(11.2)

The Cartesian representation of the density matrix can be converted to the spherical
representation using the following transformations:

Ix =
1
2
[σ+1 + σ−1] Iy =

1
2i

[σ+1 − σ−1] (11.3)

11.1.1.1 Selection of Double Quantum Coherence in DQF-COSY
Experiment

As an example of the selection of particular transition by phase cycling or pulsed-
field gradients, consider the magnetization present in the DQF-COSY experiment dur-
ing the delay ∆ (See Fig. 9.10).

2IxSy = 2
1
2
(I+ + I−)

1
2i

(S+ − S−)

=
1
2i

[I+S+ − I+S− + I−S+ − I−S−] (11.4)

where I+ represents σ+1 for the I-spins, etc.
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The density matrices I+S+ and I−S− are non-zero for only elements that repre-
sent double quantum transitions while the matrices I+S− and I−S+ have only non-
zero elements that represent zero quantum transitions. Consequently, this Cartesian
form of the density matrix (2IxSy) can be expressed using the spherical basis set as:

ρ = σ+2 + σ0 + σ−2 (11.5)

Coherence selection, either by pulsed-field gradients or phase cycling of pulses, would
induce a phase shift in each of the separate coherences at this point in the experiment.
The phase encoding depends on the coherence level of each element of the density
matrix. After application of gradients, or phase alteration of the pulses, the above
density matrix would have the form:

ρ = σ+2eiϕ2 + σ0e0 + σ−2e−iϕ2 (11.6)

where ϕ2 is the phase shift associated with the σ+2 part of the density matrix. Note
that the shift associated with the σ−2 term is exactly opposite to the phase shift of
σ+2.

If a second phase shift of e−iϕ2 is induced in the signal, by the application of a
gradient at some time later in the sequence, or by altering the receiver phase in the
case of phase cycling, then the density matrix will become:

ρ = e−iϕ2 [σ+2eiϕ2 + σ0e0 + σ−2e−iϕ2 ]
= σ+2 + σ0e−2iφ + σ−2e−i2ϕ2 (11.7)

If we then assume that only signals with a phase shift of zero can be detected, then
the final density matrix consists only of signals that were in a double-quantum state
during the ∆ period, all other signals will be absent from the spectrum.

The above example represents the general nature of coherence selection by phase
cycling or pulsed-field gradients. In both cases the elements of the density matrix are
encoded with a known phase shift, and this phase shift is exploited to reject all of the
undesirable signals.

11.1.2 Coherence Changes in NMR Experiments
Before coherence selection methods can be applied to an NMR experiment it is

necessary to know the coherences that are present during the experiment. Any NMR
experiment can be considered to be a series of pulses that bracket periods of free
evolution. Since periods of free evolution correspond to a rotation about the z-axis,
there is no change in the coherence level during those periods, the density matrix
simply develops a phase shift that is proportional to the frequency of the transition
that is represented by each element of the density matrix, e.g. σ+1 → σ+1e−iωt. In
contrast, RF-pulses create new coherence levels in a system by virtue of the fact that
they cause transitions between spin states.

11.1.2.1 Example - Coherence Order in a COSY Experiment
As an example, consider the COSY experiment. By writing the density matrix

in both the Cartesian and spherical basis sets it is possible to follow the coherence
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changes during the experiment. The initial state of the system is:

ρ0 = σ0 = Iz + Sz =

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

⎤
⎥⎥⎦ (11.8)

Note that this density matrix is composed of only zero-quantum coherence, which
correspond to populations in this case. After the first pulse:

ρ1 = −Iy−Sy =

⎡
⎢⎢⎣

0 −i −i 0
i 0 0 −i
i 0 0 −i
0 i i 0

⎤
⎥⎥⎦ ∝ I++I−+S++S− = σ1

I+σ−1
I +σ1

S+σ−1
S

(11.9)
This density matrix is composed of an equal mixture of σ+1 and σ−1 coherences for
both the I and S spins. During the t1 evolution time the density matrix evolves under
both J-coupling and chemical shift evolution. At the end of t1 the part of the density
matrix that will give rise to the crosspeak is:

ρ2 = 2IySzsin(ωIt1)sin(πJt1) (11.10)

This is still a mixture of single quantum coherences, as indicated by the presence of
only one transverse operator (Iy). Therefore, evolution of the system under either
the chemical shift or the J-coupling Hamiltonian does not change coherence order, as
discussed above.

The final pulse of the COSY experiment exchanges magnetization between the two
coupled spins:

2IySz → −2IzSy (11.11)

The detected signal is obtained in the usual fashion, by taking the trace of the density
matrix and the operator that represents the observable. In the case of quadrature de-
tection the observable for the I spin is I+ = Ix + iIy (a similar expression could be
written for the S spins), giving the following signal:

M+(t) = Mx(t) + iMy(t) = Trace [ ρ(Ix + iIy)] = Trace
[

ρI+
]

(11.12)

Recall that;

I+ =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ and I− =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

⎤
⎥⎥⎦ (11.13)

Therefore, the only density matrix that gives a non-zero trace when multiplied by I+ is
I−. Consequently, the only coherence state that is detected with quadrature detection
is σ−1.

In summary, in the COSY experiment, the density matrix can be represented by
zero quantum coherence prior to the first pulse, as single quantum coherence during
t1, and the detected signal is proportional to the contribution of -1 coherence to the
density matrix.
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Figure 11.2 Coherence changes in the
COSY experiment. The desired coher-
ence changes in the COSY experiment
are summarized with a coherence level
diagram. The initial coherence level is
zero (σ0), the first pulse generates both
σ+1 and σ−1 for both I and S spins.
The second mixing pulse interchanges
the label associated with each coher-
ence (e.g. σ+1

I → σ+1
S ) and at the end

of the experiment, only σ−1 is detected
by quadrature detection.

11.1.3 Coherence Pathways
The coherence changes that occurred during the COSY experiment are neatly sum-

marized by a coherence pathway diagram, as shown in Fig. 11.2. The system begins in
a zero-quantum state, representing populations, is then transformed to single quantum
states by the first pulse, followed by detection of -1 single quantum coherence after
the second pulse. These transformations of the density matrix can also be represented
by the following sets of coherence paths:

σ0 → σ+1(t1) → σ−1

σ0 → σ−1(t1) → σ−1
(11.14)

The above coherence changes specify the desired changes in coherence during the
COSY experiment. There are other coherence paths that are also present. These paths
are undesired because they can lead to the presence of unwanted artifacts in the final
spectra. For example, if the first RF-pulse was not exactly equal to 90◦, then the
first pulse will leave some magnetization along the z-axis, which is represented by
zero quantum coherence. Therefore, the following pathway is one of a number of
undesirable coherence pathways that can occur in the COSY experiment:

σ0 → σ0 t1→ σ0 → σ−1 (11.15)

Having defined the desired coherence changes in the COSY experiment, the following
sections will illustrate how pulsed-field gradients (Section 11.2) or RF-pulse phase
shifts (Section 11.3) can be used to select the desired coherence changes in an experi-
ment while rejecting the undesired ones.

11.2 Phase Encoding With Pulsed-Field Gradients
11.2.1 Gradient Coils

To employ pulsed-field gradients in coherence editing it is necessary to use spe-
cially designed probes and electronics. In the case of the probe, one (z-gradient) or
three (triple-axis: x, y, z-gradients) additional coils are placed next to the sample.
Each coil will generate a magnetic field gradient within the sample when current is
passed through the coil. The gradient coils are designed in such a manner that the
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generated Bz field depends on the position of the nuclear spin within the sample tube.
For example, a triple axis gradient would generate the following magnetic field at a
position (x, y, z) in the sample:

Bz = Gz × z + Gx × x + Gy × y (11.16)

where Gi represents the gradient strength in the i direction, or the change in the mag-
netic field in the z-direction due to a change in the coordinate in the ith dimension:

Gi = ∂Gi/∂xi (11.17)

The applied gradients can be either positive or negative, are of a well defined ampli-
tude, and can be activated for well defined periods of time using simple commands
within the NMR pulse program.

11.2.1.1 Gradient Recovery
The pulsed-field gradients cause a perturbation of the static Bo field. Consequently

it is necessary to provide a recovery period after application of the gradient to allow Bo

field to regain its homogeneity. To shorten the recovery time, all commercial gradient
coils are actively shielded, meaning that the magnetic field is driven back to homo-
geneity by an active process. Typical recovery times are on the order of 100−200 µsec.
The recovery time can be easily measured by simply applying a gradient pulse, fol-
lowed by a delay, and then a 90◦ pulse; the peak-height will increase as the field
homogeneity returns. If the recovery time is longer than 200 µsec it may be necessary
to adjust the gradient hardware and/or software for optimal performance.

11.2.1.2 Effect of Position on Gradient Induced Phase Changes
During the application of a magnetic field gradient along the z-axis, the magnetic

field will become Bz = Bo + Gz · z. Therefore the precessional frequency of a spin
will become:

ω = ωs + γGz × z (11.18)

If the field gradient is applied for a period τ , then the evolution of the density matrix
by the end of the gradient pulse is given by:

ρ(τ) = e−iωτIzρe+iωτIz (11.19)

corresponding to a rotation about the z-axis by an angle ωτ .
Different molecules in the NMR tube will experience different field strengths dur-

ing the application of a magnetic field gradient because of their different locations
within the sample. The effect of a simple z-gradient on the phase of spins is shown in
Fig. 11.3. In this figure the nuclear spins labeled ’E’ are at the center of the sample
and do not precess in the rotating frame. Spins that are spatially above E experience a
stronger magnetic field and therefore precesses more rapidly than the rotating frame,
moving in a counter-clockwise direction. As spins become more distant from E (e.g.
position H) the precessional rate increases because of the field gradient. In a similar
manner, spins that are below ’E’ in the sample experience a weaker magnetic field and
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Figure 11.3 Effect of magnetic field gradients on the
precessional rate of spins. This figure illustrates the ef-
fect of a field gradient along the z-axis. The top section
of the figure is a side view of the sample and the bottom
section provides a top view of the sample. The mag-
netization was initially along the y-axis in the rotating
frame. The rate of rotation is such that spins at posi-
tion ’E’ are on resonance and therefore do not evolve.
The middle of the sample, at z = 0 (E), experiences no
change in field while the gradient is applied. The mag-
netic field increases as the displacement from the center
increases. Spins above ’E’ experience a larger field and
spins below ’E’ experience a smaller field. The direc-
tion of the arrows mark the position of the transverse
magnetization after the application of the gradient.

will appear to precess in the clockwise direction. Since the pulsed-field gradient is
applied for a defined period of time, the spatially varying precessional frequency will
result in a phase shift of the density matrix. The size of this phase shift depends on the
location of the spin within the sample.

11.2.2 Effect of Coherence Levels on Gradient Induced
Phase Changes

The size of the phase shift induced by a gradient pulse also depends on the coher-
ence level of the spin. It is easy to determine the relationship between the coherence
state and the gradient induced phase change using the spherical basis set. Note that
in the following calculations, we generalize the evolution during the presence of a
gradient as a rotation about the z-axis.

For example, the effect of a z-rotation on σ+1 is as follows:

e−iφIzσ+1eiφIz = e−iφIz (Ix + iIy)eiφIz

= Ixcosφ + Iysinφ + i [Iycosφ − Ixsinφ]
= Ix(cosφ − isinφ) + Iy(sinφ + icosφ)

= Ixe−iφ + iIy(cosφ − isinφ)

= (Ix + iIy)e−iφ

= σ+1e−iφ

(11.20)

In a similar manner:

e−iφIzσ−1eiφIz = σ−1e+iφ (11.21)
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The effect of z-rotations on zero quantum coherence, σ0 (e.g. σ+1
I σ

−1
S = I+S−) is:

e−iφ(Iz+Sz)σ0eiφ(Iz+Sz) = e−iφIzσ+1
I eiφIze−iφSzσ−1

S e+iφSz

= σ+1
I e−iφσ−1

S e+iφ

= σ+1
I σ−1

S

= σ0

(11.22)

The effect of z-rotations on double quantum coherence, for example σ+2 is:

e−iφ(Iz+Sz)σ+2eiφ(Iz+Sz) = e−iφIzσ+1
I eiφIze−iφSzσ+1

S e+iφSz

= σ+1
I e−iφσ+1

S e−iφ

= σ+1
I σ−1

S e−2iφ

= σ+2e−2iφ

(11.23)

Generalizing from the above calculations, if a z-rotation of magnitude φ is applied
to a coherence of level p, then the coherence will be phase shifted by e−ipφ, that is:

σp φ−→ σpe−i pφ (11.24)

Note that the phase shift depends on the product of the coherence level (p) and the
phase shift induced by the magnetic field gradient (φ). If the molecules do not move
during the experiment, then the induced phase shift will depend only on the coherence
state of the spin at the time the gradient is applied.

11.2.2.1 Example: Coherence Selection in a DQF-COSY Using
Gradients

The coherence level diagram for the DQF-COSY experiment is shown in Fig. 11.4.
One of the desired coherence paths is:

σ0 → σ+1 → σ+2 → σ−1 (11.25)

This pathway can be selected by utilizing a total of three gradient pulses, one during
t1, one during the ∆ period and one during detection to refocus the desired coher-
ence path, as illustrated in Fig. 11.4. The first gradient will label the single quantum
coherence with a phase shift of:

φ = −(+1)γGzτ (11.26)

This phase shift will be transferred to double quantum coherence by the second RF-
pulse:

σ+1eiφ → σ+2eiφ (11.27)

The second gradient, of the same strength and length as the first, will induce an
additional phase shift of φ = −2 × γ(−Gz)τ in the part of the density matrix that
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Figure 11.4. Coherence selection in a DQF-COSY experiment using gradients. One of the
desired coherence pathways in a DQF-COSY experiment is highlighted by a thick line on the
coherence scale shown in the lower part of the figure. Three field gradients are applied for
coherence selection, one during t1, one during the delay ∆, and one at the beginning of the
acquisition time. The gradients are all positive in this example. The induced phase shifts for
a particular position within the sample are shown on the top of the diagram. The first gradient
induces a 70◦ phase shift. The second gradient increases the phase shift to 210◦ (70 + 140). The
last gradient pulse reverses the phase shift that was induced by the first two gradients, resulting
in detectable signal from this particular coherence path.

is represented by σ+2. Therefore, the overall induced phase shift after the second
gradient pulse is:

φ = − [1 + 2] γGzτ (11.28)

After the application of the third RF-pulse it will be necessary to refocus this phase
shift by applying a third gradient. At this point in the experiment the desired density
matrix has a phase shift of φ = − [1 + 2] γGzτ associated with it. Therefore a phase
shift of opposite sign has to be induced in the density matrix. This can be attained by
the application of a gradient that is either three times the length of the first gradient, or
one that is three times as strong. This gradient induces the following change in σ−1:

σ−1e−[1+2]γGzτ G3→ σ−1e+3γGzτe−[1+2]γGzτ = σ−1 (11.29)

Therefore, only magnetization that follows the coherence levels of +1, +2, and -1 will
be refocused by the last gradient pulse and give rise to a detectable signal.

11.2.3 Coherence Selection by Gradients in Heteronuclear
NMR Experiments

Pulsed-field gradients can also be used to select particular coherence paths in het-
eronuclear NMR experiments. For example, consider the HSQC pulse sequence
shown in Fig. 11.5. The application of two gradient pulses, G1 and G2 will select
coherence paths in which the magnetization is transverse on the X-spin during t1 and
then transverse on the proton during detection. Both gradient pulses are applied within
a spin-echo sequence (e.g. τ−180◦−τ ) to prevent chemical shift evolution during
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Figure 11.5. Use of pulsed-field gradients for coherence path selection in a HSQC experiment.
The application of the first gradient (G1) induces a phase shift in the various coherences that
comprise the density matrix. If the ratio of the two gradients is γX/γH , then heteronuclear sin-
gle quantum coherence that is present during t1 is refocused as detectable proton magnetization
by the second gradient.

During the t1 evolution time the density matrix that represents the heteronuclear
magnetization consists of σ+1 and σ−1. Application of the first gradient, G1, will in-
duce a phase shift of e−1γXG1 and e+1γXG1 , respectively, in each of these coherences.
The factor γX is explicitly written to take into account the fact that the precessional
frequency is proportional to γ (See Eq. 11.18). The second gradient will induce a
phase shift of e+1γHG2 in the detectable proton magnetization, σ−1

H . If the gradient
strengths are adjusted such that

G1

G2
=

γH

γX
(11.30)

then the phase shift induced in σ+1
X at the end of t1 will be refocused by the gradient

applied during the second INEPT period. Consequently, the only magnetization that
will give rise to a detectable signal must have been transverse and associated with the
X-spin during t1 and then transfered to the proton for detection.

11.2.3.1 Coherence Rejection by Pulse-Field Gradients (z-filters)
Direct selection of individual coherences is very effective at suppressing unwanted

signals. Unfortunately, direct selection of coherence leads to loss of signal because
the phase shift that is induced in the σ−1 component of the density matrix by the first
gradient pulse cannot be rephased by the second gradient. Consequently, one-half of
the signal is lost by the gradient selection. Signal loss can be avoided by utilizing
gradients to dephase unwanted coherences without affecting the desired coherences
[15]. Recall that zero-quantum coherences (σo) are not affected by field gradients.
Consequently, if the desired magnetization is stored along the z-axis during the appli-
cation of a gradient pulse, it will not be affected by the gradient. In the case of a single
spin, a gradient will have no effect when ρ = Iz . For two spins, a gradient will have
no effect when ρ = 2IzSz . Gradient pulses that are applied to retain z-states of the

the application of the gradient. In the case of the first gradient pulse, the spin-echo
delay need only be as long as G1 plus its recovery time. In the case of the second gra-
dient pulse, the gradient is applied during the normal proton-heteronuclear refocusing
period, τ .
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magnetization are referred to as z-filters in the case ρ = Iz , and zz-filters in the case
of ρ = 2IzSz .

The application of this technique to the HSQC experiment is illustrated in Fig.
11.6. Note that the 90◦ proton and heteronuclear pulses are no longer applied simulta-
neously, but are now offset from each other and a field gradient pulse has been applied
between the two RF-pulses. During this period, the desired component of the den-
sity matrix is along the z-axis. For example, at the end of the first INEPT period the
density matrix is:

ρ = 2IxSz (11.31)

the 90◦ proton pulse along the y-axis converts this to:

ρ = 2IzSz (11.32)

which is not affected by the applied pulsed-field gradient. The solvent signal, on the
other hand, will be transverse during the application of the gradient and will thus
receive a spatially dependent phase shift that will greatly attenuate its contribution to
the final detected signal.

11.2.3.2 Reduction of Artifacts in 180◦ Pulses with Field Gradients.
Refocusing pulses in heteronuclear experiments can introduce artifacts into the

spectrum if they do not completely invert the spins. Placement of a matched pair
of gradient pulses on either of side of the 180◦ pulse will dephase artifacts that are
generated from a non-ideal pulse. Examples of this technique are shown in Fig. 11.6,
involving pairs of gradients G1 and G2 plus G5 and G6.

G 1 G 4G 3G 2 G 5 G 6

Gradients ZZ
ZZ

90 x 180x 90 x

180x

180x

180x90 x 90 x

180xH1

N15

1t

90 y

(decouple)

Jτ=1/(4   )

τ τ τ τ

Figure 11.6. Artifact suppression with pulsed-field gradients in heteronuclear experiments.
Pulsed-field gradients can be used to suppress artifacts by either the rejection of coherences (z-
filter) or by the symmetrical placement of gradient pulses around 180◦ pulses. The two gradient
pulses that act as zz-filters are G3 and G4. These are usually of different strengths such that
G4 does not accidentally refocus magnetization that was defocused by G3. G1 and G2 serve to
remove artifacts from the 180◦ proton and heteronuclear pulses during the first INEPT period.
These two gradients must be the same amplitude. Gradient pulses G5 and G6 serve the same
purpose during the second INEPT period. This pair of gradient pulses must also have the same
amplitude, however the amplitudes of the G1, G2 pair need not be the same as the G5, G6

pair. Note that all of these gradient pulses have no effect on the normal magnetization transfers
associated with the HSQC experiment, they simply remove artifacts and signals from protons
that are not coupled to heteronuclear spins.
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It is easy to show that the pair of gradients has no effect on the desired evolution of
magnetization during these periods. Prior to the pulse, the density matrix associated
with the proton magnetization is:

ρ = σ+1 + σ−1 (11.33)

After the first gradient, but before the 180◦ pulse, a phase shift, G, has been induced
in the magnetization by the gradient, giving:

ρ = σ+1e−iG + σ−1e+iG (11.34)

The 180◦ pulse interchanges the values +1 and -1 coherences, as follows:

[
0 e−iG

e+iG 0

]
P180−→

[
0 e+iG

e−iG 0

]
(11.35)

giving the density matrix after the 180◦ pulse, but before the second gradient,

ρ = σ+1e+iG + σ−1e−iG (11.36)

After the second gradient, these phase shifts are reversed, giving the original density
matrix:

ρ = σ+1e−iGe+iG + σ−1e+iGe−iG = σ+1 + σ−1 (11.37)

However, in the case of an imperfect pulse, some of the transverse magnetization may
be converted to longitudinal magnetization. Since longitudinal magnetization is not
affected by the second field gradient (σ0) its phase will not be refocused by the second
gradient and will not appear as observable magnetization.

11.3 Coherence Selection Using Phase Cycling

0σ

+1σ

0σ

−1σ

Figure 11.7. Coherence
changes induced by RF-pulses.
This figure shows the effect
of a non-ideal 90◦ pulse on
zero-quantum coherences.
The pulse creates a mixture
of zero and single quantum
coherences.

Phase cycling involves acquiring and co-adding the
free induction decays from a number of experiments
that are identical in all aspects, except the phases of
one or more RF-pulses and the phase of the receiver.
In contrast to field gradients, coherence editing is not
obtained within a single scan, rather it is the summa-
tion of the data from all of the individual scans that
results in the cancellation of unwanted signals. For
example, if an experiment uses a four step phase cy-
cle for one of the pulses then four individual FIDs
will be acquired with pulse phases of 0, π/2, π, and
3π/2. These four FIDs are added together such that
the signal associated with the desired coherence path
add constructively while signals associated with un-
desired paths are canceled by the summation.
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11.3.1 Coherence Changes Induced by RF-Pulses
The following sections develop the theory of coherence selection by phase shifting

of RF-pulses. The treatment follows Bodenhausen et al [20] and the reader is referred
to the original publication for more details.

The application of RF-pulses to the spins generates new coherence levels from ex-
isting ones. For example, if the first 90◦ pulse in the COSY or DQF-COSY experiment
is ideal, it will cause the following changes in coherences:

σ0 P1−→ σ+1 + σ−1 (11.38)

If the 90◦ pulse is not ideal, a fraction of σ0 will remain as σ0, as indicated in Fig.
11.7.

In general, the effect of a pulse, Pi, on a single coherence is to generate a manifold
of coherences:

Piσ
p(t−i )P−1

i =
∑
p′

σp′
(t+i ) (11.39)

where σp(t−i ) represents the density matrix before the pulse, and
∑

p′ σp′
(t+i ) repre-

sents ρ after the pulse.

The key to coherence editing using phase cycling is that a change in phase of the pulse
will produce a phase shift of the coherences that are produced by the pulse, providing
a means to label each coherence with a known phase shift.

11.3.1.1 Phase Shifts of Pulses are Z-rotations
To determine how changing the phase of the pulse generates a phase shift of coher-

ence levels it is necessary to write a general expression for a phase shifted pulse and
then evaluate the effect of this pulse on an arbitrary coherence level.

A change in the phase of a pulse is equivalent to the rotation about the z-axis of the
operators that describe the pulse. For example, if the phase of a excitation pulse in an
experiment is cycled in the following manner,

Px, Py , P−x, P−y

Then the pulse along the y-axis is related to the original pulse along the x-axis by a
90◦(π/2) rotation about the z-axis, as follows:

Py = e−iIz
π
2 PxeiIz

π
2 (11.40)

In a similar manner, the pulse along the minus x-axis is obtained by applying a
180◦(π) rotation to the original pulse:

P−x = e−iIzπPxeiIzπ (11.41)

The effect of phase shifted pulses on the density matrix is obtained by applying the
rotated pulse to the density matrix. For example, if an arbitrary density matrix, ρ, is
transformed to ρx by an x-pulse with a flip angle of β as follows:

e−iβIxρeiβIx → ρx (11.42)
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then the effect of a y-pulse on the same initial density matrix is given by:[
e−iIzπ/2e−iβIxeiIzπ/2

]
ρ

[
e−iIzπ/2eiβIxeiIzπ/2

]
→ ρy (11.43)

This equation can be written for any arbitrary pulse, Po, phase shifted by any arbitrary
amount, φ:

e−iφIzPoe
+iφIzρe−iφIzP−1

o e+iφIz → ρφ (11.44)

Since any density matrix, ρ, can always be written as a linear sum of difference coher-
ences (e.g. ρ =

∑+n
p=−n apσ

p) it is possible to simplify the analysis by considering a
single arbitrary coherence, σp.

Recalling that the effect of z-rotations on coherence levels is:

e−iφIzσpe+iφIz = σpe−ipφ (11.45)

then, the following is true:

e+iφIzσpe−iφIz = σpe+ipφ (11.46)

The following shows the effect of a phase shifted pulse when applied to a coherence
level of p, to give ρφ:

ρφ =
[
e−iφIzPoe

+iφIz
]
σp

[
e−iφIzP−1

o e+iφIz
]

= e−iφIzPo

[
e+iφIzσpe−iφIz

]
P−1

o e+iφIz

= e−iφIzPo

[
σpe+ipφ

]
P−1

o e+iφIz

= e−iφIz
[
Poσ

pP−1
o

]
e+iφIze+ipφ

(11.47)

Assuming that the application of a pulse to a single coherence generates a manifold of
different coherences after the pulse:

Poσ
pP−1

o →
∑
p′

σp′

then,

ρφ = e−iφIz

∑
p′

σp′
eiφIze+ipφ

=
∑
p′

[
e−iφIzσp′

e+iφIz

]
e+ipφ

=
∑
p′

σp′
e−ip′φe+ipφ

=
∑
p′

σp′
e−i∆pφ

(11.48)

where φ is the phase shift of the pulse relative to Po and ∆p is the change in coherence
level caused by the pulse (∆p = p(t+i ) − p(t−i )).

Equation 11.48 shows that if a pulse produces a coherence jump of ∆p, from σp

to σp′
, and if that pulse is phase shifted by an angle φ, then the coherence σp′

will be
shifted in phase by −i∆pφ due to phase shifting of the pulse. This is the key step in
phase encoding the magnetization for coherence selection.
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11.3.1.2 Description of Coherence Pathways Using Coherence Jumps
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Figure 11.8. Coherence jumps in the COSY ex-
periment. Three possible paths of coherence
changes in the COSY experiment are illustrated.
Note that only paths that end at a coherence level
of -1 will give a detectable signal. The first path
is represented by the dotted line and is described
by coherence jumps of ∆p1 = +1, ∆p2 = −2.
The second path is represented by the dashed
line and consists of coherence jumps of ∆p1 =
−1, ∆p2 = 0. Both of these paths will give
rise to a normal COSY spectrum. The solid line
shows the third undesired coherence path, with
∆p1 = 0, ∆p2 = −1.

Each coherence path in an experi-
ment can be defined by either the co-
herences present during various time
periods between pulses or equiva-
lently by RF-pulse induced coherence
jumps. The former description is
useful for coherence selection with
pulsed-field gradients while the latter
is more useful for coherence selection
by phase cycling of RF-pulses.

For example, in the COSY exper-
iment there are three coherence paths
that connect the initial state (ρ = σ0)
to the final detected coherence level,
σ−1. The location of these coher-
ence jumps in the pulse sequence are
shown in Fig. 11.8. The first two
paths are desirable, while the third
path will give rise to an artifact in the
spectrum.

Phase encoding of the different coherences can be achieved by changing the phase
of the RF-pulses. The resultant phase shift of the coherence is the product of the phase
shift of the RF-pulse, φ, and the change in coherence, ∆p. Since a single coherence
pathway is defined by a unique set of coherence jumps, it is possible to select out
specific pathways by the appropriate phase cycling of pulses in much the same way
gradients were used to select coherence paths. The phase shift that is associated with
the desired pathway is refocused at the end of the experiment such that the desired
coherence paths will add constructively to the overall signal.

The aggregate phase of the signal that is associated with a particular coherence path
depends on the coherence jumps associated with that pathway and the phase shifts of
the pulses at each coherence change. For every coherence path (j), the change in the
coherence levels can be represented as a vector:

�∆pj = (∆p1,∆p2, . . .) (11.49)

For the first path listed above for the COSY experiment (Fig. 11.8): �∆p = (+1, −2).
The phase shifts associated with each RF-pulse can also be written as a vector:

�φ = (φ1, φ2, . . .) (11.50)

The total phase shift that is accumulated over any particular coherence path, j, is just
the dot product of these two vectors:

Φj = �∆P · �φ (11.51)

For example, the total phase associated with the first coherence path in the COSY
experiment is:

Φ1 = ∆P1φ1 + ∆P2φ2 = (+1) × φ1 + (−2) × φ2 (11.52)
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In general, the signal associated with the jth path is:

Sj = S0
j e−iΦj (11.53)

where So
j represents the signal that would be obtained with no phase shifting of pulses

(e.g. �φ = 0).

11.3.2 Selection of Coherence Pathways
The detected signal will contain a contribution for each coherence path in the ex-

periment:
S =

∑
j

Sj =
∑

j

So
j e−iΦj (11.54)

Using the COSY experiment discussed in Fig. 11.8 as an example, the final signal
from any given scan is:

S = So
1e−iΦ1 + So

2e−iΦ2 + So
3e−iΦ3 (11.55)

The first two terms represent signals from desirable coherence paths, while the third
term represents the signal from an undesirable path that will be eliminated by the phase
cycle.

In contrast to coherence selection by pulsed-field gradients, the signals with differ-
ent phases, Sj , do not cancel. Therefore, the selection of a particular coherence path is
accomplished by the selection of pulse phases and receiver phase such that the desired
signal always adds for each scan of the phase cycle while the signals from undesired
paths sum to zero at the completion of the phase cycle.

11.3.2.1 Defining Phase cycles
The required phase shift associated with one pulse, φ, will depend on how many

coherence jumps have to be filtered out by the particular pulse. A phase shift of:

φ =
k2π

N
k = 0, 1....(N − 1) (11.56)

will select out coherence orders: ∆p±nN ; n = ...,−2,−1, 0, 1, 2, ..., provided that
the receiver phase is set to −i∆p × φ. This setting of the receiver phase will insure
that desired signal will always appear as the real signal to the receiver, resulting in the
co-addition of this signal over the entire phase cycle. In contrast, all other signals will
sum to zero.

As an example, consider phase cycling of a single pulse with the intent of selecting
a coherence change, ∆p, of -2. If N is set to 3, corresponding to a three step phase
cycle (pulse phases of 0, 2π/3, and 4π/3), and the receiver phase is set to 0, −4π/3,
and −8π/3, then coherence jumps of -2 ±3n will be retained, as shown in Fig. 11.9.

The result illustrated in Fig. 11.9 can be easily proven in general. First assume that
an N-step phase cycle results in the positive selection of coherence jumps, ∆p ± nN .
As an example let ∆p′ = ∆p+N . To select this coherence jump it would be necessary
to set the receiver phase to e−i∆pφ. This receiver phase is represented below by phase
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shifting the signal in the opposite direction, e.g. multiplying it by e+i∆pφ (this term is
underlined in Eq. 11.58). The detected signal will be the sum of all three signals, one
for each phase of the pulse. The phase shift introduced in the signal by each RF-pulse
is:

e−i∆p 2π
N k (11.57)

where k = 0, 1, 2 and N = 3.
The net signal is given by the sum over the phase cycle:

S =
N−1∑
k=0

ei∆p′ 2π
N kS0e

−i∆p 2π
N k

=
N−1∑
k=0

ei(∆p+N) 2π
N kS0e

−i∆p 2π
N k

=
N−1∑
k=0

ei∆p 2π
N keiN 2π

N kS0e
−i∆p 2π

N k (11.58)

eiN 2π
N k = ei2πk = 1 since k ∈ I , therefore,

S =
N−1∑
k=0

ei∆p 2π
N kS0e

−i∆p 2π
N k

= NS0 (11.59)

Now consider the case of rejection of the signal: ∆p′ = ∆p + m m �= N

S =
N−1∑
k=0

S0e
i∆p′ 2π

N ke−i∆p 2π
N k

= S0

N−1∑
k=0

ei(∆p+m) 2π
N ke−i∆p 2π

N k

= S0

N−1∑
k=0

ei∆p 2π
N keim 2π

N ke−i∆p 2π
N k (11.60)

= S0

N−1∑
k=0

eim 2π
N k (11.61)

To show that this sum is zero, consider the following:

S = 1 + eim 2π
N + eim 2π

N 2 + ... + eim 2π
N (N−1)

eim 2π
N S = eim 2π

N + eim 2π
N 2 + .... + eim2π

S − eim 2π
N S = (1 − eim2π)

S(1 − eim 2π
N ) = 0 (11.62)

If m = N then S(1−eim 2π
N ) = S ·0 and S can have any value. If m �= N then S = 0

since (1 − eim 2π
N ) �= 0.
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Figure 11.9. Selection and rejection of coherences in the COSY experiment by phase cycling.
The upper series of diagrams show the signal for pulse phases of 0, 2π/3, and 4π/3 for a
coherence jump of ∆p = −2. The lower series of diagrams show the signal for a coherence
jump of -1. The real and imaginary axis of the receiver are also indicated. The receiver phase is
set to: −∆pφ, where −∆p is the desired coherence jump and φ is the phase of the RF-pulse. In
this example, the receiver phase has been set to select the −2 coherence jump. Consequently,
the signal associated with that coherence is always detected as the real signal by the receiver. In
the case of a coherence jump of -1, the signal is not in phase with the receiver and the net sum
of the real and imaginary channels is zero after completing all three scans of the phase cycle.
The first column of the table shows the phase of the pulse, the second column shows the signal,
including the phase shift introduced by the coherence jump and the change in the phase of the
pulse. The third column shows the receiver phase setting for each scan. The last two columns
show the signal for the real and imaginary channels, respectively. Note that the signals add in
the case of ∆p = −2 but cancel in the case of ∆p = −1.
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11.3.2.2 Example - Coherence Selection in the COSY Experiment
The coherence paths and associated coherence jumps in the COSY experiment are

shown in Part A of Table 11.2. The first two give rise to the desired signal and the
third needs to be suppressed by the phase cycling. It is necessary to retain both of the
desirable paths to allow for quadrature detection during t1 (see Chapter 12). Therefore,
coherence jumps of ±1 need to be retained from the first pulse, and jumps of -2, and
0 need to be retained from the second pulse. This selection will reject the coherence
path σo → σ0 → σ−1 because that pathway is associated with coherence jumps of 0
and -1 for the first and second pulses, respectively.

The required ∆p and number of steps (N) in the phase cycle are summarized in
Table 11.2. In the case of the first pulse, ∆p = +1 and it is necessary to set N=2 to
select for both ∆p = +1 and ∆p = −1. For the second pulse ∆p = −2 and N is set
to 2 so that a coherence jump of 0 will also be selected. The receiver phase for each

Table 11.2. Coherence changes and phase cycle in the COSY experiment. Part A of this table
shows the three possible coherence paths, and the equivalent description of these pathways in
terms of coherence jumps at each pulse in the experiment. The 1st and 2nd pathways should
be retained by phase cycling and the last pathway needs to be suppressed. The lower part of
the table indicates the ∆p value and number of phase increments that are required to select the
coherence jumps for both desired pathways. The coherence jumps that would be selected by
these values of ∆p and N are also shown.
Part B shows the four-step phase cycle of this experiment. The phases for the RF-pulses, and the
associated receiver phases, are shown. The short-hand notation for pulse and receiver phases is:
0 = 0, π/2 = 1, π = 2, 3π/2 = 3. The receiver phase is calculated using Eq. 11.63, using
∆p1 = +1 and ∆p2 = −2. For example, the third step of the phase cycle has pulse phases of
φ1 = π and φ2 = 0, therefore the receiver phase is: ϕrec = −[(+1)(π) + (−2)(0)] = −π =
π. This phase is represented by a 2 in the table.

A:

Coherence Path Coherence Jumps (∆p)

1stPulse 2nd Pulse

σ0 → σ+1 → σ−1 +1 - 2
σ0 → σ−1 → σ−1 -1 0
σ0 → σ 0 → σ−1 0 - 1

∆p +1 - 2
Number of Steps (N) 2 2
Coherence jumps selected ∆p = ... − 3,−1, +1, +3... ∆p = ... − 4,−2, 0, +2...

B:
Phase Cycle Step

1 2 3 4

First Pulse 0 0 2 2
Second Pulse 0 2 0 2
Receiver Phase (ϕrec) 0 0 2 2
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set of phase values is calculated from:

ϕrec = −i �∆pj · �φ

= −i(∆p1φ1 + ∆p2φ2) (11.63)

The pulse phases and associated receiver phases are given in part B of Table 11.2.
Since the phase of each RF-pulse has to be cycled independently of the other, it is
necessary to perform a four step phase cycle to obtain all possible permutations of the
pulse phases (e.g. 2 × 2). The first two steps in the cycle serve to select the desired
coherence jumps at the second pulse when the phase of the first pulse is 0. After
the phase of the first pulse is changed to 2 (π), it is necessary to repeat the two-step
phase cycle of the second pulse to select the desired coherences at the second pulse.
After all four steps of the phase cycle are summed the contribution of the undesired
σo → σo → σ−1 coherence path would be completely suppressed.

11.3.3 Phase Cycling in the HMQC Pulse Sequence
Phase cycling can also be used for coherence editing in heteronuclear pulse se-

quences. To simplify the analysis, the coherence order changes are followed indepen-
dently for each type of spin. In contrast to coherence selection with gradients, the
phase shifts in the coherences that are introduced by phase cycling are independent of
the type of nucleus. Consequently, the overall receiver phase that is required to select
the desired coherence pathways is simply −i �∆p · �φ.

Coherence levels in the HMQC Experiment
The HMQC pulse sequence is shown in Fig. 11.10. The coherence levels that are

present at various locations in the sequence can be inferred from the Cartesian repre-
sentation of the density matrix:

Iz
P H
90→ −Iy

∆→ IxSz
P S
90→

t1
2 180◦H

t1
2→ P S

90→ IxSz
∆→ Iy

σo σ±1
H σ±1

H + σ±1
S σ±1

H

The coherence changes in the HMQC experiment are illustrate in Fig. 11.10. The
first proton pulse creates single quantum proton coherence. The next heteronuclear
pulse generates single-quantum X-nucleus coherence that persists throughout the t1
labeling period. During the t1 period the 180◦ pulse on the proton converts the σ+1

H

1

1

φ
1 φ

3

φ
2

φ
4

∆ ∆

+1
0
−1

+1
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−1
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H
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X
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Figure 11.10 Coherence
jumps in the HMQC ex-
periment. The separate
coherence jumps for the
proton and heteronuclear spin
are shown for an HMQC
experiment. The solid line
and the dashed line show the
coherence paths that are to be
retained by phase cycling.
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coherence to σ−1
H coherence, a net change of ±2. This two level change in the coher-

ence can be understood by writing Ix as the sum of the raising and lowering operators:

Ix =
1
2
(I+ + I−) (11.64)

The effect of the 180◦ pulse on I+ is:

I+ = Ix + iIy → Ix − iIy = I− (11.65)

or a net change in coherence of -2.
The single quantum coherence associated with the X-nucleus is returned to zero

quantum coherence by the second heteronuclear pulse, and the density matrix refo-
cuses to single quantum coherence by the end of the ∆ delay.

Defining the Phase Cycle
The first proton pulse is generally not phase cycled since imperfections in this pulse

cannot give rise to detectable magnetization. The phases of the three remaining pulses
are cycled to remove artifacts. The desired coherence jumps and number of phase
shifts that are associated with each pulse are shown in Table 11.3.

The coherence jump associated with the first X-nucleus pulse is +1. However, since
a jump of -1 must also be preserved, a two step phase cycle is required. In a similar
manner, the desired coherence jumps associated with the last X-nucleus pulse is either
-1 (solid line in Fig. 11.10) or +1 (dotted line), required a two step phase cycle. A
total of four steps (N = 4) are required for the proton 180◦ pulse since the desired
coherence changes are either -2 or +2. Choosing a ∆p of +2, and N = 4, insures that
only ∆p values of -2 and +2 will be retained. Note that coherence jumps of -6 and +6
are also retained by this selection since ∆p = ∆p±N , but such high coherence levels
cannot be attained with two coupled spins.

Since each phase cycle operates independently of the other phase cycles, a total of
16 scans are required (2 × 4 × 2) to suppress all of the artifacts. The complete phase
cycle, including the receiver phase, is shown in Table 11.3.

Experiment Number
Pulse ∆p 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2 1 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
3 2 0 0 1 1 2 2 3 3 0 0 1 1 2 2 3 3
4 1 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2

ϕrec - 0 2 2 0 0 2 2 0 2 0 0 2 2 0 0 2

Table 11.3. Phase cycle of the HMQC experiment. The desired coherence jumps are shown
in the second column from the left. Note that the first proton pulse (φ1) is not phase cycled.
The first heteronuclear pulse (φ2) should generate a ±1 coherence jump from the initial σ0

X .
The allowed coherence jumps that are associated with the proton 180◦ pulse are ±2 and those
associated with the final heteronuclear pulse are -1 for σ+1

X and +1 for σ−1
X . The receiver phase,

ϕrec, is calculated from − �∆p · �φ. For example, the phase of the receiver for the 16th pulse is:
−[(1)(2) + (2)(3) + (1)(2)] = −10 = −2 = +2.
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11.4 Exercises
1. Draw the coherence level changes for a triple-quantum filtered COSY (TQF-

COSY) experiment. The pulse sequence for this experiment is identical to that of
a DQF-COSY. However, only magnetization that can enter a triple-quantum state
is retained in the experiment. This experiment, along with higher quantum filtered
experiments, are described by [115] and are useful for filtering the DQF-COSY
according to amino acid residue type.

2. Determine the phase cycle for a triple-quantum filtered COSY experiment.

3. How would you accomplish the same coherence editing with pulsed-field gradi-
ents?

4. A TQF-COSY spectra is acquired on a sample containing glycine and serine in
D2O, what crosspeaks are present in the spectrum? How do they differ from the
DQF-COSY?

11.5 Solutions
1. The coherence diagram is shown in Fig. 11.11. There are four desired coherence

paths. The coherence changes associated with each of these paths is given in the
table below.

+2
+1

0
−1
−2

+3

−3

φ 1 φ 2 φ 3

Coherence Pathway

Pulse Sequence

t1
P P P

∆

Figure 11.11 Coherence lev-
els in the TQF-COSY Experi-
ment.

2. The four desired coherence paths, and the associated coherence jumps are:

Coherence Jumps
Path 1st Pulse 2nd Pulse 3rd Pulse

Path 1 (σo → σ+1 → σ+3 → σ−1) + 1 +2 -4
Path 2 (σo → σ+1 → σ−3 → σ−1) + 1 -4 +2
Path 3 (σo → σ−1 → σ−3 → σ−1) - 1 -2 +2
Path 4 (σo → σ−1 → σ+3 → σ−1) - 1 +4 -4

The desired coherence jumps associated with the first pulse are ±1, while the
undesired change is zero. Thus a 2 step phase cycle will suffice, with phase shifts
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of 0 and π. If ∆p is set to -1, the two step phase cycle will retain all other
coherence changes of −1 ± 2n, n ∈ I , which will include the jump of +1.

The second pulse has to retain the coherence changes of -4, -2, +2, and +4. Since it
is necessary to retain both +2 and +4 (or -2 and -4), it is only possible to use a two-
step phase cycle, again of 0 and π. If the coherence jump, ∆p, is set to +4, then
this phase cycle will retain all coherence changes of +4 ± 2n, n ∈ I , which will
include +2, 0, -2, and -4. Note that it is not possible to exclude a coherence jump
of 0. The coherence selection by this phase cycle is summarized below, where
the desired coherence jumps are set in bold type face, and the allowed coherence
jumps are underlined.

-4 -3 -2 -1 0 +1 +2 +3 +4

The third pulse should only pass coherence jumps of +2 or -4. Therefore, an N
value of 6 is appropriate, giving a six step phase cycle of:

0, 1
2π

6
, 2

2π

6
, 3

2π

6
, 4

2π

6
, 5

2π

6
(11.66)

The total number of experiments to complete the phase cycling for all three pulses
is 24 (2 × 2 × 6). The receiver phase for each phase combination is given by:

φrec = −
3∑

l=1

∆plφl (11.67)

The pulse and receiver phase for the first six experiments (FIDs) of the phase cycle
are shown below. Note that any of the four desired paths can be used to define the
coherence jump, ∆p, for each pulse. In this example, the first path was chosen.

FID Number
∆p 1 2 3 4 5 6

Pulse 1 phase +1 0 0 0 0 0 0
Pulse 2 phase +2 0 0 0 0 0 0
Pulse 3 phase -4 0 2π/6 4π/6 6π/6 8π/6 10π/6
φrec 0 8π/6 16π/6 24π/6 32π/6 40π/6

The next 6 FIDs would have a phase of π for the 1st pulse, resulting in an addi-
tional receiver phase of −π (∆p = +1). The subsequent 6 FIDs would have a
phase of 0 for the 1st pulse and a phase of π for the 2nd pulse. Since the coherence
jump for the second pulse is +2, no change in the receive phase is required. The
last 6 FIDS would have a phase of π for the 1st pulse and a phase of π for the 2nd

pulse, the receiver would be shifted by an additional −π.

3. Three gradients would be required, as with the DQF-COSY experiment shown in
Fig. 11.4. The desired coherence path would have obtain a phase shift of 3γGzτ
from the second gradient pulse. To refocus the desired signal, the third gradient
would have to have a strength that is four times that of the previous gradients.
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4. The TQF-COSY experiment will filter out any pairs of coupled spins that are not
coupled to another spin, as the spin cannot enter a triple quantum state of the form:
IxSxKx. Since glycine has only two α-protons, its peaks would not be present in
the TQF-COSY spectrum. In contrast, the α-proton of serine is coupled to the two
β-protons, and can enter a triple quantum state and thus the TQF-COSY spectrum
of serine is identical to its DQF-COSY spectrum.



Chapter 12

QUADRATURE DETECTION IN MULTI-
DIMENSIONAL NMR SPECTROSCOPY

Quadrature detection provides a means to discriminate between positive and neg-
ative frequencies and permits the phasing of the spectrum to obtain pure absorption
mode lineshapes. In the case of one-dimensional NMR experiments quadrature detec-
tion is attained by routing the signal from the receiver through two different circuits to
produce a cos(ωt) modulated signal, commonly called the real signal, and a sin(ωt)
modulated signal, which is commonly called the imaginary signal. Linear combina-
tion of these two signals produces a complex signal, the Fourier transform of which
produces a resonance line at a single frequency that can be phased to give a pure ab-
sorption mode lineshape.

Quadrature detection in multi-dimensional NMR experiments is equally important
for exactly the same reasons as with one-dimensional spectroscopy. Sign discrimina-
tion of the frequencies permits placing the transmitter in the center of the indirectly de-
tected spectrum for optimal excitation of the spins. In addition, the observed linewidth
will be narrowest if a pure absorption lineshape can be generated.

There are three strategies that have been developed to obtain quadrature detection in
the indirectly detected domain. The first strategy, time-proportional-phase-increments
(TPPI) was one of the earliest methods of obtaining quadrature detection in multidi-
mensional experiments and is still used in some applications [106]. The TPPI method
shifts the apparent frequency of the transmitter to the edge of the spectrum, which
allows for discrimination between positive and negative frequencies.

The remaining two techniques of quadrature detection, the hypercomplex method
and the echo-antiecho method, are similar in the sense that they both result in the
production of cosine and sine modulated data, which can be combined to yield a com-
plex signal in the indirectly detected domain. The hypercomplex method is generally
utilized when phase cycling is employed to select coherence pathways. The echo-
antiecho method is utilized when pulsed field gradients are used for coherence selec-
tion.
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The following discussion will focus on heteronuclear two-dimensional NMR exper-
iments, such as the HSQC experiment. However, the discussion is equally applicable
to homonuclear experiments, such as the COSY and TOCSY experiments.

12.1 Quadrature Detection Using TPPI
TPPI stands for Time Proportional Phase Increments. This method generates an

apparent shift of the transmitter to the edge of the spectrum by altering the apparent
frequencies of the peaks. It is implemented by shifting the phase of one of the 90◦

heteronuclear pulse that bracket the t1 evolution period. The pulse whose phase is
shifted is often referred to as the quadrature pulse, as illustrated in Fig. 12.1. The
phase of the quadrature pulse is incremented by π/2 for each t1 point, i.e., the phase
of the quadrature pulse is set to x for t1=0, y for t1 = ∆t1, −x for t1 = 2∆t1, −y
for t1 = 3∆t1, etc. Note that this phase increment is independent of the phase cycling
that would be used for coherence selection.

The effect of this phase shifting on the detectable magnetization can be easily eval-
uated using the product operator representation of the density matrix. In the HSQC
experiment, the magnetization at the end of the t1 period is:

2IzSycos(ωSt1) − 2IzSxsin(ωSt1) (12.1)

If the phase of the second 90◦ heteronuclear pulse is shifted for each t1 point then the
following density matrices occur after the pair of proton and heteronuclear 90◦ pulses
that begin the second INEPT period:

2IzSycos(ωSt1) − 2IzSxsin(ωSt1)
H90(X)N90(X)−→ −2IySzcos(ωSt1)

2IzSycos(ωSt1) − 2IzSxsin(ωSt1)
H90(X)N90(Y )−→ −2IySzsin(ωSt1)

2IzSycos(ωSt1) − 2IzSxsin(ωSt1)
H90(X)N90(−X)−→ +2IySzcos(ωSt1)

2IzSycos(ωSt1) − 2IzSxsin(ωSt1)
H90(X)N90(−Y )−→ +2IySzsin(ωSt1)

(12.2)

INEPT INEPT
Quadrature Pulses

t
1

180x 90 x 90 x 180x

180x90 x180x180x90 x 90 y τ=1/(4   )J

(decouple)

N

H1

15

τ τ τ τ

Figure 12.1. Phase shifting of pulses for quadrature detection. The pulses that bracket the t1
evolution period are indicated as quadrature pulses . In this particular experiment either one,
but not both, of these pulses can be phase shifted to produce quadrature detection. Note, that
some experiments may require phase shifting of more than one pulse prior to the t1 period.
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where only the detectable single quantum term, 2IySz has been kept. The general
expression for the 2IySz component of the density matrix for any t1 time point is:

ρn ∝ cos(ωSn∆t1 + n
π

2
) (12.3)

This can be rearranged as follows:

ρn ∝ cos(n(ω∆t +
π

2
))

∝ cos
[
n∆t

[
ω +

π

2∆t

]]
∝ cos [n∆t [ω + ωTPPI ]]

(12.4)

The second term in the argument of the cosine function shows that the frequency of
the signal has by shifted by ωTPPI because of the phase shifting of the quadrature
pulse.

After Fourier transformation in t1, the spectra will contain peaks at −ω and +ω
due to the Fourier transform of cos(ωt). The peaks that occur at −ω are an artifact of
the Fourier transform and are often referred to as folded peaks. To prevent the folded
peaks from overlapping with the actual peaks the frequency shift, ωTPPI , is selected
to be at least 1/2 the spectral width. This change in the apparent resonance frequencies
will place all of the peaks to one side of the transmitter, as illustrated in Panel C of
Fig. 12.2 and none of the folded peaks will overlap with the true peaks.

To generate an apparent frequency shift, ωTPPI that is equal to one-half of the
width, fsw, requires that

ωTPPI =
2πfsw

2
=

π

2∆t
(12.5)
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Figure 12.2 Quadrature detection in
2D with TPPI. Panel A shows a
hypothetical two-dimensional 1H-15N
HSQC spectrum that contains four res-
onance lines. Panel B shows the
spectrum after Fourier transform of
cos(ωN t1) eiωH t2 in the t2 and the
t1 dimensions. The folded peaks are
shaded light gray. In practice the
folded and true peaks cannot be dis-
tinguished. Panel C shows the spec-
trum obtained using the TPPI method of
quadrature detection. The peaks have
been shifted 1/2 a sweepwidth to the
right. Fourier transform of this signal
also yields folded peaks, but they do not
overlap with the true peaks. The left
part of the spectrum would be discarded
after processing.
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Therefore, the t1 dwell time must be equal to:

∆t =
1

2fsw
(12.6)

This is half of the normal dwell time and thus if TPPI is used for quadrature detection
the spectra have to be sampled twice as frequently in the t1 domain, doubling the
number of FIDs that have to be acquired for digitization of the indirectly detected
domain.

12.2 Hypercomplex Method of Quadrature Detection
The hypercomplex method of quadrature detection was originally described by

States et al. [154] and is ofter referred to as the States method of quadrature detection.
The hypercomplex method uses the same strategy for the generation of quadrature
detection as the directly detected signal. Two separate signals, one that is amplitude
modulated as cos(ωt1), and one that is modulated as sin(ωt1), are collected. The
separate cos(ωSt1) and sin(ωSt1) signals provide orthogonal functions that can be
combined to generate a single peak at ωS . Furthermore, the availability of both com-
ponents permits the phasing of the spectrum in t1 by linear combination of the two
components, as discussed in Chapter 2 for the directly detected domain.

The separate cosine and sine modulated signals are obtained by shifting the phase
of one of the RF-pulses that bracket the indirect (e.g. t1) evolution period by 90◦ and
collecting a separate FID with the same evolution delay time; the only change in the
experiment is a 90◦ shift of the quadrature pulse. The first phase setting generates the
cos(ωSt1) signal and the second phase setting generates the sin(ωSt1) signal. The
generation of each term can be understood by considering the effect of shifting the
phase of the second heteronuclear pulse on the component of the density matrix that
gives rise to the observable signal. The density matrix at the end of the t1 evolution
period is:

ρ = 2IzSycos(ωSt1) − 2IzSxsin(ωSt1) (12.7)

After application of the proton 90◦ pulse along the x-axis, this density matrix be-
comes:

ρ = −2IySycos(ωSt1) + 2IySxsin(ωSt1) (12.8)

Application of the heteronuclear pulse with a phase of x gives:

−2IySycos(ωSt1) + 2IySxsin(ωSt1)
90N(X)−→ −2IySzcos(ωSt1) + 2IySxsin(ωSt1)

(12.9)
while application of a heteronuclear pulse with a phase of y gives:

−2IySycos(ωSt1) + 2IySxsin(ωSt1)
90N(Y )−→ −2IySycos(ωSt1) − 2IySzsin(ωSt1)

(12.10)
The double-quantum terms (e.g. 2IySy) do not evolve into detectable signal while the
single quantum terms refocus into in-phase proton magnetization during the second
INEPT period to give:

−2IySzcos(ωSt1) → +Ixcos(ωSt1)
−2IySzsin(ωSt1) → +Ixsin(ωSt1)

(12.11)
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t2 −→
t1 ↓ 0 1 2 3 4 5 6 7 . n
t1=0:cos x x x x x x x x . .
t1=0:sin x x x x x x x x . .
t1=∆t1:cos x x x x x x x x . .
t1=∆t1:sin x x x x x x x x . .
t1=2∆t1:cos x x x x x x x x . .
t1=2∆t1:sin x x x x x x x x . .
. . . . . . . . . . .
2p . . . . . . . . . .

Figure 12.3 Data matrix
structure in hypercomplex
quadrature detection. Raw
data matrix for hypercomplex
quadrature detection. Two
spectra are acquired per time
point. One that is amplitude
modulated as cos(ωSt1)
and the other as sin(ωSt1).
Therefore a total of 2p points
have to acquired.

thus the experiment performed with a pulse phase of x gives a proton signal that is
amplitude modulated by cos(ωSt1) while the experiment performed with a pulse phase
of y gives a signal that is amplitude modulated by sin(ωSt1).

The data matrix from a hypercomplex experiment is shown in Fig. 12.3. Note that
each t1 time point has two FIDs associated with it, one cosine modulated and the sec-
ond sine modulated. This matrix would be processed by first performing the Fourier
transform in t2, phasing of the spectrum and discarding the imaginary part. Then each
column would be subject to transformation in t1. The cosine and sine modulated
points can be transformed separately and then the addition of the two spectra will can-
cel the folded peaks. Alternatively, the signals can be combined to produce a complex
signal, eiωSt1 , that can be subjected to a complex Fourier transform, to yield a single
peak at ωS .

Although it appears that the hypercomplex method requires the collection of twice
as many FIDs as the TPPI method, recall that the indirect time domain has to be sam-
pled twice as frequently with the TPPI method, thus the number of FIDs is identical
for both methods.

12.2.1 States-TPPI - Removal of Axial Peaks
Axial peaks are artifactual peaks in a multi-dimensional NMR spectrum. These

peaks appear in the center of an indirectly detected domain, i.e. at ω = 0. Axial
peaks arise from any magnetization that appears in the directly detected time domain,
but is not frequency labeled during the indirectly detected time domain, giving an
artifact peak located at zero frequency in ω1. For example, in the COSY experiment,
T1 relaxation during the first time evolution period will create proton longitudinal
magnetization (Iz) that is not labeled with any frequency in t1. The 90◦ pulse at the end
of t1 will convert this magnetization into an observable signal. Fourier transformation
of this signal in both time domains will produce an axial peak at zero frequency in ω1.
The axial peaks can be quite large and will distort the spectrum in the region of zero
frequency in ω1.

A simple way to remove axial peaks is to cycle the phase of the quadrature pulse and
the receiver phase by π as part of the phase cycle associated with the pulse sequence.
The desired signals will be inverted by the phase shift of the quadrature pulse, while
the axial signals will not be inverted since they are not affected by the first pulse. Since
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the receiver phase is also inverted, the desired signals will add while the axial signals
will cancel.

The problem with the above approach is that it doubles the number of transients that
have to be acquired in order to remove axial peaks. Although this is seldom a problem
in a two-dimensional experiment, it can cause a three-dimensional experiment to take
twice as long as required to obtain adequate signal.

An alternative solution to axial peak removal was introduced by Marion et al [105]
and is ofter referred to as the States-TPPI method. This method works by changing
the frequency of the axial peaks such that they appear on the edge of the two-, or
multi-dimensional spectrum. This is accomplished by shifting both the phase of the
quadrature pulse and the phase of the receiver by π for each new value of t1. This
180◦ phase shift is applied to both quadrature components. For example, if the two
quadrature pulses in t1 were x and y, with a receiver phase of x, then the next t1 point
would have phases of −x and −y, with a receiver phase of −x.

Since both the quadrature pulse and the receiver have the same phase relationship
the coherence paths that lead to the normal crosspeaks are not changed. However, the
axial peaks will experience an effective phase change of π for each t1 value due to the
change in the receiver phase. The signal associated with the axial peak in this case is:

Saxial(t1) = ei(ωn∆t+nπ) (12.12)

This can be rearranged to give,

Saxial(t1) = ei[n∆t(ω+π/∆t)] (12.13)

The apparent frequency shift of the axial peaks is:

∆ω = 2π∆f =
π

∆t
(12.14)

Since 1/∆t = sw, the shift in frequency is:

∆f = sw/2 (12.15)

The axial peaks are now shifted to the edge of the spectrum, as illustrated in Fig.
12.4. The similarity to the TPPI method of quadrature detection is apparent, in both
cases the phase of the quadrature pulse is incremented by a constant amount for each
new t1 value and in both cases the frequencies of the peaks are shifted by one-half of
the sweepwidth.

N
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H
1

N
15

H
1

BA
Figure 12.4 Axial peak sup-
pression using States-TPPI.
The left spectrum was ac-
quired without phase shifting
the first quadrature pulse and
the receiver by π. The ax-
ial peaks are shown in light
gray. The right spectrum was
acquired with phase shifting,
and the axial peaks are now on
the edge of the spectrum.
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12.3 Sensitivity Enhancement
During the course of a multi-dimensional NMR experiment it is common to convert

a portion of the starting magnetization into undetectable signal. For example, in the
case of the HSQC experiment, the double-quantum terms that are created by the pair
of proton and heteronuclear pulses at the end of t1 (2IySy , 2IySx) do not result in
detectable signal. The loss of detectable magnetization reduces the intensity of the
observed resonance lines.

In the case of HSQC experiment this loss of signal can be prevented by the inclusion
of an additional refocusing period that will convert these double-quantum terms to
detectable single quantum terms [31]. The additional refocusing period is incorporated
into the HSQC experiment as illustrated in Fig. 12.5. During this second refocusing
period the single quantum magnetization that was refocused by the first INEPT period
is stored along the z-axis and then subsequently returned to detectable magnetization.
This technique is referred to as sensitivity enhancement (SE).

We begin analysis of this sequence at the end of t1 period. The density matrix at
that point is represented by the following product operators

ρ = 2IzSycos(ωSt1) − 2IzSxsin(ωSt1) (12.16)

In this experiment two FIDs are acquired for each t1 time point. One with the phase
φ set to x and one with the phase set to −x. The two spectra are stored separately
and then linear combinations of the two spectra are used to generate cosine and sine
modulated spectra.

After application of the proton 90◦ pulse and the 90◦ heteronuclear pulse with a
phase (φ) equal to 0 or π(-x), the density matrix is:

ρ = η2IySzcos(ωSt1) + 2IySxsin(ωSt1) (12.17)

η is -1 if the phase of the heteronuclear pulse is 0 and +1 if the phase is π. This density
matrix evolves due to J-coupling during the 1st INEPT period as:

η2IySzcos(ωSt1)+2IySxsin(ωSt1) → −ηIxcos(ωSt1)+2IySxsin(ωSt1) (12.18)

INEPT INEPT INEPT

φt
1

1H

N15 90 y

90 y 90 y

(decouple)

τ τ τ τ τ τ
τ=1/(4   )J

Figure 12.5. Sensitivity enhanced HSQC. Narrow bars correspond to 90◦ pulses while the
wide bars are 180◦ pulses. All pulses are along the x-axis unless otherwise noted. The phase of
the heteronuclear pulse marked φ is first set to zero (x) and then to π (−x) while the t1 delay is
keep constant. These two FIDs are stored in separate locations and cosine and sine modulated
signals are generated from these two FIDs as described in the text.
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y x, does not evolve due to J-coupling. Further-
more, chemical shift evolution is suppressed by the pair of 180◦ pulses that are applied
to both the proton and heteronuclear spin in the middle of the INEPT period.

The pair of y-pulses convert the density matrix as follows:

−ηIxcos(ωSt1) + 2IySxsin(ωSt1) → ηIzcos(ωSt1) − 2IySzsin(ωSt1) (12.19)

During the 2nd INEPT period the first term (Iz) does not evolve while the second term
is refocused:

ηIzcos(ωSt1) − 2IySzsin(ωSt1) → ηIzcos(ωSt1) + Ixsin(ωSt1) (12.20)

The last proton pulse, along x, converts the density matrix to:

ηIzcos(ωSt1) + Ixsin(ωSt1) → −ηIycos(ωSt1) + Ixsin(ωSt1) (12.21)

The two density matrices obtained for φ = 0 and φ = π are:

φ = 0 ρ = Iycos(ωSt1) + Ixsin(ωSt1)
φ = π ρ = −Iycos(ωSt1) + Ixsin(ωSt1)

(12.22)

Quadrature detection is obtained by taking the sum and the difference of these two
density matrices:

∑
= [Iycos(ωSt1) + Ixsin(ωSt1)] + [−Iycos(ωSt1) + Ixsin(ωSt1)]
= 2IxsinωSt1 (12.23)

∆ = [Iycos(ωSt1) + Ixsin(ωSt1)] − [−Iycos(ωSt1) + Ixsin(ωSt1)]
= 2IycosωSt1 (12.24)

Before constructing the complex signal from the sum and difference signals it is nec-
essary to shift the phase of one of them by applying a zero-order 90◦ phase shift. This
operation is required because the sum signal is initially present in the real channel of
the FID (Ix) while the difference signal is initially present in the imaginary channel
of the FID (Iy). The overall process of acquiring sensitivity enhanced (SE) spectra is
summarized below:

1. Acquire pairs of free induction decays that have the same t1 value, but differ in the
phase of the heteronuclear pulse following t1.

2. Generate a new pair of free induction decays by taking the sum and difference of
the initial signals.

3. Apply a 90◦ zero-order phase correction to the difference signal, converting Iy →
Ix.

4. The resultant data matrix can now be processed as if it were acquired with the
hypercomplex method.

Note that double-quantum term 2I S
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12.4 Echo-AntiEcho Quadrature Detection: N-P Selection
In our discussion of coherence selection using pulsed field gradients in Chapter 11

it was determined that it was only possible to select one of the two coherences present
during t1, either σ+1 or σ−1. Therefore the detected magnetization is of the form:

S(t1, t2) = e−t1/T2e+iωSt1e−t2/T2e+iωIt2 (12.25)

Since the selected coherence corresponds to precession at positive frequencies or neg-
ative frequencies, these coherences are often referred to as P- and N-coherence levels
and the selection of one of the two pathways is referred to as N-P selection.

The selection of either the N or P coherence completely defines the frequency of the
signal, because the Fourier transform of e+iωSt is a single delta function at ωS . The
lineshape of this peak, however, is non-Lorentzian. The lineshape can be determined
by considering the Fourier transform of the exponentially decaying function, e−t/T2 ,
as follows. Transformation in the directly detected dimension yields:

S(t1, ω2) = e−t1/T2e+iωSt1 [A(ω2) + iD(ω2)] (12.26)

where A(ω2) and D(ω2) represent absorption and dispersion lineshapes in the directly
detected frequency domain, ω2. The position of these lines in ω1 is defined by ωI .

The transform in t1 gives the final two-dimensional lineshape.

S(ω1, ω2) = [A(ω1) + iD(ω1)][A(ω2) + iD(ω2)] (12.27)

= [A(ω1)A(ω2) − D(ω1)D(ω2)] + i[A(ω1)D(ω2) + D(ω1)A(ω2)]

where A(ω1) and D(ω1) represent lineshapes in the indirectly detected frequency do-
main, ω1. The position of these lines in ω2 is defined by ωS .

Equation 12.27 indicates that the real component of the lineshape is a mixture of
an absorption mode lineshape and a dispersion mode lineshape and is often referred
to as a phase-twisted lineshape. This mixed lineshape has both positive and negative
lobes and unacceptably broad dispersion tails.

12.4.1 Absorption Mode Lineshapes with N-P Selection
An HSQC pulse sequence that produces pure absorption mode lineshapes with N-P

selection was introduced by Kay et al in 1992 [82] and is shown in Fig. 12.6. In this
experiment, absorption mode lineshapes are obtained by collecting two independent
FIDs for each t1 time point. As shown below, these FIDs differ in the weighting of N-
and P-coherences. A linear combination of these two FIDs generates cosine and sine
modulated signals that give pure absorption mode lineshapes with frequency discrim-
ination. The signal intensity that is lost by coherence path selection is recovered by a
sensitivity enhanced refocusing period.

Analysis of the density matrix for this sequence is more involved than the hyper-
complex sensitivity enhanced HSQC discussed in the previous section due to the co-
herence selection using field gradients. However, the principle is the same, one half
of the magnetization is refocused in the first INEPT period and then stored along the
z-axis. The second half of the magnetization is refocused during the second INEPT
period.
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Figure 12.6. Sensitivity enhanced gradient HSQC pulse sequence. The narrow bars represent
90◦ pulses and the wider bars represent 180◦ pulses. The letters a-i mark the positions the pulse
sequence that are discussed in Table 12.1. The delay τ is set to 1/(4J). The delay δ1 is equal in
length to the first gradient plus an additional 100 µsec for recovery of the homogeneous field
after the gradient pulse. The delay δ2 is equal to the length of the second gradient plus 100 µsec
for recovery of the field . Note that both of the gradients are applied during a spin-echo sequence
in order to refocus any evolution due to chemical shift. The intensity of the gradient pulses is
equal to the ratio of the γ’s of each spin: G1

G2
= γH

γX
. Typical values for X=15N are G1=30 G/cm,

applied for 2.7 msec, and G2=29.05 G/cm, applied for 0.25 msec. One scan is acquired with
with the phase of the heteronuclear pulse marked with φ1 set to 0, a second scan is acquired with
the same value of t1, but with φ1 set to π and the amplitude of the second gradient is inverted.
These two scans are combined to generate cosine and sine modulated signals, as discussed in
the text. Note that additional pulse field gradients can be applied as zz-filters and π-clean filters,
see Chapter 11.

The analysis is easiest if the density matrix is expressed in a Cartesian representa-
tion when evaluating the effect of pulses and in the spherical basis when considering
the effect of gradients. The following conversions will be useful:

σ+ = Sx + iSy Sx =
1
2
(σ+ + σ−)

σ− = Sx − iSy Sy =
1
2i

(σ+ − σ−)
(12.28)

After the end of the t1 evolution time, indicated by point a in Fig. 12.6, the magneti-
zation is given by:

ρa = 2Iz[Sycos(ωSt1) − Sxsin(ωSt1)] (12.29)

Casting this density matrix in term of spherical basis (coherences):

ρa = 2Iz[
1
2i

(σ+1 − σ−1)]cos(ωSt1) − [
1
2
(σ+1 + σ−1)]sin(ωSt1)

= 2Iz

[
− iσ+

2
[cos(ωSt1) − isin(ωSt1)] +

iσ−

2
[cos(ωSt1) + isin(ωSt1)]

]

= 2Iz

[
− iσ+

2
e−iωSt1 +

iσ−

2
e+iωSt1

]
(12.30)
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The next segment of the experiment is a spin-echo sequence. Ignoring chemical
shift evolution during the δ1 period, the 180◦ heteronuclear pulse will interchange
the values associated with each coherence, giving the following value for the density
matrix at point b in the pulse sequence:

ρb = 2Iz

[
iσ+

2
e+iωSt1 − iσ−

2
e−iωSt1

]
(12.31)

The first gradient pulse, G1, will induce the following phase shifts:

ρc = 2Iz

[
iσ+

2
e+iωSt1e−iγSG1 − iσ−

2
e−iωSt1e+iγSG1

]
(12.32)

Simplifying the above by combining the chemical shift and gradient induced phase
shifts as ϕ = ωt1 − γSG1:

ρc = 2Iz
i

2
[
σ+e+iϕ − σ−e−iϕ

]
(12.33)

This density matrix is converted back to the Cartesian representation to give:

ρc = 2Iz
i

2
[
(Sx + iSy)e+iϕ − (Sx − iSy)e−iϕ

]
= −2Iz [Sxsinϕ + Sycosϕ] (12.34)

The analysis of the remaining section of the pulse sequence is shown in Table 12.1.
The final proton signals obtained with φ1 = 0 and φ1 = π are:

φ1 = 0 ρ0 = IxcosωSt1 − IysinωSt1

φ1 = π ρπ = IxcosωSt1 + IysinωSt1
(12.35)

As with the sensitivity enhanced HSQC experiment discussed previously, these signals
are added and subtracted to give:∑

= ρo + ρπ = IxcosωSt1 ∆ = ρo − ρπ = IysinωSt1 (12.36)

A 90◦ zero phase shift is applied to the ∆ signal, converting the Iy to Ix, thus generat-
ing the desired cosine and sine modulated signals in the indirectly detected domain.
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Event φ1 = 0, G2 Positive φ1 = π, G2 Negative

d 2IySxsinϕ + 2IySzcosϕ 2IySxsinϕ − 2IySzcosϕ

↓ INEPT ↓ INEPT

e 2IySxsinϕ − Ixcosϕ 2IySxsinϕ + Ixcosϕ

↓ 90H
y , 90X

y ↓ 90H
y , 90X

y

f −2IySzsinϕ + Izcosϕ −2IySzsinϕ − Izcosϕ

↓ INEPT ↓ INEPT

g Ixsinϕ + Izcosϕ Ixsinϕ − Izcosϕ

↓ 90H
x ↓ 90H

x

h Ixsinϕ − Iycosϕ Ixsinϕ + Iycosϕ

↓ Conversion to Spherical Representation

1
2
(σ+ + σ−)sinϕ − 1

2i
(σ+ − σ−)cosϕ 1

2
(σ+ + σ−)sinϕ + 1

2i
(σ+ − σ−)cosϕ

= 1
2i

[−σ+e−iϕ + σ−e+iϕ
]

= 1
2i

[
σ+e+iϕ − σ−e−iϕ

]
↓ Application of G2

i 1
2i

[−σ+e−iωSt1 + σ−e+iωSt1
]

1
2i

[
σ+e+iωSt1 − σ−e−iωSt1

]
↓ Conversion to Cartesian Representation

= 1
2i

[−(Ix + iIy)e−iωSt1 = 1
2i

[+(Ix + iIy)e+iωSt1

+(Ix − iIy)e+iωSt1 ] −(Ix − iIy)e−iωSt1 ]

= 1
2i

[Ix(eiωSt1 − e−iωSt1) = 1
2i

[Ix(eiωSt1 − e−iωSt1)

−iIy(eiωSt1 + e−iωSt1)] +iIy(eiωSt1 + e−iωSt1)]

= Ixsin(ωSt1) − Iycos(ωSt1) = Ixsin(ωSt1) + Iycos(ωSt1)

Table 12.1. Evolution of the density matrix in the gradient selected sensitivity enhanced
HSQC. This analysis begins after the heteronuclear pulse of phase φ1. The letters d-i on the left
refer to the position in the pulse sequence, see Fig. 12.6. The density matrix that is created by a
phase of φ1 = 0◦ is shown on the left and that for a phase of π is shown on the right. Note that
the second gradient pulse is positive for φ1=0 and negative for φ1 = π. In the case of coherence
selection by G2 (position i in the pulse sequence), a positive value for this gradient will induce
the following phase shifts in the coherences: σ+ → σ+e−iγHG2 . If γXG1 = γHG2, then this
phase shift will cancel the phase introduced by the first gradient, leaving only the phase induced
by chemical shift evolution during t1.



Chapter 13

RESONANCE ASSIGNMENTS: HOMONUCLEAR
METHODS

13.1 Overview of the Assignment Process
NMR spectroscopy can be used to determine the structure of a protein (see Chapter

17), and to provide detailed information on the dynamics of the protein over a wide
range of time-scales (see Chapter 19). However, before NMR can be used to investi-
gate the structure and dynamics of a protein it is necessary to assign resonance lines in
the spectrum to specific atoms in the protein. There are four main steps that are used
in traditional assignment strategies for proteins. These steps are described below and
illustrated in Fig. 13.1.

1. Collect all resonance frequencies that are associated with spins on the same
residue. This collection of resonances is often referred to as a spin-system. Ul-
timately, the resonances within a spin-system will be assigned to atoms within a
particular residue. The set of frequencies in a spin-system is often divided into
main-chain atoms (HN , NH , Hα, Cα, CO) and side-chain atoms.

2. Spin-systems are grouped based on their most likely amino acid type.
3. Determine which pairs of spin-systems arise from adjacent residues in the protein.

Extend this pairwise association to connect as many spin-systems as possible into
a linear chain that represents a segment of the poly-peptide chain. Generally, a
number of disconnected segments are obtained due to missing signals, chemical
shift overlap, and the presence of prolines, which lack an amide proton.

4. Associate the connected segment of spin-systems with the segment of primary
sequence that best matches the likely amino acid type of the spin-systems.

In this chapter we will discuss homonuclear and 15N-separated homonuclear as-
signment methods. The details of heteronuclear triple resonance methods of assign-
ment are discussed in the following chapter. In these two chapters several pulse se-
quences are presented; it may be useful to refer to Appendix D for a review of the
basic building blocks of these pulse sequences before continuing.

Both the homonuclear and heteronuclear approaches to chemical shift assignments
are limited by the molecular weight of the protein. These limitations arise from the
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Figure 13.1. Overview of the resonance assignment strategy.

Step 1: Resonances are collected into spin-systems. In this example, a spin-system is assem-
bled based proton-proton scalar coupling, either in a COSY experiment (resonances connected
by solid line) or in a TOCSY experiment (resonances boxed and connected by dotted line.). The
large gray dots represent main-chain atoms, the large black dots represent methyl groups, and
the square black boxes represent β-carbons. The spin-systems are given arbitrary labels, e.g.
a − q at this point.
Step 2: Spin-systems are then grouped based on their most likely amino acid type. For exam-
ple, the spin-system defined in panel 1 (spin-system h) is likely a Val residue because of its two
methyl groups. Many amino acid types, for example Gly, have characteristic chemical shifts and
are readily grouped together. The last grouping shown in this illustration, labeled Cβ , includes
all residues that possess a β-carbon/proton that is not scalar coupled to another atom besides
the α-carbon/proton. This group includes Ser, Cys, Asp, Asn, as well as the aromatic residues.
In the case of Tyr, Phe, Trp, and His, the aromatic protons are not coupled to the Hβ protons,
making it difficult to correlate the aromatic protons to the remainder of the resonances in the
spin-system. Not illustrated are non-methyl containing spin-systems with Cγ carbons, such as
Glu, and Gln. Met is also contained in this group since the scalar coupling of its methyl group
to the rest of the sidechain is quite weak. spin-systems that contain long side-chains, such as
Lys and Arg, are also not shown.
Step 3: Adjacent spin-systems are connected either through space via dipolar coupling
(homonuclear methods), or through-bond via scalar coupling (heteronuclear methods). For ex-
ample, spin-systems l and c would be connected based on the presence of a NOESY crosspeak
between their amide protons, indicating that these two protons are within 5 Å of each other. If
the HNCA experiment was used to connect spin-systems then the inter-residue Cα shift of spin-
system c would be equal to the intra-residue Cα shift of l. This process is extended to include
spin-systems e and then g into the sequence of connected spin systems.
Step 4: The likely amino acid assignment of the collected spin-systems is used to guide the
placement of the connected segment on to the primary sequence. For example, the segment
l−c−e−g consists of spin-systems whose amino acid type match residues 6-9. Note that no as-
signments are possible for Pro10 since it lacks an amide proton. Ala15 remains also unassigned
because no corresponding spin-system was detected, possibly due to exchange broadening of
its amide resonance (see Chapter18).
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Table 13.1. Molecular weight limitations for chemical shift assignments.

Mol. Weight Technique Observed Spins Dimensionality

<10 kDa Homonuclear 1H 2D
10-15 kDa 15N-homonuclear† 1H, 15N 3D, 4D
15-30 kDa Triple Resonance‡ 1H, 15N, 13C 3D, 4D
30-60 kDa Triple Resonance/deuterated‖ 1H, 15N, 13C 3D, 4D
60-100 kDa Triple Resonance/deuterated/TROSY‖ 1H, 15N, 13C 3D, 4D

†Requires uniform labeling of protein with 15N.
‡Requires uniform labeling with 15N and 13C.
‖Requires uniform labeling with 15N, 13C and replacement of CH groups with CD.

increased spin-spin relaxation rate of larger proteins, which reduces the sensitivity of
multi-dimensional NMR experiments, and the larger number of resonance lines, which
leads to signal overlap and degeneracies1. Approximate molecular weight limitations
are presented in Table 13.1 and the origin of these limitations are discussed in more
detail below.

Homonuclear techniques, which observe only protons, are the most limited with re-
spect to the size of the protein that can be assigned. This limitation is due to resonance
overlap that can only be marginally resolved using two-dimensional methods. In addi-
tion, the sequential linking of adjacent spin-systems relies on detecting through-space
dipolar coupling between protons on adjacent residues. This approach is far less re-
liable than the use of scalar couplings because it depends on the conformation of the
peptide chain. In addition, a significant fraction of through space dipolar couplings
are between non-sequential residues, confounding the assignment process.

15N-homonuclear techniques, which utilize the 15N shift to provide an additional
dimension to homonuclear experiments, were first introduced around 1989 [104]. This
approach increases the molecular weight of proteins that can be studied to some de-
gree. The increased performance is due solely to the increased resolution in three- or
four-dimensional experiments. The method of connecting spin-systems still relies on
through-space dipolar couplings.

Heteronuclear triple resonance experiments observe signals from 1H, 13C, and 15N
and offer distinct advantages over homonuclear techniques, permitting the assignment
of proteins in 15-30 kDa range. The principal difference between homonuclear and
heteronuclear approaches is the method used to connect adjacent spin-systems. In the
case of heteronuclear methods, the scalar coupling between 15N and 13C across the
peptide bond permits the sequential assignment of a protein’s mainchain atoms. This
process relies solely on chemical bonding between atoms, is completely independent
of the structure of the protein, and provides unambiguous inter-residue connectivities,
except in the presence of chemical shift degeneracies.

1Two atoms are considered degenerate if they have the same chemical shift.
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Another favorable attribute of triple resonance experiments is the larger J-coupling
between heteronuclear spins. The larger J-couplings permits a more rapid transfer of
magnetization between spins, making triple resonance experiments more sensitive in
larger proteins that have shorter spin-spin relaxation times. The presence of additional
NMR active nuclei, such as 15N and 13C, permit the separation of the resonance sig-
nals over additional chemical shift scales, increasing the resolution of experiments.
Finally, the carbon frequencies can also be used to readily identify the likely amino
acid type of the spin-system.

The molecular weight limit for triple resonance assignment methodologies is
mostly due to the rapid spin-spin relaxation time of larger, slowly tumbling, proteins.
The principal mechanism of relaxation is due to proton-proton and proton-carbon
dipolar coupling. Deuteration of a protein, by replacing the aliphatic and aromatic
protons with deuterons, decreases the spin-spin relaxation rates because of the smaller
gyromagnetic ratio of the deuteron. This extends the molecular weight limit of triple-
resonance techniques, permitting the assignment of proteins as large as 60 kDa.

The overall sensitivity of 15N separated and triple resonance experiments and can
be increased further by utilizing the interference between dipolar and CSA relaxation
of the amide group to decrease the spin-spin relaxation rate of both the amide pro-
ton and nitrogen. This technique is usually referred to as TROSY, or Transverse
relaxation optimized spectroscopy. With TROSY techniques it has been possible to
assign systems as large as 100 kDa. An introductory description of the TROSY tech-
nique is presented in Chapter 15.

13.2 Homonuclear Methods of Assignment
If the protein or peptide is unlabeled, i.e. the levels of 13C and 15N are at natural

abundance, then it is only possible to use homonuclear methods to obtain resonance
assignments. It is generally difficult to study protein that are greater than 7-10 kDa
using these methods.

Step 1 of the assignment process uses DQF-COSY and TOCSY experiments to
define the spin-systems. The theory of these experiments were discussed in Chapter
9 and practical pulse sequences for the DQF-COSY and TOCSY experiments can be
found in Chapter 15. Step two in the assignment process utilizes characteristic proton
shifts, which were provided in Chapter 1, to determine the most likely amino acid type
of each spin-system.

The third step in the assignment process will utilize dipolar coupling between pro-
tons on adjacent residues to determine which spin-systems are adjacent to each other.
Dipolar coupling is discussed in considerable detail in Chapter 16. The NMR exper-
iment that elucidates dipolar couplings between protons is called a NOESY experi-
ment, which stands for Nuclear Overhauser Spectroscopy. The effect of dipolar cou-
pling was first observed for nuclear-electron magnetic dipoles by Overhauser [122].

The intensity of crosspeaks in the NOESY experiment is proportional to 1/d6,
where d is the inter-proton distance. Typically, distances of 5 Å or less can be de-
tected with this experiment. The measured inter-proton distances are usually referred
to as NOEs. With respect to resonance assignments, NOEs involving the amide pro-
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ton and/or the Hα proton are typically utilized because these resonances are in a less
crowded region of the spectrum.

A number of inter-proton distances that are typically observed for mainchain atoms
are shown in Fig. 13.2 and listed in Table 13.2. In the case of a β-sheet, the strongest
NOE between adjacent residues is the NOE between the amide proton and the Hα pro-
ton of the preceding residue. The NOE between amide protons on adjacent residues in
a β-strand conformation is comparably weak and is therefore not generally useful for
confirming adjacent spin-systems. Note that the amide proton also shows two mod-
erately intense NOEs to protons on the adjacent strand. These could be interpreted,
incorrectly, as NOEs between adjacent residues, causing errors in the assignments.

In the case of the α-helix, the NOE between adjacent amide protons is strong due
to the short inter-proton distance of 2.8 Å. The NOE between the Hα proton and the
amide proton of the following residue is somewhat weaker (d = 3.5 Å), but still useful
for verifying the inter-spin-system connection. An amide proton is also close to the
amide proton of the i+2 (4.2 Å) and the i+3 residue (4.7 Å), which provides redundant
information regarding the sequential ordering of spin-systems.

Several inter-residue NOEs involving HN and Hα protons are generally detectable
in NOESY spectra, regardless of the secondary structure of the residue. Consequently,
under favorable conditions it should be possible to sequentially link spin-systems on
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Figure 13.2. Inter-proton distances in regular secondary structures. Inter-residue distances in
an β-sheet (Panel A) and an α-helix (Panel B). Inter-proton distances are shown in Angstroms.
All of these distances should be detectable in a NOESY experiment, however longer distances
will give weaker crosspeaks. Light gray atoms represent amide and Hα protons, dark gray
atoms are carbon, white atoms with a black outline are carbonyl oxygens, black atoms are
amide nitrogens.
Panel A: An amide proton will typically show four NOEs, two to the preceding residue and two
to non-sequential residues across the strand. The sequential NOE between the amide and the
Hα-proton of the preceding residue is intense because of the short (2.5 Å) distance between the
two protons.
Panel B: The first amide in the helix is labeled i and distances to the amide protons of the
next three residues are indicated with solid arrows. The Hα proton is relatively close to the HN

proton of the next residue (3.5 Å, dashed line, shown for Hi+2
α to Hi+3

N ) as well as to the amide
proton of the i + 3 residue.
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Table 13.2. Selected inter-residue distances for sequential assignments. Proton-proton inter-
residue distances, given in Angstroms, were obtained from [170]. The first index of dij gives
the atom on the i-th residue, the second index gives the atom on the i+n residue, where n varies
from 1 to 4. Using the first entry of the table as an example: In an α-helix the Hα proton on the
ith residue is 3.5 Å from the amide proton (N) of the i + 1 residue.

Secondary Structure Interacting Atoms i+1 i+2 i+3 i+4

α-helix dαN 3.5 4.4 3.4 4.2
dNN 2.8 4.2 4.8 6.1

310-helix dαN 3.4 3.8 3.3
dNN 2.6 4.1 5.2

β-strand, parallel(‖)) dαN 2.2
dNN 4.3

β-strand, anti-parallel (anti-‖) dαN 2.2
dNN 4.2

Type I and Type II Type I Type II
Turns† dαN (2,3) 3.4 2.2

dαN (3,4) 3.2 3.2
dαN (2,4) 3.6 3.3
dNN (2,3) 2.6 4.5
dNN (3,4) 2.4 2.4
dNN (2,4) 3.8 4.3

†The numbers following the atom descriptions give the position of the residue in the turn.

the basis of HN and Hα NOEs. The sequential connectivity can be broken when
amides are missing due to exchange broadening, or the presence of proline residues,
or when chemicals shifts are degenerate. In many cases it may still be possible to
determine sequential connectivities on the basis of NOEs between aliphatic protons,
such as the Hα and Hβ , or in the case of proline, the δ protons.

13.3 15N Separated Homonuclear Techniques
If a protein is uniformly labeled with 15N, then it is feasible to enhance homonu-

clear 2D experiments by the addition of a third frequency dimension, the 15N chemical
shift. This additional dimension increases the resolution by separating spin-systems
(residues) by the chemical shift of the amide nitrogen, greatly increasing the ability to
resolve resonance peaks. Fig. 13.3 shows a 2D-TOCSY (lower left) and a single slice
from the corresponding 3D experiment (lower right). The 2D-TOCSY is highly over-
lapped and only a few spin-systems, such at the amide with a proton chemical shift of
6.25 ppm, are cleanly resolved. In contrast, the 3D experiment is capable of resolving
almost all spin-systems. In the example shown in Fig. 13.3, the three spin-systems
with an amide proton shift of 9.6 ppm are unresolved in the 2D-TOCSY spectrum, but
become resolved in the 3D-TOCSY by virtue of their different nitrogen shifts. The
TOCSY signals from one of these three residue, with δN = 130.3 ppm and δH = 9.6
ppm, are boxed in the 3D-TOCSY spectrum.
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Figure 13.3. Increased resolution in a 3D-15N separated TOCSY. The amide-aliphatic region
of a 2D-TOCSY spectrum of a 130 residue protein is shown in the lower left. The 3D spectrum,
represented as a stack of individual 2D-spectra at various 15N frequencies is shown in the upper
left. One of these spectra, or slices, at a nitrogen frequency of 130.3 ppm, is shown on the
lower right. For reference, a 2D proton-nitrogen HSQC spectrum is shown in the upper right.
The slice from the 3D experiment contains five residues with 15N shifts of ≈130.3 ppm. These
residues are highlighted by the vertical lines in the slice from the 3D-TOCSY spectrum. Three
residues, highlighted with boxes in the 2D-TOCSY and HSQC spectra, have a proton chemical
shift of ≈9.6 ppm and are degenerate in the 2D-TOCSY, but become resolved in the 3D-TOCSY
spectrum. The boxed peaks in the slice from the 3D-TOCSY arise from a single residue.
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The increase in resolution permits the assignment of somewhat larger proteins by
homonuclear methods because of reduced spectral overlap. In addition, the incorpo-
ration of 15N also generates a sample that is suitable for 15N relaxation studies to
probe backbone dynamics. However, since there is no scalar coupling between adja-
cent residues, the sequential ordering of spin-systems still must be accomplished using
inter-residue NOEs, as discussed in the previous section.

Although the focus of this section will be on pulse sequences that are commonly
used for the assignment of 15N labeled proteins, many of these experiments also pro-
vide constraints for structure determination. For example, the 3D and 4D NOESY
experiments will detect inter-proton distances less than 5 Å. In addition, the intensity
of crosspeaks in the HNHA and HNHB spectra are related to the 3-bond coupling con-
stants, providing information on the torsional angles of the N-Cα and Cα-Cβ bonds,
respectively.

Figure 13.4. Sensitivity enhanced gradient HSQC. This pulse sequence for a proton-nitrogen
HSQC experiment was obtained from [176]. Narrow and wide bars represent 90◦ and 180◦

pulses, respectively, applied at high power. The gray shaped pulse is a water selective flipback
pulse, discussed in Section 15.2.2.6. The delays are τa = 2.3 msec, τb = 1.5 msec, and
δ = 0.5 msec. The delays τb and δ are only required for the application and recovery of
gradients G4 and G7, respectively, and should be made as short as possible. Pulse phases are
φ1 = x,−x; φ2 = x; φrec = x,−x. φ1 is incremented by 180◦ along with the receiver to shift
axial peaks to the edge of the spectrum (TPPI). Quadrature detection of nitrogen is achieved by
N- and P-type data collection. Specifically, a second scan is acquired at the same t1 value, but φ2

is incremented by 180◦ and the sign of gradient G7 is inverted. The two FIDs are added to give
a signal proportional to cos(ωN t1) or subtracted to give a signal proportional to sin(ωN t1),
see Section 12.4 for details. Gradient strength used by Zhang et al. [176] were G1(4 G/cm, 1
msec), G2 (5 G/cm, 750 µsec), G3 (-15 G/cm, 1.5 msec), G4 (30 G/cm, 1.25 msec), G5=G6
(4 G/cm, 500 µsec), G7 (27.8 G/cm, 125 µsec). Gradient G1 insures that only magnetization
originating on the proton is detected. Gradient pairs G2, G5 and G6 remove artifacts associated
with the 180◦ pulses. Gradient G3 is a zz-filter and gradients G4 and G7 are used for N-P
selection. Note that a slight adjustment of the ratio of these two gradients may be required to
obtain maximum signal.
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13.3.1 2D 15N HSQC Experiment
The 2D 15N HSQC experiment was discussed in some detail in Chapter 10 as an

illustration of many of the central features of 2D heteronuclear methods. The version
presented here, in Fig. 13.4, is commonly used in many NMR laboratories and suf-
ficient information has been provided to allow the user to implement the sequence.
It is included in this chapter to facilitate the analysis of the other 15N separated 3D
sequences.

The overall path of magnetization transfer in the HSQC experiment is as follows:

HN
INEPT−→ ωN (t1)

INEPT−SE−→ HN (t2).

A brief review of this sequence using product operators is as follows. The first INEPT,
or polarization transfer period transfers the proton polarization to the nitrogen. This
magnetization is labeled with the nitrogen frequency during the t1 period and becomes
encoded with the nitrogen coherence by gradient G4:

Iz → −Iy → 2IxNz → 2IzNy → 2IzNyeiωN t1 → 2IzNyeiωN t1eiγN G4 (13.1)

The remaining two INEPT transfers refocus the anti-phase magnetization in a manner
that increases the sensitivity of the experiment (see Section 12.3 for details):

2IzNyeiωN t1eiγN G4 → [Ixcos(ωN t1) − Iysin(ωN t1)] eiγN G4 (13.2)

The final gradient, G7, refocuses the phase shift introduced by gradient G4, giving:

[Ixcos(ωN t1) − Iysin(ωN t1)]eiγN G4 →
[Ixcos(ωN t1) − Iysin(ωN t1)] eiγN G4γHG7

= [Ixcos(ωN t1) − Iysin(ωN t1)] (13.3)

13.3.2 3D 15N Separated TOCSY Experiment
This experiment is often referred to as the HSQC-TOCSY experiment. In this

experiment the overall path of magnetization transfer is as follows (see Fig. 13.5):

Haliphatic(t1)
TOCSY−→ HN

INEPT−→ ωN (t2)
INEPT−SE−→ HN (t3)

The 3D HSQC-TOCSY experiment can correlate all of the aliphatic proton resonances
with the amide group of a residue. In the case of small proteins, practically all of the
members of a spin-system can be identified in this experiment.

The pulse sequence for the 3D 15N separated TOCSY experiment is given in Fig.
13.6 and an illustration of the resultant spectra was shown in Fig. 13.3. This se-
quence has many of the same features as the HSQC experiment discussed in a pre-
vious chapter, namely coherence selection by gradients and sensitivity enhancement
of the nitrogen magnetization. In addition, the sequence is also designed to minimize
the saturation of the water protons by the use of selective water flip-back pulse (gray
shaped pulse in Fig. 13.6). The correct handling of the water magnetization requires
a slight modification to the phase cycle, as discussed below.
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13.3.2.1 Product Operator Analysis of the 3D TOCSY Experiment
The first proton pulse (φ1), followed by the t1 frequency labeling period generates:

Iz
P90→ Ix → Ixcos(ωHt1) + Iysin(ωHt1) (13.4)

The proton y-pulse that precedes the DIPSI-2 mixing sequence will place the Ix mag-
netization on the z-axis. The Iy term will be dephased by the DIPSI decoupling
scheme and therefore it will not give rise to detectable signal and can be ignored.
During the mixing period, the magnetization will be passed to the amide proton, using
the Hβ proton as an example:

Iβ
x cos(ωHβt1)

P90y→ Iβ
z cos(ωHβt1)

TOCSY→ Iα
z

TOCSY→ IHN
z cos(ωHβt1) (13.5)

Note that the magnetization does not pass directly from the Hβ proton to the HN

because the coupling between these two protons is essentially zero. Rather, it is first
passed to Hα and then to the amide proton.

During the first INEPT period, the magnetization is sent to the amide nitrogen:

IHN
z

P90x→ −Iy
τa−180−τa−→ 2IxNz

P90y→ 2IzNz (13.6)

This magnetization is labeled with the nitrogen frequency during the t2 evolution pe-
riod:

2IzNz
P90φ3→ −2IzNy

t2/2−π−t2/2−→ −2Iz[Nycos(ωN t2) − Nxsin(ωN t2)] (13.7)

The subsequent τb periods permit the application of Gradient 4 without evolution of
the nitrogen chemical shift. The subsequent two INEPT periods will refocus both the
Nx and Ny terms, as discussed in Chapter 12, to give the final detected signal for the
selfpeak:

cos(ωHN t1)cos(ωN t2)cos(ωHN t3) (13.8)

which represents magnetization that remained on the amide proton after the TOCSY
transfer period.

t2

t3

t1

H H
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Figure 13.5 Magnetization transfer pathway in a pro-
ton TOCSY experiment. The magnetization pathway
in the 3D TOCSY experiment begins on the side-chain
protons. These are frequency labeled during t1 and
the magnetization is passed, in a relay fashion by the
TOCSY mixing sequence (dotted arrows), to the amide
proton. The magnetization is transferred to the amide
proton via an INEPT transfer where the frequency of
the nitrogen is recorded. Another INEPT transfer oc-
curs, leaving the magnetization on the amide proton for
detection. The amino acid Met is used in this example
to illustrate that the methyl group will not yield cross-
peaks because the scalar coupling between the methyl
protons and the Hγ protons is small. Note that all of the
magnetization transfers are within a residue.
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Figure 13.6. Pulse sequence for a 3D 15N separated TOCSY experiment. Experiment and
parameters are from [176]. Narrow and wide rectangular bars represent 90◦ and 180◦ pulses,
respectively. The gray shaped pulse, with phase φ2 is a water selective flipback pulse, see Sec-
tion 15.2.2.6. The proton 90◦ pulse lengths were 10.6 µsec, corresponding to a field strength
of 23.5 kHz. Isotropic mixing is accomplished using the relaxation compensated DIPSI-2 se-
quence [32] (total time of 55 msec) using a field strength of 9.5 kHz, which is equivalent to a
proton 90◦ pulse of 26.3 µsec. Nitrogen 90◦ pulse length was 45 µsec, corresponding to a 5.5
kHz field strength. Nitrogen decoupling during detection (t3) was accomplished using a 1 kHz
field strength (250 µsec 90◦ pulse).

The delays τa, τb and δ are set to 2.3, 1.5 and 0.5 msec, respectively. τa is 1/(4JNH ). The
delays τb and δ, need only be long enough for the application and recovery of gradients G4 and
G7, respectively.

Pulse phases are φ1 = y,−y; φ2 = x,−x; φ3 = x, x,−x,−x; φ4 = x; φrec = x,−x,−x, x.
When φ1 is incremented by 90◦ for hypercomplex quadrature detection in t1, the phase cycle for
φ1 becomes −x, x. In this case it is necessary to change φ2 to −y, y for proper management
of the water magnetization, see text. In the case of nitrogen evolution, N- and P-type data
were acquired in separate FIDs by incrementing the phase of the nitrogen pulse with phase φ4

by 180◦ and by inverting the sign of gradient G7. Axial peaks were shifted to the edge of
the spectrum by incrementing the phase of the same nitrogen pulse and the receiver phase by
180◦. Gradient strengths used by Zhang et al were: G1 (1 msec, 4 G/cm), G2 (0.5 msec, 8
G/cm), G3 (1.5 msec, -15 G/cm), G4 (1.25 msec, 30 G/cm), G5=G6 (0.5 msec, 4 G/cm), G7
(1125 µsec, 27.8 G/cm). Note that gradient G3 is negative. Gradient G1 removes any nitrogen
magnetization, insuring that the detected signal arises from protons. Gradient pairs G2, G5,
and G6 remove artifacts associated with the 180◦ pulses. G3 is a zz-filter, it also dephases any
transverse water magnetization. Gradients G4 and G7 used for nitrogen quadrature detection,
as discussed above.

In addition, crosspeaks will arise from the following signal:

S(t1, t2, t3) =
N∑

i=1

γcos(ωit1)cos(ωN t2)cos(ωHN t3) (13.9)

where the sum is over all sidechain protons that are coupled, either directly (e.g. Hα) or
indirectly (e.g. Hβ) to the amide proton. The efficiency of transfer from the sidechains
protons to the amide proton is represented by γ.
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A comprehensive summary of transfer efficiencies has been presented by Cavanagh
et al [29] and a smaller sampling is presented in Chapter 9. In general, the further the
side-chain proton is from the amide proton, the larger the number of intervening spins
and the weaker the signal. For example, the methyl protons of Val will give more
intense crosspeaks than the methyls of Leu. In addition to residue specific differences,
the intensity of the crosspeak also depends on the secondary structure of the residue
because all of the magnetization must funnel through the Hα proton to be detected on
the amide. Therefore the efficiency of transfer depends on JHαHN

for all crosspeaks.
This dependence on JHαHN

generates weak crosspeaks for residues in α-helices, due
to the small value of this coupling constant.

13.3.2.2 Water Saturation in 3D-TOCSY Experiment
As with all experiments that detect amide protons it is important that the water

magnetization is restored to the +z-axis at the end of each scan. Otherwise, the non-
equilibrium state of the water magnetization can be transferred to the amide protons
by chemical exchange, leading to a loss of signal. The correct handling of the water
requires that the phase of the water selective pulse, φ2, is altered when φ1 is changed
for quadrature detection. When φ1 = y, the density matrix representing the water
magnetization, to the point marked a in the sequence, evolves as follows:

Iz
P90(φ1=y)→ Ix

t1→ Ix
P90y→ −Iz

DIPSI−→ −Iz
P90→ Iy

2τa→ −Iy
P90y→ −Iy

P(φ2=x)−→ −Iz

(13.10)
When the phase of the first proton pulse is changed to −x, for quadrature detection,
the water evolves to point a as follows:

Iz
P (φ1=−x)→ Iy

t1→ Iy
P90y→ Iy

DIPSI−→ Iy
P90→ Iz

2τa→ −Iz
P90y→ −Ix

P (φ2=−y)−→ −Iz

(13.11)
In the subsequent part of the sequence, from point a to detection, the water magneti-
zation follows the following path:

−Iz
P180φ1→ +Iz

P90x→ −Iy
2τa→ −Iy

P90y→ −Iy
2τa→ −Iy

P90x→ −Iz
Pδ−180−δ→ +Iz

(13.12)
Therefore the water magnetization will be placed along the +z-axis, regardless of the
quadrature phase of φ1.

13.3.3 The HNHA Experiment - Identifying Hα Protons
Although the TOCSY experiment can identify all of the protons of a spin-system, it

cannot automatically differentiate between the type of proton, an important considera-
tion for identifying the most probable amino acid type of the spin-system. Although it
is generally true that Hα protons will give stronger crosspeaks in the TOCSY spectrum
than other side-chain protons, the actual intensity of the crosspeaks will depend on the
individual J-couplings throughout the residue.

Hα protons can be unambiguously identified in the HNHA experiment [162, 90].
This is a three dimensional 15N separated experiment with the following pathway of
magnetization transfer:
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Figure 13.7. HNHA pulse sequence. This experiment was obtained from [90] and correlates
the amide proton to the Hα proton within the same residue. Periods of evolution under J-
coupling or chemical shift are indicated above the sequence. Typical proton and nitrogen power
levels can be found in the legend to Fig. 13.6. The proton transmitter should be placed on water.
Delays are ζ= 13.4 msec, ∆= 5.3 msec ≈ 1/(2J), δ= 2 msec, τ= 90 µsec. T is defined by ∆
and ζ: 2T= 2ζ − ∆. The length of τ depends on the frequency separation between the water
and the center of the amide region, see text. All gradients are 25 G/cm sine-bell shaped, except
for G4, which is -24 G/cm. G4 is a z-filter. Durations were G1= 0.3 msec, G2= 0.45 msec,
G3= 0.75 msec, and G4= 0.5 msec. Phases are φ1 = 2x, 2(−x); φ2 = x; φ3 = 4x, 4y; φ4 =
x, y; φrec = x, 2(−x), x, y, 2(−y), y. Quadrature in t1 and t2 is generated using the States-
TPPI method, by shifting the phase of φ1 and φ2, respectively.
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HN

HNω    (   )t3HN

HN αH

N N

t2ω    (   )
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ω    (   )

HN

α

The branching in the above figure indicates that two separate interactions involving the
amide proton occur simultaneously: coupling to the Hα proton, and coupling to the
amide nitrogen. The experiment yields selfpeaks at (ωN , ωHN , ωHN ) and crosspeaks
at (ωN , ωHα, ωHN ). The latter provide the chemical shift of the Hα proton within a
spin-system.

The intensity of the Hα crosspeaks is related to the size of the J-coupling between
the amide and the Hα protons:

Icross

Iself
= −tan2(πJ2ζ) (13.13)

where Icross and Iself are the intensities of the cross- and selfpeaks, respectively.
These intensities have to be corrected for different relaxation rates of the magneti-
zation that occurs during the sequence. The time allowed for the transfer of mag-
netization between the two protons is represented by ζ. The pulse sequence for this
experiment is presented in Fig. 13.7 and a product operator analysis is given below.

13.3.3.1 Product Operator Analysis of HNHA Experiment
The analysis of this experiment is rather involved and requires a consideration of

the three bond proton-proton coupling between the amide and Hα protons, as well as
the one and two bond couplings between the nitrogen and the amide and Hα protons,
respectively. Consequently, only the major features of the evolution of the density
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matrix will be presented here. In particular, the two bond proton-nitrogen coupling
(2JN Hα) will be ignored. The reader is encouraged to consult the original publication
[162] for a more detailed description.

Following the upper pathway first, during the 2ζ period the density matrix evolves
with respect to the proton-proton coupling as follows:

Iz
P90x→ −Iy

ζ−180◦−ζ−→ −Iycos(πJHH2ζ) + 2IxAzsin(πJHH2ζ) (13.14)

where A represents the Hα proton.
In addition to the proton-proton coupling, the amide proton also evolves under

coupling its attached nitrogen, the period ∆ is a HMQC-type polarization transfer,
followed by a 90◦ nitrogen pulse:

−Iy
∆→ 2IxNz

P90→ −2IxNy (13.15)

The subsequent T + t2/4 − 180◦ − T − t2/4 interval is a constant time segment,
causing evolution of the nitrogen chemical shift for a period of t2/2. Note that the
second half of the nitrogen evolution occurs during the next 2ζ period, giving a total
evolution of t2. During these constant time periods evolution by JHN coupling does
not occur since both the coupled proton and nitrogen spins are transverse2. Therefore
the −2IxNy term evolves as:

−2IxNy → −2IxNycos(ωN t2) + 2IxNxsin(ωN t2) (13.16)

Only the cosine modulated term, 2IxNy , yields detectable signal, therefore the sin
term will be discarded at this point in the analysis.

Combining this chemical shift evolution with the proton to nitrogen polarization
transfer and the evolution under proton-proton coupling (Eq. 13.14) gives the follow-
ing for the density matrix just prior to the t1 period:

[−cos(πJHH2ζ)Ix + sin(πJHH2ζ)2IyAz] 2Nycos(ωN t2) (13.17)

The 90◦ proton pulse converts the above to:

[−cos(πJHH2ζ)Ix + sin(πJHH2ζ)2IzAy] 2Nycos(ωN t2) (13.18)

and subsequent chemical shift evolution during t1, where only the cosine terms are
kept, produces:

[−cos(πJHH2ζ)cos(ωHN t1)Ix + sin(πJHH2ζ)cos(ωHαt1)2IzAy] 2Nycos(ωN t2)
(13.19)

The remaining part of the sequence reverses all of the above, such that at the end of
the last ζ period the density matrix is:

Iy [−cos(πJHH2ζ)cos(ωHN t1) + sin(πJHH2ζ)cos(ωHαt1)] cos(ωN t2) (13.20)

2Terms such as 2IxNy or 2IyNy do not evolve under J-coupling, see Section 10.2.1.1.
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the 90◦ proton pulse places this magnetization along the z-axis. Application of gra-
dient G4 removes any coherent transverse magnetization leaving the desired signal
along the z-axis.

The final segment of the sequence, Pφ3
90 − τ − P−φ3

90 , is jump-and-return selective
excitation sequence that will place the magnetization associated with the amides in
the x-y plane, but will leave the water along the z-axis (see Section 15.2.2.5 for a
discussion of water suppression by the jump-return sequence). The final detected
signal is:[−cos2(πJHH2ζ)cos(ωHN t1) + sin2(πJHH2ζ)cos(ωHαt1)

]
cos(ωN t2)eiωHN t3

(13.21)
Selfpeaks will have an intensity proportional to:−cos2(πJHH2ζ) while crosspeaks
will have an intensity proportional to: sin2(πJHH2ζ).

These intensities have to be corrected for differential relaxation of the magnetiza-
tion during the ζ periods. During this period the magnetization associated with the
selfpeaks was represented by the product operator 2IxNy while the magnetization as-
sociated with the crosspeak is of the form 4IyNyAz . Due to the presence of the Az

term the relaxation rate of the magnetization is increased by the spin-lattice relaxation
rate, R1, of the Hα proton:

R
2IyNyAz

2 ≈ R
2IxNy

2 + RAz
1 (13.22)

Therefore the magnetization associated with the selfpeak decays approximately as:

Iself = Ioe
−R24ζ (13.23)

while the magnetization associated with the crosspeak decays approximately as:

Icross = Ioe
−R24ζe−R14ζ (13.24)

The coupling constant is calculated as:

J =
1

π2ζ
arctan

[√
|Icrosse+R14ζ |

|Iself |

]
(13.25)

In order to correct the intensities it is necessary to know R1 for each Hα proton. An
R1 value of 10 sec−1 was used by Vuister and Bax [162] to correct for this effect in
Staphylococcal nuclease, a 15 kDa protein. Values for other proteins can be obtained
by assuming that R1 is proportional to the rotational correlation time, as discussed in
Chapter 19.

13.3.4 The HNHB Experiment- Identifying Hβ Protons
The three-bond coupling between the amide nitrogen and the Hβ protons can be

used to correlate the latter with the amide resonances of a spin-system. The pulse
sequence, modified from the original version [6] to include pulsed field gradients, is
shown in Fig. 13.8. The overall pathway of magnetization transfer can be summarized
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as follows:

HN
JHN−→ NH

ωN+J−→ Hβcos(ωN t1)
ωHβ−→ Hβcos(ωHβt2)cos(ωN t1) (13.26)

JNHβ−→ NHcos(ωHβt2)cos(ωN t1)
JNH−→ HNcos(ωHβt2)cos(ωN t1)

The intensities of the crosspeaks are:

Icross = sin2(πJNHβ
∆)sin2(πJNH∆)Πkcos2(πJNk∆) (13.27)

where k is the sum over all protons, besides the Hβ and HN protons, that are coupled
to the amide nitrogen.

The evolution of the density matrix that gives rise to the above signal will be briefly
discussed. Beginning with proton magnetization along the z-axis, ρ = Iz , the proton
pulse and subsequent INEPT period produce the following:

Iz
P90x→ −Iy

INEPT−→ 2IxNz (13.28)

The subsequent proton and nitrogen 90◦ pulses generate ρ = 2IzNy . This term
evolves in the subsequent constant time period under nitrogen chemical shift as well as
J-coupling to the amide proton, the Hβ proton, as well as to any other protons coupled
to the nitrogen, such as the Hα proton. Coupling of the nitrogen to the amide proton is
refocused by setting the delay, ∆ to an odd multiple of 1/(2JNH ), as described below:

2IzNy → 2IzNycos(πJ∆) − Nxsin(πJ∆)

= 2IzNycos(π
n

2
) − Nxsin(π

n

2
)

= −Nx n = 1, 3, 5... (13.29)

Figure 13.8. HNHB pulse sequence. This experiment has been modified from the original se-
quence [6] to include pulse field gradients and WATERGATE for suppression of the solvent (see
Section 15.2.2.4). The delay, δ is set to 1/(4JNH ), or shorter depending on the relaxation rate of
amide proton. The delay ∆ is set to odd multiples of 1/(2JNH ), 38 msec is a typical value.
Pulse phases are φ1 = y,−y; φ2 = 2(x), 2(−x); φ3 = 4(x), 4(y), 4(−x), 4(−y); φ5 =
16(x), 16(−x); φrec = x, 2(−x), x,−x, 2(x),−x. Quadrature in nitrogen (t1) is States-TPPI,
attained by incrementing φ4 from x to y. Quadrature in t2 is obtained using the same method,
except that φ2 is incremented by 90◦. Typical Gradient levels would be, G1 (8G/cm, 500 µsec),
G2 (16 G/cm, 200 µsec), G3 (12 G/cm, 200 µsec, G4 (24 G/cm, 250 µsec). The gradient pair
labeled G1 removes artifacts associated with the 180◦ pulses, G2 and G3 are zz-filters and G4
dephases the water magnetization.
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At the same time, the magnetization also evolves under the nitrogen chemical shift:

−Nx → −Nxcos(ωN t1) − Nysin(ωN t1) (13.30)

as well as due to J-coupling to the Hβ protons, represented by B here:

−Nxcos(ωN t1)
JNHβ→ [−Nxcos(πJNHβ) − 2NyBzsin(πJNHβ)] cos(ωN t1)

(13.31)
where only the cos(ωN t1) term has been kept. The proton pulse just prior to t2 makes
the product operator associated with the Hβ proton transverse, allowing it to become
modulated with its chemical shift:

2NyBz
P90H→ 2NyBy → 2Ny [Bycos(ωHβt2) − Bxsin(ωHβt2)] (13.32)

Note that evolution of the 15N chemical shift is suppressed by the nitrogen 180◦ pulse
in the middle of the t2 period.

The 90◦ proton pulse after the t2 period converts By back to Bz , permitting refocus-
ing of the coupling between the nitrogen and the Hβ proton by the INEPT sequence:

2NyBz
JNHβ−→ 2NyBzcos(πJNHβ∆) − Nxsin(πJNHβ∆) (13.33)

Evolution due to coupling between the amide nitrogen and its proton also occur during
this period. Since only the Nx term will give rise to detectable signal, only the Nx term
will be followed:

−Nxsin(πJNHβ∆)
JNHN→ −sin(πJNHβ∆)[Nxcos(πJNHN

∆)
+ 2NyIzsin(πJNHN

∆)] (13.34)

Since ∆ = n/(2JNHN
), cos(πJNHN

∆) = 0, and the above gives:

−Nxsin(πJNHβ
∆)

JNHN→ −sin(πJNHβ
∆)2NyIzsin(πJNHN

∆) (13.35)

The subsequent pair of 90◦ pulses, followed by the final INEPT transfer, which is a
WATERGATE segment for water suppression, produces:

−2NyIz
P90→ −2NzIy

INEPT→ Ix (13.36)

The final signal is:

S(t1, t2, t3) = Icrosscos(ωN t1)cos(ωHβt2)eiωHN t3 (13.37)

13.3.5 Establishing Spin-system Connectivities With
Dipolar Coupling

The TOCSY, HNHA, and HNHB experiments only provide information on proton
connectivities within a residue or spin-system. In order to sequentially connect spin-
systems it is necessary to identify inter-residue connectivities. These cannot be estab-
lished using experiments that utilize proton-proton J-coupling because these couplings
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are very weak across the peptide bond. Consequently it is necessary to use dipolar, or
through space, interactions to detect inter-residue couplings. These experiments are
usually referred to as NOESY experiments and routinely give rise to crosspeaks if the
coupled protons are within 5 Å of each other. Although the emphasis in this section is
on establishing inter-residue connectivities, NOESY spectra can also aid in defining
spin-systems because many of the protons within an amino acid sidechain are close
enough to each other to give rise to intra-residue crosspeaks in the NOESY spectrum.
Dipolar coupling is discussed in detail in Chapter 16.

A three dimensional 15N-separated NOESY experiment is shown in Fig. 13.9.
The experiment begins by frequency labeling all of the protons, this information is
transferred, via dipolar coupling, to any amide protons within approximately 5Å of
the original proton during the mixing time (τm). The magnetization is then transferred
to the amide nitrogen where it becomes labeled with the nitrogen chemical shift. The
magnetization is transfered back to the amide proton for detection. The final signal is:

ηcos(ωHkt1)cos(ωN t2)eiωHN t3 (13.38)

where η is inversely proportional to the sixth power of the distance between proton k
and the amide proton (η ∝ 1/d6).

The sequence presented in Fig. 13.9 is similar in style to that of the 3D-TOCSY
sequence, consequently the following discussion will be brief and will focus primarily
on how the water magnetization is restored to the z-axis at the end of each scan.

Figure 13.9. Pulse sequence for a 3D-15N Separated NOESY experiment (HSQC-NOESY).
This experiment was obtained from Zhang et al. [176]. Most of the experimental para-
meters are described in Fig. 13.6. Parameters that are specific to this experiment are de-
scribed here. The NOESY mixing time, τm is typically set to 150 msec. The phase cycle is
φ1 = 135◦, 315◦; φ2 = 2(x), 2(−x); φ3 = x, φrec = x, 2(−x), x. Quadrature in ω1 is ob-
tained with States-TPPI by shifting the phase of φ1. N- and P-coherences in ωN are selected
by inverting the sign of gradient G9 and inverting the phase of φ3 to −x from x. See Chapter
12 for processing. Gradient strengths are: G1 (4 G/cm, 1 msec), G2 (10 G/cm, 1 msec), G3
(8 G/cm, 0.5 msec), G4 (5 G/cm, 750 µsec), G5 (-15 G/cm, 1.5 msec), G6 ( 30 G/cm, 1.25
msec), G7=G8 (4 G/cm, 0.5 msec), G9 (27.8 G/cm, 125 µsec). Gradients G1 and G3 insure
that only magnetization originating of protons is detected. Gradient G2 dephases any residual
transfer water magnetization, see text. Gradient G5 is a zz-filter. Gradient pairs G4, G7, and G8
remove artifacts associated with the 180◦ pulses. Gradients G6 and G9 select N- or P-nitrogen
coherences.
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The key feature of management of the water magnetization is the use of radiation
damping to place the water along the +z-axis by the end of the mixing period, τm. The
subsequent INEPT, or polarization transfer period, will place the water magnetization
along the y axis. The water selective flip-back pulse, with phase −x, will place the
water along the −z-axis. The application of gradient G5 immediately after this pulse
will inhibit radiation damping by dephasing any water magnetization in the x-y plane.
The proton 180◦ pulse in the middle of the t2 evolution period brings the water back
to +z. During the remaining two INEPT periods, and the coherence selection spin
echo, the water magnetization is transformed as follows:

Iz
90X−→ −Iy

180X−→ +Iy
P90Y−→ +Iy

180X−→ −Iy
90X−→ −Iz

180X−→ +Iz (13.39)

To insure that there is sufficient transverse water magnetization at the beginning of
τm to cause radiation damping, regardless of the quadrature phase of φ1, it is necessary
to set the initial phase of φ1 to 135◦. In this case the water magnetization will be:

Mx = Iocos(45◦) My = −Iosin(45◦) (13.40)

The 90◦ proton pulse at the end of the t1 labeling period will leave the x-component,
or Io/

√
2, of the water magnetization in the transverse plane, leading to effective

radiation damping.
When the sine modulated proton magnetization is selected in the second step of

the States-TPPI protocol, φ1 will become 225◦ (= 130◦ + 90◦). The resultant 90◦

pulse will produce the following state for the water magnetization:

Mx = −Iocos(45◦) My = −Iosin(45◦) (13.41)

The 90◦ pulse at the end of the t1 period will leave the x-component, or Io/
√

2 in the
transverse plane, again leading to effective radiation damping.

If the phase of the first proton pulse had been set to +x (0◦), then the entire wa-
ter magnetization would have placed along the minus z-axis at the beginning of the
mixing period, which would be relatively inefficient for radiation damping. When the
sine component was acquired, by shifting the phase of the φ1 pulse to +y, the entire
water magnetization would be left in the transverse plane, leading to very efficient
radiation damping. Consequently, the cos(ωHt1) and sin(ωHt1) quadrature signals
would show significant differences in the water signal at the end of each scan. By
setting φ1 to 135◦, efficient radiation damping is insured in both cases.

13.3.5.1 4D-15N Separated NOESY
The three-dimensional experiment can be easily extended to four-dimensions. The

pulse sequence is shown in Fig. 13.10 and a simulated spectrum is shown in Fig.
13.11.

The overall experiment can be summarized as follows:

ωj
N t1

JNH−→ ωj
Ht2

Dipolar−→ ωk
N t3

JNH−→ ωk
Ht4

and the overall signal for a crosspeak is:

ηcos(ωj
N t1)cos(ω

j
Ht2)cos(ωk

N t3)eiωk
Ht4 (13.42)
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The amide nitrogen and proton frequencies of one spin-system, e.g. j, are correlated
with the amide nitrogen and proton frequencies of any other amide group, e.g. k,
within approximately 5 Å.

The experiment can be readily described using the pulse-sequence elements dis-
cussed in Appendix D. The initial polarization of the amide proton is transferred to
the amide nitrogen by an INEPT sequence. Following frequency labeling by ωN the
magnetization is transferred back to the same amide proton using a semi-constant
time period. Frequency labeling by the amide proton also occurs during this period.
The magnetization is transferred from one amide proton to another during the mixing
time, τm. The remainder of the sequence consists of a INEPT transfer to the amide
nitrogen, frequency labeling by ωN , and transfer back to the amide proton by an IN-
EPT/WATERGATE sequence, whose frequency is detected in t4.

The principal advantage of the 4D NOESY experiment over the corresponding
three-dimensional experiment is that both the proton and nitrogen shifts of each amide
group that are within 5 Å of each other are obtained, as illustrated in Fig. 13.11.
Having both the amide nitrogen and proton shifts of each amide group facilitates the
unique assignment of crosspeaks in the NOESY spectra to individual amide groups.

Figure 13.10. Pulse sequence for a 4D amide-amide NOESY experiment. This experiment
was obtained from [71]. The gray pulses represent 1 msec half-Gaussian water selective pulses.
All pulses are along the x-axis unless otherwise noted. The delay δ is set to 1/(4JNH ), or
slightly shorter depending on the R2 of the amide proton. The delay ε is set to 170 msec and
allows for radiation damping to return the water to the z-axis. ta

2 , tb
2, and tc

2 are associated with
a semi-constant time evolution, see Table D.1 for details. Phase cycling is: φ1 = x,−x; φ2 =
45◦; φrec = x,−x. φ2 is set to 45◦ to insure equal treatment of the water magnetization for
both quadrature phases, see discussion with 3D-NOESY experiment. Quadrature detection in
t1, t2, and t3 is accomplished using the States-TPPI method, by incrementing φ1, φ2, and φ3,
respectively. Typical gradients are sine squared in shape with amplitudes and durations of: G1
(2.15 msec, 20 G/cm), G2 (1.35 msec, 20 G/cm), G3 (5.0 msec, 12 G/cm), G4 (3.0 msec, 16
G/cm), G5 (1.0 msec, 20 G/cm), and G6 (0.30 msec, 20 G/cm).
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Figure 13.11. Increased resolution in 4D-NOESY spectra. The 4D-NOESY experiment al-
lows the unique assignment of crosspeaks to amide groups. The top left panel shows the amide
region of a 2D-NOESY of a 130 residue protein. Larger spots correspond to more intense peaks,
which arise from amide protons that are close in space. The top right panel show a slice from
the 3D-experiment, at an amide nitrogen frequency of 130.3 ppm. The lower right panel is a
2D-HSQC experiment and the lower left panel shows a 2D plane that was extracted from the
4D-NOESY spectrum at the indicated nitrogen and protons shifts. The boxed peak indicates the
self-peak in both NOESY spectra. The considerable overlap in the 2D-spectra makes it difficult
to obtain unique assignments of the NOESY crosspeaks. Separation of the 2D-spectrum by
the 15N chemical shift, to generate the 3D-NOESY spectrum, resolves most of the crosspeaks.
However, there are many possible assignments for the crosspeaks. For example, the circled
crosspeak at 9.6, 8.0 ppm represents an NOE between an amide group with a chemical shift
ωN = 130.3 ppm, ωH = 9.6 ppm with another amide whose proton shift is 8.0 ppm. The
area of the HSQC spectrum that is enclosed by a rectangle (lower right) shows that there are 5
or 6 possible assignments for the other amide that participates in this NOESY crosspeak. This
ambiguity arises because the nitrogen shift of the crosspeak is not known. In the 4D-NOESY
spectrum (lower left), both the nitrogen and proton frequencies of the amides are obtained, al-
lowing an unambiguous assignment of this peak to a single amide group. The horizontal line
indicates the position of this peak in both the 4D-NOESY and the HSQC spectrum.



272 PROTEIN NMR SPECTROSCOPY

13.4 Exercises
1 Estimate the time required to acquire a 3D-NOESY experiment with 64 complex

points in t1(1H), and 32 complex points in t2(15N). Assume that each FID requires
1.1 sec to acquire and that the phase cycle requires four scans.

2 Estimate the time required to acquire a 4D-NOESY experiment with 24 complex
points for each of the indirectly detected dimensions: t1(15N), t2(1H), t3(15N).
Assume that each FID requires 1.1 sec to acquire and that the phase cycle requires
2 scans to complete.

3 A 3D-NOESY is acquired using the same sweepwidth in the proton dimension as
for t2 in the 4D-experiment. This sweepwidth is digitized by 64 points in the case
of the 3D- experiment and 24 points in the case of the 4D-experiment. Assuming
an amide proton linewidth of 10 Hz, estimate the observed linewidth in the 3D-
and 4D-experiments.

4 A four-dimensional NOESY spectrum is acquired with a sweep width of 1200 Hz
in t2 with a total of 24 complex points.

(a) Calculate the initial delays, ta, tb, and tc for the semi-constant time evolution,
assuming JNH = 92 Hz.

(b) Determine the values for the increments for each period.

5 The following figure gives a TOCSY spectrum and a NOESY spectrum for a 4-
residue segment that is contained within a larger protein. The partial sequence for
this protein is:

Gly46-Glu47-Asp48-Ile49-Cys50-Gly51-Asp52-Gly53-Val54-Leu55-Glu56-Ile57

Only NOE peaks between protons on this segment are shown. On the basis of these
spectra, determine the assignments for this segment of the protein and suggest a
secondary structure of this segment.
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13.5 Solutions
1 The number of points that need to be acquired for each dimension are doubled

due to quadrature detection. Each point requires 4.4 sec to acquire due to the
requirement to complete the phase cycle. The total time is:
64 × 2 × 32 × 2 × 4.4 sec = 36044 sec = 10 hours.

2 Each point requires 2.2 sec to acquire. The total time is:
(24 × 2)3 × 2.2 = 243,302 sec = 67 hours (2.8 days).
A 4D-experiment, even with significantly lower digital resolution than a similar
3D-experiment, can take 6-10 times longer.

3 The total acquisition time is given by: TACQ = (N − 1) × tdw. This defines
the length of the square wave that the true FID was multiplied by to generate the
observed FID. The Fourier transform of the product of the square wave and the
FID is the convolution of their individual transforms. A reasonable estimate of the
final linewidth is simply the sum of the intrinsic linewidth (10 Hz) and the width of
the sinc function that was generated from the square wave. The Fourier transform
of the sinc function is given in Appendix A, and the width is approximately: ∆ν =
1/τACQ . In the case of the 3D-experiment: ∆ν = 1/(833 µsec × 63) = 19 Hz,
or the digital resolution contributes an additional 19 Hz to the linewidth. In the
case of the 4D-experiment: ∆ν = 1(833 µsec × 23) = 52 Hz. The lines in
the 4D-NOESY will be twice as broad as those in the 3D-NOESY, reducing the
resolution in the spectrum.
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4 (a) The pulse sequence given in Fig. 13.10 uses version ii of the semi-constant
time sequences. Using Table D.1:

toa = 1/4J = 2.71 msec

tob = 0
toc = 1/4J = 2.71 msec

(b) The dwell time, ∆t = 1/1200 = 833 µsec and the index of the last point, N
is 23. However, N = 25 will be used to insure that the shortest delay for ta
will still allow room for the 180◦ pulse. This gives the following:

δta = −2.71 msec/25 = −108 µsec

δtb = 833 µsec/2 − 108 µsec = +308 µsec

δtc = 833 µsec/2 = +416.5 µsec

5 Annotated spectra are shown below. The first step is to characterize the 6 spin-
systems that are present in the TOCSY. In this example the Hα protons all have
chemical shifts higher then the Hβ shift. If the sample was labeled with 15N the
identity of the Hα protons could be confirmed with a HNHA experiment. The
chemical shifts associated with each spin-system, and the most likely residue type
are as follows:

Spin Sys. HN Hα Hβ Others Likely Amino Acid

A 8.90 4.6 1.70 0.7, 0.9 Val, Leu, or Ile based on two
methyls.

B 8.75 4.6, 3.6 - - Gly if these are two Hα protons.
Could also be Ser if one proton
is actual Hβ . Could also be a
Thr, with the methyl resonance
missing.

C 8.70 5.4 3.4, 2.7 Typical β-residue, likely Asp,
Asn, Cys. Phe, Trp, Tyr are also
possible, but no aromatics pro-
tons are present.

D 8.60 5.5 2.8, 2.6 Same discussion as C.
E 8.57 4.7 1.7 0.97, 0.92 Same discussion as A.
F 8.15 4.08 - - Same discussion as B, except

two Hα shifts are degenerate.
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The NOESY spectrum is used to determine adjacent spin-systems. The amide-
amide peaks are relatively weak in the NOESY, but there are a number of strong
NOEs between amides and Hα protons, suggesting β-sheet structure. To follow
the connectivities, one starts at an amide and finds a strong NOE to an Hα proton
that is not on the same residue, this is likely the Hα proton of the preceding residue.
In this example, it is possible to begin at spin-system A, find an NOE to the Hα

proton of spin-system F. The amide of spin-system F has a strong NOE to the Hα

proton of spin-system D. This type of linkage can be followed all the way to spin-
system E, as indicated by the arrows. Therefore, the order of the spin-systems,
written from the N-Terminus, is:

E C B D F A

This order can be combined with the residue type information presented above
to give the following representations of the sequence, with the most likely amino
acids in bold and the correct amino acid underlined:⎡

⎣ V al
Leu
Ile

⎤
⎦ −

⎡
⎣ Asp

Asn
Cys

⎤
⎦ −

⎡
⎣ Gly

Ser
Thr

⎤
⎦ −

⎡
⎣ Asp

Asn
Cys

⎤
⎦ −

⎡
⎣ Gly

Ser
Thr

⎤
⎦ −

⎡
⎣ V al

Leu
Ile

⎤
⎦

Comparing this ordering to the known amino-acid sequence:
Gly46-Glu47-Asp48-Ile49-Cys50-Gly51-Asp52-Gly53-Val54-Leu55-Glu56-Ile57

indicates that spin-system E is Ile49, C is Cys50, etc. Note the importance of Gly
and methyl containing residues in positioning the connected spin-systems within
the primary sequence.



Chapter 14

RESONANCE ASSIGNMENTS:
HETERONUCLEAR METHODS
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Figure 14.1. Heteronuclear scalar cou-
plings in proteins. The coupling con-
stants, in units of Hz, are indicated adjacent
to the bond that joins the coupled spins. All
of these couplings are one bond couplings,
with the exception of the two bond coupling
between the amide nitrogen and the Cα car-
bon of the preceding residue. All of the
one-bond couplings are essentially indepen-
dent of the secondary structure. In contrast,
the two-bond coupling between the nitrogen
and the Cα carbon, which depends on the ψ
angle. Note that the two-bond coupling be-
tween the amide nitrogen and its own car-
bonyl carbon is essentially zero, thus it is
only practical to directly correlate the amide
nitrogen shift with the carbonyl shift of the
preceding residue.

Triple-resonance experiments, involv-
ing 15N, 13C and 1H spins, provide a much
more reliable and robust method of obtain-
ing resonance assignments. In the case of
main chain assignments, the direct and rel-
atively large scalar coupling between car-
bon and nitrogen across the peptide bond
can be used to directly link spin systems.
In the case of sidechain assignments, the
large carbon-carbon coupling can be used
to efficiently pass magnetization through-
out the sidechain using isotropic (TOCSY)
mixing. Alternatively, INEPT-like trans-
fers between carbon atoms can be used to
transfer magnetization in a well controlled
fashion. Fig. 14.1 provides a summary of
the heteronuclear coupling constants that
can be exploited for the transfer of magne-
tization between spins.

The remainder of this chapter will be
divided into two sections. The first will
discuss the general strategy for obtaining
mainchain assignments by triple-resonance
techniques. Three pulse sequences will
then be described in some detail, provid-
ing the reader with sufficient information
to analyze the large number of triple-resonance sequences that are currently described
in the literature. The second section of this chapter will briefly discuss approaches to
obtaining sidechain assignments, primarily by the use of carbon-TOCSY experiments.
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Figure 14.2. Determining sequential assignments using inter-residue chemical shifts. Each
domino represents an amide group in a six residue protein. The number of dots on each half
of each domino represent the chemical shift of the matching atom, such as the Cα shift. The
shaded half of the domino represents the intra-residue chemical shift while the unshaded region
represents the inter-residue chemical shift. Initially, the dominoes are unordered (left) but can
be arranged in order such that the inter-residue shift of one amide group is matched to the
intra-residue shift of the previous amide group in the polypeptide chain, as shown on the right.

14.1 Mainchain Assignments
14.1.1 Strategy

Mainchain, or backbone1 assignments are obtained by first correlating the chemical
shifts of the amide group (NH,HN) of a spin-system with both the inter- and intra-
residue chemical shifts of mainchain or sidechain atoms. The sidechain or mainchain
atom will be referred to here as a matching atom. For example, the HNCA experiment
correlates an amide group with its own α-carbon as well as the α-carbon shift of
the preceding residue. In this experiment the α-carbon is the matching atom. The
chemical shifts of the matching atoms are then used to determine which amide groups
are associated with adjacent residues on the polypeptide chain. This is accomplished
by selecting one amide group (A) and then identifying the adjacent amide (B) by
virtue of the the fact that the inter-residue shift of the matching atom of amide A is
equal to the intra-residue shift of the same matching atom of amide B. This process
is repeated until all sequential connectivities are obtained, as illustrated in Fig. 14.2.
Under favorable conditions it is possible to determine the complete ordering of the
spin-systems in the protein by this method.

The above process can only lead to complete sequential connectivities of the
residues if the chemical shift of the matching atoms are unique for all residues in the
protein. Otherwise an ambiguity will eventually occur, in that more than one amide
group can be the sequential residue. This ambiguity can often be resolved by using
a second, or third, matching atom. For example, the carbonyl- and β-carbon shifts
are routinely used for this process. In non-deuterated protons, the α- and β-protons
are also commonly used a matching atoms. The use of an additional chemical shift to
resolve degeneracies is illustrated in Fig. 14.3.

1Mainchain, or backbone, atoms are generally considered to be the HN, N, Cα, Hα, and C’ (carbonyl
carbon) atoms.
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Figure 14.3. Resolving degeneracies in the assignment process. The use of an additional
matching atom to resolve degeneracies is illustrated. Panel A: One matching atom has been
used and two of the five residues have the same intra-residue chemical shift (δ = “one”). When
the residues are ordered, there are two possible choices for the first residue in the chain and thus
the assignment of this residue is ambiguous. Panel B: Inclusion of an additional matching atom
(e.g. β-carbon) resolves this degeneracy by providing an additional chemical shift to distinguish
between the two choices.

In practice, due to missing data, or unresolvable ambiguities, or the presence of
proline residues that lack an amide proton, it will not be possible to unambiguously
order all of the spin-systems. Instead, one obtains segments of linked residues of
varying lengths. These segments have to be correctly located in the known primary
sequence of the protein in a manner similar to that presented in Fig. 13.1. Therefore,
the amino acid type of each residue (spin-system) in the segment has to be determined.

As with the case of homonuclear assignment methods, determination of the type
of the amino acid of the spin-system is based on the characteristic chemical shifts of
the atoms within an amino acid residue. The assignment of residue type is greatly
facilitated by knowledge of the carbon chemical shifts. For example, a residue with
a β-carbon shift of 20 ppm and a β-proton shift of 1.0 ppm is very likely to be an
alanine (see Fig. 1.16 for chemical shifts). Although the process of residue identifi-
cation does not always lead to a definitive assignment of residue type, usually there is
sufficient information to correctly associate a connected segment of spin-systems with
the corresponding region of the primary sequence of the protein.

14.1.2 Methods for Mainchain Assignments
A large number of triple-resonance pulse sequences have been devised for main-

chain assignments and a number of these are listed in Table 14.1. The pathway of
magnetization transfer in a small number of these is shown in Fig. 14.4. The usual
nomenclature for these experiments is to list the nuclei in the order that frequency
labeling occurs in the pulse sequence. If magnetization is passed through a spin with
no frequency labeling then that spin is enclosed in parenthesis. In addition, an exper-
iment that begins with the magnetization on the amide proton, indicated as ’HN’ in
the experiment name, generally implies an ’out-and-back’ experiment, i.e. the mag-

Resonance Assignments: Heteronuclear Methods
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netization is returned to the amide proton for detection. For example the HN(CO)CA
experiment would transfer the magnetization from the amide proton to the nitrogen,
record the frequency of the N spin, pass the magnetization through the carbonyl car-
bon (CO), record the frequency of the Cα spin, and then return the magnetization back
through the carbonyl carbon to the NH proton for detection. In contrast, if the magne-
tization begins elsewhere, it is usually passed in one direction to the amide proton for
detection. For example the (HA)CA(CO)NH experiment would begin by transferring
the α-proton magnetization to the α-carbon, followed by recording the chemical shift
of the α-carbon. The magnetization is then transfered to the carbonyl carbon and then
to the amide nitrogen for frequency labeling, with final detection on the amide proton
on the following residue.

Each of the triple-resonance experiments listed in Table 14.1 generate a three di-
mensional spectrum. In cases where detection is on the amide proton, the amide
nitrogen and proton frequencies generally comprise the second and third frequency
dimension and the remaining dimension corresponds to the matching atom. A slice
from this three dimensional spectrum at the nitrogen frequency of an amide group
will show crosspeaks at the intersection of the amide proton chemical shift and the
shift of the third spin (matching atom). Some experiments, such as the HNCA ex-

Table 14.1. Triple-resonance experiments for assignments. A comprehensive description of
a number of these experiments can be found in Sattler et al [142]. An earlier review by Bax and
Grzesiek [11] should also be consulted for more information.

Experiment Correlated Atoms References

Mainchain Carbon Shifts†

HNCO COi−1 with NH‡ [75, 68, 86, 116, 174]
HN(CA)CO CO with NH [39, 173]
HNCA Ci, i−1

α with NH [68, 75, 173, 172]
HN(CO)CA Ci−1

α with NN [81, 173]
HNCACB [CβCα]i, i−1 with NH [168]
CBCANH [CβCα]i, i−1 with NH [67]
HN(CO)CACB [CβCα]i−1 with NH [66]

Mainchain Proton Shifts
HN(CA)HA Hi, i−1

α with NH [40]
HN(COCA)HA Hi−1

α with NH [41]
HAHB(CO)NH [HβHα]i−1 with NH [67]
HAHBNH [HβHα]i & [HβHα]i−1 with NH [163]
HCACO Cα, CO, Hα [69]

Other Sidechain Shifts
HCCH TOCSY All protons with Hα & Cα [9, 35, 55, 85]
C-C TOCSY (CO)NH All Ci−1 with NH [65]
H-H TOCSY (CO)NH All Hi−1 with NH [65]

† The mainchain includes the β-proton and carbon. ‡ “NH” implies correlation to both amide proton and

nitrogen.
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Figure 14.4. Triple-resonance experiments for main chain assignments. The magnetization
transfer pathways in selected triple-resonance experiments are shown. In these diagrams the
atoms that are circled define the recorded chemical shifts. The atoms that are circled with a dot-
ted line serve to transfer magnetization between atoms, but their chemical shift is not recorded.
The arrows indicate the direction of magnetization transfer. In all cases these experiments be-
gin by transferring the amide proton polarization to the amide nitrogen. Experiments that give
exclusively inter-residue shifts are on the right. These experiments generate one crosspeak
per amide group. For the two experiments in the first row, the HN(CA)CO and HNCO, the
matching atom is the carbonyl carbon. The HN(CA)CO can in principal give both inter- and
intra-residue carbonyl shifts. However, the inter-residue peak is generally of low intensity and
often not observable. The HNCO experiment gives the chemical shift of the carbonyl of the
preceding residue. The HNCA and HN(CA)CB experiments give both the intra- and inter-
residue α-carbon (HNCA) or β-carbon (HN(CA)CB) shifts. Thus two crosspeaks are observed
per amide group. The HN(CO)CA and HN(COCA)CB experiments only correlate the inter-
residue α-carbon (HN(CO)CA) or β-carbon (HN(COCA)CB) shift to the amide group, giving
one crosspeak per residue.

periment, give both the inter- and intra-residue shifts for the matching atom, and thus
will show two crosspeaks for each amide group. In order to unambiguously identify
whether the peak originates from the inter- or intra-residue spin requires data from a
complementary experiment that generates signals from only one of the two matching
atoms. For example, the HN(CO)CA experiment complements the HNCA experiment
by providing only inter-residue α-carbon shifts.

The general appearance of these spectra is illustrated in Fig. 14.5, using the HNCA
and the HN(CO)CA experiments as an example. Other triple-resonance spectra would
be very similar in appearance, with the significant difference being the carbon fre-
quency axis. In the HNCO and HN(CA)CO experiments carbonyl shifts would be ob-
served while in the HN(CA)CB and HN(COCA)CB experiments the β-carbon shifts
would be observed.

Resonance Assignments: Heteronuclear Methods
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Figure 14.5. Illustration of HNCA and HN(CO)CA Spectra. The left section of the diagram
shows the three-dimensional spectrum with the three frequency axis labeled. A single slice from
this spectrum is taken at a nitrogen frequency of 115.5 ppm and the resultant two dimensional
slices are shown on the right. The HN(CO)CA spectrum is shown on the top and the HNCA
spectrum is on the bottom. This protein contains three residues whose amide nitrogen has a
chemical shift of 115.5 ppm. The amide proton frequencies of these residues are 6.5, 7.0, and
8.5 ppm. The HN(CO)CA spectrum gives the chemical shifts of the α-carbon that precedes each
residue. In this case the shifts are 48.75, 52.5, and 60.25 ppm for the first, second, and third
amide proton shifts, respectively. The HNCA spectrum gives both the inter- and intra-residue
shifts for each residue. The intra-residue crosspeak is usually more intense than the inter-residue
peak because the one bond intra-residue coupling is generally usually larger than the two-bond
inter-residue coupling. In this example, the opposite is true for the residue with HN = 7.0 ppm.
Using the HN(CO)CA spectrum to unambiguously identify the intra-residue peak in the HNCA
spectrum gives intra-residue α-carbon shifts of 62.5, 57.5, and 52.5 ppm for the first, second,
and third amide proton shifts, respectively.

14.2 Description of Triple-resonance Experiments
In this section, a detailed description of the HNCO, HNCA, and HN(CO)CA exper-

iments will be given. The reader should review the elements of pulse sequences that
are presented Appendix D before reading this section. Excitation of distinct types of
carbons, e.g. CO and Cα are required in these experiments. In practice it is necessary
to utilize semi-selective carbon pulses for both excitation and decoupling. A discus-
sion of these two important pulse sequence elements is presented after the description
of the pulse sequences, in Section 14.3.

14.2.1 HNCO Experiment
The HNCO experiment is one of the simplest triple-resonance experiments. It cor-

relates the amide group with the carbonyl carbon (C’) shift of the preceding residue.
The overall pathway of the magnetization is as follows:

HN → N → C ′(i−1)(t1) → N(t2) → HN (t3) (14.1)

The pulse sequence for the HNCO experiment is shown on the following two pages.
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Figure 14.6. Pulse sequence for the HNCO experiment. This experiment is from [86]. Full
height narrow bars and wide bars on the proton and nitrogen channels represent 90◦ and 180◦

high power pulses, respectively. The shaped gray colored proton pulse is a water flipback pulse.
The DIPSI-2 decoupling scheme would be applied using a power level that yields a 90◦ 1H
pulse of 50 µsec (γB1 = 5 kHz). The proton pulses on either side of the DIPSI sequence would
be applied at the same power level to insure the correct phase relationship between these pulses
and the DIPSI decoupling. Note that both proton and carbon decoupling are turned off before
the application of a gradient pulse. The carbon pulses are applied as semi-selective pulses ,
as discussed in the text. The transmitters for the carbonyl and Cα carbon channels are set to
175 and 55 ppm, respectively. If only one carbon channel is available, the carbon transmitter
would be placed in the center of the Cα carbons and the carbonyl pulses would be generated by
frequency shifted pulses, as described in Section 14.3.4. The coupling between the Cα and the
nitrogen during Period 4 is removed by application of a SEDUCE decoupling sequence to the
Cα carbons, as discussed in the text, using a field strength of: γB1 = 1.7 kHz. On spectrometers
with a single carbon channel, it is more convenient to use a single 180◦ pulse, as discussed in
Section 14.2.1.1 on page 287.

The delay TN is 12.4 msec, allowing the evolution of nitrogen-carbonyl coupling. The delays
τa and τc are set to 2.3 msec (<1/(4JNH )) and τb is set to 5.5 msec (=1/(2JNH )). The de-
lay ζ is required for the application and recovery of gradient G8 and is set to 0.5 msec. The
phase cycle is φ1 = x,−x; φ2 = 4(x), 4(−x); φ3 = 2(x), 2(−x); φ4 = x; φ5 = x, φrec =
2(x,−x), 2(−x, x). Quadrature detection in t1 (carbonyl) is obtained using States-TPPI, im-
plemented by phase shifting the carbonyl pulse labeled φ2 by 90◦. Quadrature detection in
nitrogen is obtained using N-, P-selection. Two FIDs are collected for each t2 value; for the
second, the phase of φ4 is inverted as is the sign of gradient G5. Processing is as described in
Chapter 12, Section 12.4.1. Gradient are usually sine-shaped with the following strengths: G0(8
G/cm, 0.5 msec), G1(5 G/cm, 0.5 msec), G2(15 G/cm, 2 msec), G3(20 G/cm, 0.75 msec), G4(5
G/cm, 0.2 msec), G5 (30 G/cm, 1.25 msec), G6(5 G/cm, 0.3 msec), G7(10 G/cm, 0.2 msec),
G8(27.8 G/cm, 0.125 msec). Gradient G0 insures that the detectable magnetization arises only
from the amide proton. Gradient pairs G1, G6, and G7 remove artifacts associated with imper-
fect 180◦pulses. Gradients G2, G3, and G4 are zz-filters.

Resonance Assignments: Heteronuclear Methods
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HNCO Pulse Sequence

Pulse Sequence Comments

6 Loop 15N Evolution Loop
5 Loop 15N N-P selection Loop
4 Loop CO Evolution Loop
3 Loop CO Quadrature Loop

zero Zero memory
2 Loop Collect NS scans

power level[High]:N Set power levels
power level[High]:Cα
delay d1 Inter-scan delay (1sec)
(p90 x):N 90◦Nitrogen purge pulse
Grad 0 Gradient 0
(p90 x):H 90◦Proton pulse
Grad1 Gradient 1
delay τa-Grad1 1/2JNH

(p180 x):N (p180 x):H 180◦on H and N
delay τa-Grad1 1/2JNH

Grad1 Gradient 1
(p90 y):H 2IxNz → 2IzNz

power level[flipback]:H
(p90Shaped x):H Water flipback
Grad2 Gradient 2

Refocus NH and Transfer to CO
power level[dipsi]:H Reduce proton power
(p90 φ1):N 2IzNz → 2IzNy

delay τb 2IzNy → Nx

(p90lp y):H Place H along x for DIPSI
H-decouple: DIPSI ON DIPSI turned on
delayTN − τb

(p180 x):N (p180 x):CO Dual 180◦on N and CO
delay TN

(p90 x):N 2NyCz → 2NzCz

H-decouple: OFF Turn off DIPSI decoup.
(p90lp −y):H Proton back to z-axis
Grad3 zz-filter
(p90 φ2):CO 2NzCz → 2NzCy

CO frequency label
delay t1/2 First half of t1 period
(p180 x):N (p180 x):Cα Pulses for N and Cα decoup.
delay t1/2 Second half of t1 period

Return to NH
(p90 x):CO 2NzCy → 2NzCz

Grad4 zz-filter
(p90lp y):H Place H on x for DIPSI
H-decouple: DIPSI ON DIPSI turned on
power level[Seduce]:Cα Reduce Cα power for Seduce
(p90 x):N 2NzCz → 2NyCz

Cα-dec.: SEDUCE ON Cα Seduce Decoupling
delay TN -t2/2 1st half of constant time
(p180 φ3):N (p180 x):CO 180◦ pulses on N and CO
delay TN + t2/2 − τb 2nd half of TN , minus τb

H-decouple: OFF Turn off H-decoup.
(p90lp −y):H Return proton to z-axis
delay τb-Grad5 Nx → 2IzNy

Cα-decouple: OFF Turn off Seduce Decoup.
Grad5 Coherence Gradient
power level[High]:H Proton power to high

Sensitivity Enhancement
(p90 x):H (p90 φ4):N
Grad6
delay τc-Grad6
(p180 x):N (p180 x):H Dual 180◦pulse on H and N
delay τc-Grad6
Grad6
(p90 y):N (p90 y):H Dual 90◦pulse on H and N

Grad7
delay τc-Grad7
(p180 x):N (p180 x):H Dual 180◦pulse on H and N
delay τc-Grad7
Grad7

Coherence Selection
(p90 φ5):H Final proton 90
delay ζ
(p180 x):H Final proton 180
delay ζ-Grad8
Grad8 Coherence Gradient
power level[low]:N Lower 15N power (decoup.)
N-decouple WALTZ ON Turn on nitrogen decoup.
acq φrec Acquire FID, phase=φrec

N-decouple OFF Turn of nitrogen decoup.
go to 2, NS times loop to 2 for NS scans
write write FID to DISK

CO Evolution
φ2 + 90 Add 90 to φ2 (STATES)
go to 3, one time Collect quad FID, NS scans
t1/2 = t1/2 + ∆t1/2 Change t1
φrec+180 Add 180◦ to φrec (TPPI)
go to 4, p times Collect p pairs of FIDS
t1=0 CO evolution done, t1 reset to 0

15N Evolution
increment ph4+180◦ N-P selection
invert Grad5 N-P selection
go to 5, one time Collect the second N-P FID
t2/2 = t2/2 + ∆t2/2 Change t2
go to 6, q times Collect q pairs of FIDS
exit End experiment

Phases
φ1= 0 2 φ4= 0
φ2= 0 0 0 0 2 2 2 2 φ5= 0
φ3= 0 0 2 2 φrec= 0 2 0 2 2 0 2

Figure 14.7. HNCO pulse sequence code.
Pulses are indicated by: (pθ phase):nuclei,
where θ is the flip-angle, phase is the phase
of the pulse, and nuclei indicates the RF-
channel. For example, (p180 y):Cα rep-
resents a 180◦ pulse along the y-axis, ap-
plied to the Cα carbons. ’power level’ indi-
cates that the transmitter power on the indi-
cated RF-channel is changed to the level in-
dicated within the square brackets. For ex-
ample power level[dipsi]:H changes the RF-
power of the proton channel to the level re-
quired for the application of the DIPSI decou-
pling sequence. Note that decoupling must be
actively turned off. Grad n indicates the ap-
plication of a gradient pulse, including the re-
covery time after the gradient. The length of
gradients are subtracted from evolution delays.
For example, the ζ−P180−[G8]−ζ segment
at the end of the sequence. See Fig. 14.8 for
a discussion of the looping and order of data
collection.
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Figure 14.8 Data collection in HNCO
experiment. Part A illustrates the loop-
ing performed by the pulse sequence
code ( Fig. 14.7). The cosine(real) and
sine(imaginary) modulated FIDs are
collected for carbonyl evolution. The
carbonyl evolution time is then incre-
mented, and another pair of FIDs are
collected. After a complete set of 2p
FIDs are collected, corresponding to the
N-type dataset for 15N evolution, a sec-
ond set of 2p FIDs are collected for the
P-type dataset. The 15N evolution time
is then incremented, and collection of
the carbonyl evolution is then repeated.
Part B shows the time-domain data as-
suming three carbonyl evolution time
points (p = 3) and two nitrogen evo-
lution points (q = 2). The first six FIDs
are associated with t2 = 0 and the N-
dataset. The seventh FID is the first FID
of the P-dataset, t2 is still zero and will
not be incremented until the 13th FID.

The version of the HNCO presented in Fig. 14.6 utilizes gradients for coherence se-
lection (quadrature detection) of nitrogen, is of enhanced sensitivity (see Section 12.3)
and restores the water magnetization to the z-axis at the end of the pulse sequences.
The only new feature in this sequence is the use of selective pulses for carbon excita-
tion and decoupling, such that the magnetization of the α-carbons can be manipulated
independently from that of the carbonyl carbon. This aspect of the pulse sequence will
be discussed in more detail in Section 14.3.

14.2.1.1 HNCO Experiment: Product Operator Analysis
A detailed analysis of this sequence using product operators is provided below, the

section labels correspond to the labeled periods in the pulse sequence (Fig. 14.6).
Segment 1: The first segment transfers the proton polarization to the nitrogen with a
standard INEPT sequence:

Iz → −Iy
INEPT−→ 2IxNz

P90HP90N−→ 2IzNy (14.2)

Resonance Assignments: Heteronuclear Methods
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Segment 2: In this phase of the sequence the density matrix evolves under a Hamil-
tonian that contains evolution due to three different couplings: JHN , JNC ′ , and JNCα,
plus the nitrogen chemical shift. The experiment is designed in such a way that only
JHN and JNC ′ coupling occurs. Evolution of the system by JNCα, as well as the
nitrogen chemical shift, are suppressed during this segment. The net result is that
the anti-phase proton-nitrogen magnetization is refocused to in-phase nitrogen mag-
netization (2IzNy → Nx). Simultaneously, anti-phase nitrogen-carbonyl(C’) carbon
magnetization is generated (Nx → 2NyC ′

z).
The evolution of the density matrix during this segment will be evaluated using

product operators. In theory, it is necessary to consider evolution under all four terms,
i.e.:

ρ(τ) = eiπJ(HN)τIzNzeiπJ(NC′)τNzC′
zeiπJ(NCα)τNzCα

z eiωN τNzρo

e−iπJ(HN)τIzNze−iπJ(NC′)τNzC′
ze−iπJ(NCα)τNzCα

z e−iωN τNz (14.3)

during all periods of free precession of the spins. This analysis can be quite tedious.
Therefore, we will evaluate the individual evolution of each of these terms over the
entire segment, using the concepts developed in Appendix D, and then determine the
net effect of all four terms on the density matrix.

Chemical Shift Evolution: It is clear that chemical shift evolution of the transverse ni-
trogen magnetization does not occur because the 180◦ nitrogen pulse is symmetrically
placed in this time interval.

Proton-Nitrogen Coupling: The coupling between the nitrogen and the amide proton
is active during this period. It is allowed to evolve for a period of τb, after which
the application of the DIPSI decoupling on the protons prevents further evolution.
Therefore the evolution of the density matrix due to this coupling is:

2IzNy → 2IzNycos(πJNHτb) − Nxsin(πJNHτb) (14.4)

If τb is set to exactly 1/(2JNH) then the evolution can be simplified:

2IzNy → Nx (14.5)

Nitrogen-Carbonyl Coupling: The coupling between the nitrogen and the carbonyl
carbon occurs during this entire period because a 180◦ pulse was applied to both spins.
Consequently,

Nx → Nxcos(πJNC2TN ) + 2NyC ′
zsin(πJNC2TN ) (14.6)

If TN = 1/(4JNC) then only the anti-phase term remains: 2NyC ′
zsin(πJNC2TN ).

In practice, TN is usually set to a shorter time, e.g. 12.4 msec versus 16.6 msec, to
reduce the effects of signal loss due to relaxation during the 2TN period. In this case
the Nx term is removed by phase cycling of φ2.

Nitrogen-Cα Coupling: Since a 180◦ pulse is applied to the nitrogen, but not to the
Cα carbons, this coupling is refocused over the 2TN period.
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Segment 3: During this period, the carbonyl magnetization is brought into the trans-
verse plane, its chemical shift is recorded, and then it is returned to the z-axis. The
transverse carbonyl carbon can also evolve from coupling to both the nitrogen and the
α-carbon. Both of these interactions are suppressed by the 180◦ pulses that are applied
to the nitrogen and α-carbon spins. Therefore the net evolution is:

2NyC ′
z

P90N P90C−→ −2NzC
′
y

t1−→ −2NzC
′
ycos(ωC′t1) + 2NzC

′
xsin(ωC′t1)

P90N P90C−→ 2NyC ′
zcos(ωC′t1) (14.7)

where the sin(ωCt1) term has been dropped since it will not give rise to detectable
magnetization.

Figure 14.9. Refocusing N-
Cα coupling in the HNCO ex-
periment. The N-Cα cou-
pling during evolution of the
nitrogen chemical shift in the
HNCO experiment can be refo-
cused using a 180◦ Cα carbon
pulse. Segment 4 of the HNCO
sequence is shown with the
SEDUCE decoupling sequence
(gray rectangle) replaced by a
180◦ Cα pulse. The 180◦ car-
bon pulse is easier to implement
than the SEDUCE sequence on
three-channel spectrometers.

Segment 4: The evolution of the system during this
segment is similar to that in segment 2, but the ni-
trogen chemical shift is recorded in a constant time
manner (see Section D.2.3). This is accomplished by
moving the 180◦ nitrogen and carbonyl pulses to the
left for each subsequent t2 increment (see Fig. 14.6).
Coupling between the nitrogen and the carbonyl car-
bon occurs during the entire 2TN period since 180◦

pulses are applied to both spins simultaneously. Be-
cause the 180◦ nitrogen pulse is no longer centered
in the interval, coupling between the nitrogen and the
Cα carbon can now occur. This coupling is prevented
by the application of the SEDUCE sequence to the Cα

carbons. Note that the SEDUCE decoupling has to be
turned off during application of G5, however, the de-
gree of evolution due to JNCα is small during the time
period.

The use of SEDUCE decoupling to prevent the
evolution of the N-Cα coupling is convenient if a sep-
arate RF-channel is available for the α-carbon fre-
quency. However, on three-channel spectrometers
only a single RF-channel is available for carbon ex-
citation. In this case implementation of SEDUCE
decoupling is cumbersome because the decoupling
would have to be interrupted during the application
of the carbonyl 180◦ pulse. An alternative strategy for
removal of the N-Cα coupling involves replacement
of the SEDUCE sequence with a single 180◦ pulse, as
shown in Fig. 14.9. The net evolution of the density
matrix due to N-Cα coupling can be easily shown to be zero for this segment by calcu-
lating the net phase change in the density matrix over the interval. Recall that a 180◦

pulse applied to either of the two coupled spins, N or Cα, will reverse the evolution of
the density matrix. Therefore the net phase angle is:

ΘJNCα
= [TN − t2

2
] − [TN ] + [

t2
2

] = 0 (14.8)

Resonance Assignments: Heteronuclear Methods
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The proton-nitrogen coupling is suppressed by the DIPSI decoupling scheme, ex-
cept for the period τb at the end of this segment. Therefore the evolution of the system
can be described as follows:

2NyC ′
z

2TN JNC−→ −Nx
τbJNH−→ −2NyIz (14.9)

The pair of proton and nitrogen pulses convert this density matrix to:

−2NyIz → 2NzIy (14.10)

Coherence selection is also applied in this segment, by gradient G5. Therefore the
overall density matrix at the end of segment 4 is:

2NzIycos(ωCt1)eiωN t2eiγN G5 (14.11)

where decay due to spin-spin relaxation of the nitrogen magnetization, with a time
constant of T2, has been ignored. This would decrease the signal by a factor of
e−2TN /T2 .
Segment 5: This segment is exactly the same as the HSQC experiment presented in
the previous chapter. The pair of INEPT sequences refocus the 2NzIy term to:

2NzIyeiωN t2 → Ixcos(ωN t2) − Iysin(ωN t2) (14.12)

The coupling between the nitrogen and the Cα and carbonyl carbon is refocused
during this interval due the application of the 180◦ pulse to the nitrogen, but not to
either carbon.
Segment 6: The last segment selects the appropriate nitrogen coherence:

eiγN G5 → eiγN G5eiγHG8 = 1 (14.13)

The final signal, after processing the data for nitrogen N-P selection is:

cos(ωCt1)cos(ωN t2)eiωHt3 (14.14)

14.2.1.2 Water Management in the HNCO Experiment
Restoring the water magnetization to the z-axis is more complicated in this experi-

ment because of the proton decoupling that is applied during segments 2 and 4. In this
case the y-pulses that bracket the DIPSI sequences will place the water magnetization
along the x-axis. Since the DIPSI sequence is applied along the x-axis the water will
remained aligned along the B1 field during the entire decoupling sequence. After the
decoupling is turned off, the water is restored to the z-axis by the −y pulse.

The overall path of the water magnetization in the experiment is as follows:

Iz
INEPT−→ Iy

F lipback−→ Iz
y DIPSI −y−→ Iz

y DIPSI −y−→ Iz
P90x−→ −Iy

P180x−→ Iy

P90y−→ Iy
P180x−→ −Iy

P90φ5−→ −Iz
P180x−→ Iz (14.15)
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14.2.1.3 Phase Cycle of HNCO Experiment
The phase cycle of this experiment is quite simple, and it is possible to analyze the

phase cycle using coherence levels that were discussed in Chapter 12. As a reminder,
recall that a coherence jump of ∆p ± N can be selected from other changes in coher-
ence levels by setting the phase increment of a pulse to 2π/N and the receiver phase
to −∆p · φ.

The complete phase cycle in the HNCO experiment is summarized in Table 14.2.
The nitrogen pulse, with phase φ1, creates single quantum nitrogen coherence from a
zero quantum state: σ0

N → σ+1
N + σ−1

N . The change in coherence order, ∆p, is +1 at
this step of the pulse sequence. However, it is also necessary to retain the -1 change,
therefore a two step phase cycle is dictated such that jumps of +1 and -1 are both
retained. Therefore the cycle is simply x, and -x. Cycling this pulse insures that only
magnetization that is associated with the Nz at this point in the experiment is detected.

The 90◦ pulse applied to the carbonyl carbon channel, with phase φ2 generates
exactly the same coherence changes as the nitrogen pulse discussed above, therefore
it must also be a two step phase cycle, with pulse phases of x or -x. Cycling this pulse
insures that only magnetization that is frequency labeled with the carbonyl chemical
shift will be detected.

The final pulse that is phase cycled is the 180◦ nitrogen pulse during the frequency
labeling period. The nitrogen magnetization is transverse during this period, therefore
the coherence jump that is generated by this pulse is ±2, i.e. σ−1 → σ+1 and σ+1 →
σ−1. Therefore, this pulse is also subject to a two step phase cycle. Cycling this
pulse removes artifacts associated with an imperfect 180◦ pulse, which would generate
coherence changes such as σ+1 → σo. Note that it is difficult to accomplish this
coherence editing using pulsed field gradients because the constant time evolution
does not provide sufficient time for the application of a gradient pulse.

The receiver phase is given by the following:φrec = −∑
∆piφi, for example:

Scan 2 : φrec = −[(+1)(π)) + (+1)(0π) + (+2)(0π)]
= −π ≡ −x (14.16)

Note that the phase of φ3 has no effect on the receiver phase since ∆p is +2 and the
phase shift is π, inducing a net phase change of 2π on the signal.

Table 14.2. HNCO phase cycle. φ1 is the phase of the nitrogen pulse prior to TN , φ2 is the
phase of the carbonyl pulse just prior to the t1 period, and φ3 is the phase of the 180◦ nitrogen
pulse during the constant time evolution.

Pulse/ ∆p Scan Number
Receiver 1 2 3 4 5 6 7 8

φ†
1 +1 x -x x -x x -x x -x

φ2 +1 x x x x -x -x -x -x
φ3 +2 x x -x -x x x -x -x
φrec −∑

∆piφi x -x x -x -x x -x x

†x = 0, y = π/2,−x = π,−y = 3π/2. This is often encoded in pulse programs as: x = 0, y =
1,−x = 2,−y = 3. See Fig. 14.7.

Resonance Assignments: Heteronuclear Methods
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14.2.2 HNCA Experiment
The HNCA experiment correlates the amide group with the chemical shift of its

own Cα (i) and the Cα of the preceding residue (i−1). The pathway of magnetization
transfer is as follows:

HN → N →
Ci

α(t1)

Ci−1
α (t1)

→ N(t2) → HN (t3) (14.17)

The most significant difference between the HNCA experiment and the HNCO ex-
periment is that the magnetization is transferred from the nitrogen to the Cα carbon
in the HNCA experiment while it is transferred to the carbonyl carbon in the HNCO
experiment. Consequently, the pulse sequence of the two experiments are identical,
with the following two changes:

1. The pulses on the two carbon types are switched, i.e. pulses that were applied to
the carbonyl carbon are now applied to the Cα carbon.

2. In the HNCA experiment the crosspeak intensity depends on the product of two
trigonometric functions: I ∝ sin(πJ1τ) × cos(πJ2τ), therefore the maximum
intensity is obtained when the delay TN is shorter than 1/(4J) (see Fig. 14.10).

The intensity of the crosspeaks in the HNCA experiment depends on the size of the
coupling between the nitrogen and the Cα carbon. During the TN period, the density
matrix evolves due to coupling to the intra-residue carbon as follows:

Nx

JNCi
α→ NxcosΘi + 2NyCi

zsinΘi (14.18)

Evolution also occurs due to the two bond coupling to Cα of the preceding residue.
Therefore the density matrix given in Eq. 14.18 evolves further, giving:

NxcosΘi+2NyCi
zsinΘi

J
NC

i−1
α→ cosΘi[NxcosΘi−1 + 2NyCi−1

z sinΘi−1]

+ 2Ci
zsinΘi[NycosΘi−1 − 2NxCi−1

z sinΘi−1]

=NxcosΘicosΘi−1 + 2NyCi−1
z cosΘisinΘi−1

+ 2NyCi
zsinΘicosΘi−1 − 4NxCi

zC
i−1
z sinΘisinΘi−1

(14.19)

where Θi = πJNCi
α
2TN , and, Θi−1 = πJNCi−1

α
2TN .

Of these four terms, only the middle two give rise to detectable magnetization:

2NyCi−1
z cosΘisinΘi−1 2NyCi

zsinΘicosΘi−1 (14.20)

generating the inter- and intra-residue peaks, respectively.
Since there are two transfer periods, the trigonometric terms become squared, giv-

ing the following for the intensities of the two peaks:

IInter = [cosΘisinΘi−1]2 IIntra = [sinΘicosΘi−1]2 (14.21)
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Figure 14.10 Relative sensitivity of
the the HNCO and HNCA experiments.
Crosspeak intensities are plotted for the
HNCO experiment (solid curve), the
inter- (dashed) and intra-residue (dot-
ted) crosspeaks in the HNCA experi-
ment as a function of TN . The inten-
sity of the HNCO experiment is given
by sin2(πJNC2TN ). See text for
the equivalent formula for the HNCA
crosspeaks. The following coupling
constants were used: 1JNC′ = 15
Hz, 1JNCi

α
= 11 Hz, 2J

NCi−1
α

= 7
Hz.

Intensities for the inter- and intra-residue crosspeaks are shown in Fig. 14.10, along
with the crosspeak intensity in the HNCO experiment. This figure shows that the in-
tensity of the peaks in the HNCA experiment are smaller than in the HNCO experi-
ment. In addition, the inter-residue crosspeak in the HNCA experiment is generally
less intense than the intra-residue peak because the two-bond inter-residue coupling
is smaller than the one-bond intra-residue coupling. However, for a small number of
residues, the inter-residue coupling constant is larger than the intra-residue one, which
reverses the intensities of the two peaks.

14.2.2.1 HN(CO)CA Experiment
The HN(CO)CA experiment correlates the amide nitrogen with only the Cα of the

preceding residue. It is a valuable experiment in that it distinguishes between inter-
and intra-residue peaks on the HNCA experiment. The path of magnetization transfer
is as follows:

HN → N → C ′(i−1) → Ci−1
α (t1) → C ′(i−1) → N(t2) → HN (t3) (14.22)

The pulse sequence for this experiment is given in Fig. 14.11. As anticipated
from the magnetization transfer path, it is very similar to the HNCO experiment, with
the addition of short INEPT segment to transfer the magnetization from the carbonyl
carbon to the Cα carbon. These segments are indicated on the pulse sequence by
C → C. Due to the similarity to the HNCO only this section of the sequence will be
discussed in detail. The reader is referred to the HNCO experiment for a description
of the events that occur during segments 1-6. Note, however, that the gradient labels
have changed. In particular gradients G9 and G12 are utilized for N-P selection in the
HN(CO)CA experiment. Transfer of magnetization from the carbonyl carbon to the
Cα is accomplished using a standard INEPT segment, with the delays set to somewhat
less that 1/(4JCαC′) to reduce signal loss from relaxation. Ignoring the hashed Cα

pulses for the moment, the density matrix evolves as:

2NzC
′
y → 2Nz[C ′

ycos(πJCαCτd) − 2C ′
xCα

z sin(πJCαCτd)] (14.23)

Resonance Assignments: Heteronuclear Methods
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Figure 14.11. The HN(CO)CA experiment. The pulse sequence for an HN(CO)CA experi-
ment is presented. This was modified from Yamazaki et al. by removal of constant time evo-
lution in t1 and removal of 2H decoupling [173]. Proton and nitrogen pulses are as described
for the HNCO sequence. Note that decoupling is turned off when gradients are applied. The
pulses applied to the carbons are semi-selective as described in Section 14.3. The two hashed
Cα pulses, marked with small arrows compensate for Bloch-Siegert shifts, see text. The delays
are the same as in the HNCO experiment, except that τd is set to 4.1 msec, which is slightly
less than 1/(4JCαC′) (4.55 msec). The phase cycle is: φ1 = x,−x; φ2 = 2(x), 2(−x); φ3 =
x; φ4 = 4(x), 4(−x); φ5 = x; φrec = x,−x,−x, x. Quadrature detection in t1 is attained
by phase shifting φ2 in a States-TPPI manner. Quadrature in nitrogen is by N-P selection. For
each t2 value two FIDs are collected, the second with gradient G9 inverted as well as the phase
of the pulse labeled φ5. Axial peaks in the nitrogen dimension are shifted to the edge of the
spectrum by incrementing φ3 and the receiver by 180◦ for each new t2 values. Gradients are
sine-shaped and the levels used by Yamazaki et al. [173] were: G0(0.5 msec, 8 G/cm), G1(0.5
msec, 4 G/cm), G2(1 msec, 10 G/cm), G3(1 msec, 1 G/cm), G4(1 msec, 7 G/cm), G5(1 msec,
-15 G/cm), G6(1 msec, 8 G/cm), G7(1 msec, 0.4 G/cm), G8(0.6 msec, 10 G/cm), G9(1.25 msec,
30 G/cm), G10(0.5 msec, 8 G/cm), G11(0.3 msec, 2 G/cm), G12(0.125 msec, 27.8 G/cm).

The subsequent 90◦ carbonyl pulse, along the y-axis, converts this to:

2Nz[C ′
ycos(πJCαC′τd) − 2C ′

zC
α
z sin(πJCαC′τd)] (14.24)

and gradient G5 acts as a zz-filter, destroying the 2NzC
′
y term. The subsequent Cα

pulse (phase=φ2) converts NzC
′
zC

α
z to:

−NzCzC
α
y (14.25)

which evolves due to the Cα chemical shift in t1. The application of 180◦ pulses on the
nitrogen and carbonyl carbon prevent evolution of the N -Cα and the C ′-Cα coupling
during t1.

14.2.2.2 Bloch-Siegert Shift Compensation
Bloch-Siegert shifts are changes in the chemical shift of a resonance due to the

presence of an oscillating magnetic field while the spin is precessing in the transverse
plane [19]. In this case the total magnetic field felt by the spin is the vector sum of the
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two fields. For a spin that is off-resonance by ∆ω rad/sec, the effective field is:

Beff =
√

[∆ω/γ]2 + [B1]
2 (14.26)

Block-Siegert shifts occur in many triple-resonance experiments because the
INEPT segments used to transfer magnetization between the Cα and carbonyl car-
bons involve the transfer of magnetization between homonuclear spins. Consequently,
the resonance frequencies of the two coupled spins are relatively close to each other,
within tens of kHz, in this case. As a result, the magnetic field associated with the
180◦ pulse that is applied to one carbon can change the effective magnetic field, Beff

of the other carbon.
Selective RF-pulses cause a pseudo-Bloch-Siegert phase shift. Consider the first

carbon-carbon INEPT period in the HN(CO)CA experiment (labeled C → C in Fig.
14.11). In this case the magnetization associated with the carbonyl carbon is trans-
verse while the 180◦ inversion pulse is applied to the α-carbon. This inversion pulse
is selective for the α-carbon and will therefore cause a 2π rotation of carbonyl mag-
netization (see following section on selective pulses). Since the carbonyl carbon has
not evolved during the Cα pulse, a phase shift of ωCτ180 will be associated with the
carbonyl carbon magnetization, as illustrated in Fig. 14.12.

If this phase shift is uncorrected then the density matrix, at the end of the INEPT
period will be (assuming τd = 1/(4JC′Cα)):

−2NzC
′
xCα

z cos(θ) − 2NzC
′
yCα

z sin(θ) (14.27)

and the subsequent 90y carbonyl pulse will only convert a fraction, cos(θ), of this
density matrix to the desired form: NzC

′
zC

α
z .

B

A
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θ
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τ 180
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Figure 14.12. The origin of Bloch-Siegert phase shifts. Part A shows the evolution of the
transverse carbonyl carbon magnetization due to its chemical shift, in the absence of the 180◦

Cα pulse. During a time τ180 (the length of the Cα pulse) the carbonyl magnetization precesses
an angle: θ = ωCτ180. Panel B shows the effect of the selective 180◦ Cα pulse on the carbonyl
magnetization. When the pulse is applied, precession about Bo is interrupted and the carbonyl
magnetization precesses about the effective magnetic field, Beff , returning to its starting position
at the end of the pulse. Therefore the overall phase shift introduced by the 180◦ pulse is ωCτ180

(see [142] for more details).

Resonance Assignments: Heteronuclear Methods
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This type of Bloch-Siegert phase shift can be corrected by applying a compensat-
ing pulse. The compensating pulse and the refocusing pulse have to be on opposite
sides of the 180◦ carbonyl pulse, as indicated in Fig. 14.11. Under these conditions,
the compensating pulse will introduce a phase shift of θ in the transverse carbonyl
magnetization. This phase shift will be negated, to −θ, by the 180◦ carbonyl pulse.
The second 180◦ Cα pulse will introduce a phase shift of θ, which will now cancel
the phase shift introduced by the first Cα pulse. To insure that the compensating pulse
does not interfere with evolution of the scalar coupling, it is placed adjacent to the
90◦pulses, as indicated in Fig. 14.11.

The 180◦ carbonyl pulse in the middle of the t1 period also causes a phase shift of
the precessing Cα magnetization. However, in this case there is no real loss of signal,
since this Bloch-Siegert phase shift simply adds to the phase introduced by precession
and can be easily removed by phasing the spectrum after processing.

The application of selective decoupling during an evolution period will cause a true
Bloch-Siegert shift in the transverse magnetization. The decoupling pulses will cause
a small change in the effective field, leading to a change in the precessional rate of the
transverse spin, causing a change in the observed resonance frequency. The change
in chemical shift would be largest for those spins that are closest to the decoupling
frequency. For example, during the t1 period of the HN(CO)CA experiment, if the
scalar coupling between the transverse Cα and the carbonyls was removed by the
application of a selective decoupling scheme, a small change in the chemical shift of
the α carbons would be observed. Consequently, it is preferable to use 180◦ pulses for
decoupling.

14.3 Selective Excitation and Decoupling of 13C
14.3.1 Selective 90◦ Pulses

Beff

x

B1

π/2
z

y

2πn

Figure 14.13. Excitation of spins
by selective pulses. A selective 90◦

pulse. The applied B1 field rotates
on-resonance spins (black arrows)
by 90◦ (π/2) while off-resonance
spins (light gray arrows) precess
about Beff by an angle of n2π, giv-
ing a null excitation.

Most triple-resonance experiments require se-
lective 90◦ and 180◦ carbon pulses that only excite
a relatively narrow band, or range, of frequencies.
The most common application of such pulses is
excitation of the carbonyl carbons, without excita-
tion of the Cα carbons and vice versa. In theory
such pulses should satisfy the following criteria,
in order of importance.

1. Uniform excitation over the desired bandwidth.

2. No excitation of magnetization in other regions
of the spectrum.

3. Constant phase of the excited magnetization
within the bandwidth.

4. Short duration.

In many cases, these selective pulses are non-rectangular in shape. Non-rectangular
pulses are produced from a waveform generator that breaks the pulse into a number
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of segments, each with its own amplitude and phase. During the experiment, this
waveform is used to control the transmitter, allowing the generation of shaped pulses.

There are three general classes of selective pulses, 90◦ pulses, 180◦ inversion pulses

(i.e. Cz → −Cz) and 180◦ refocusing pulses (i.e. Cy
τ−P180− tau→ −Cy). The first

two categories are described here, the reader is referred to Geen and Freeman [61] and
Freeman [56] for a more detailed discussion of 180◦ refocusing pulses.

Most spectrometer software packages provide a pulse simulator that can be used to
determine the excitation properties of selective pulses. It is well worth the effort to
optimize these pulses because non-optimal pulses will lead to sensitivity losses and in
some cases produce additional artifacts in the spectra.

The underlying theory of selective pulses will be illustrated with 90◦ pulses. The
desired outcome is to rotate the magnetization of on-resonance spins by π/2 and the
off-resonance spins, at the location of null excitation, by a multiple of 2π, as illustrated
in Fig. 14.13.

In the rotating frame the magnetic field felt by the on-resonance spins is simply
B1, which can be written in angular frequency units as ω1 = γB1. Off-resonance, the
effective field is larger, and given by:

ωeff =
√

ω2
1 + (∆ω)2 (14.28)

where ∆ω is the angular frequency difference between the transmitter frequency and
the location of null excitation. A pulse of duration τ90 generates a π/2 rotation for the
on-resonance spins:

π

2
= ω1τ90 (14.29)

and a rotation of n2π at the frequency of null excitation:

n2π = ωeff τ90 (14.30)

Eliminating τ90 and solving for the RF-field strength, ω1, gives:

4nω1 =
√

ω2
1 + ∆ω2

16n2ω2
1 = ω2

1 + ∆ω2

ω1 =
∆ω√

16n2 − 1
(14.31)

The pulse length is therefore:

τ90 =
[π

2

] 1
ω1

= π

√
16n2 − 1
2∆ω

=
√

16n2 − 1
4∆ν

where ∆ν = ∆ω/(2π), or the location of null excitation in Hz.
The shortest selective pulse is obtained for n = 1, giving a length of:

τ90 =
√

15
4∆ν

(14.32)

Resonance Assignments: Heteronuclear Methods
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Longer selective pulses, e.g. n = 2, can have better excitation properties.
An assortment of selective 90◦ pulses are shown in Fig. 14.14. This figure illus-

trates pulses for selective excitation of carbon on a 500 MHz instrument. At higher
static magnetic field strengths these pulses will be more selective due to the increased
the separation between the Cα an carbonyl carbons.

The two simple rectangular pulses, corresponding to n = 1 and n = 2 perform
remarkably well for excitation of α-carbon with a null at the carbonyl frequency, as
indicated in Panels A and B of Fig. 14.14. In the reverse situation, excitation of the
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Figure 14.14. Selective 90◦ carbon pulses. In this example the desired region of null excita-
tion is defined to be 15 kHz from the transmitter. This is the frequency separation between the
Cα and carbonyl carbons at νC=125 MHz (νH=500 MHz). The left side of the diagram shows
the pulse shape. A and B are rectangular pulse with lengths of 64.5 µsec (n = 1) and 132.3 µsec
(n = 2). C is a sine2 shape of length 130 µsec. The right side of the figure shows the excitation
profile of each pulse. The solid line shows the z-magnetization and the dotted line shows the
magnetization present in the transverse plane (

√
M2

x + M2
y ). Note that these excitation profiles

are symmetric about the origin and the profile for negative frequencies have not been shown.
The dark shaded vertical bars represent a bandwidth of 10 ppm on a 500 MHz spectrometer.
This is one-half of the range of Cα frequencies and the full range for the carbonyls. The lighter,
and wider, shaded bar at 15 kHz represents the full carbon bandwidth associated with the Cα

carbons at this spectrometer frequency. All three of these pulses are appropriate for excitation
of the Cα carbons with a null excitation at the carbonyl carbon 15 kHz away. In contrast, if
a selective carbonyl pulse was generated by placing the transmitter on the carbonyl frequency,
then the sine2 pulse is the only pulse with a sufficiently wide region of null excitation 15 kHz
away to include all of the Cα carbon frequencies.
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carbonyl with a null at the α-carbon, neither of these two pulse generates a region of
null excitation that is sufficiently wide to cover the entire α-carbon range. However, a
pulse that is shaped in the form of a sin2 function (Fig. 14.14, Panel C) has very good
performance, both in the excitation bandwidth and the lack of excitation in the region
of null excitation. Consequently, the sin2 pulse is preferable over either rectangular
pulse for elective excitation of carbonyl carbons. However, it is somewhat longer than
the short rectangular pulse, shown in part A of Fig. 14.14, which may case timing
problems in some experiments.

14.3.2 Selective 180◦ Pulses
The RF-pulse field strength, and corresponding pulse length, to generate a selective

180◦ pulse is:

ω1 =
∆ω√

4n2 − 1
τ180 =

√
4n2 − 1
2∆ν

n = 1, 2, ... (14.33)

Selective 180◦ inversion pulses are generally used to convert z-magnetization to
minus z-magnetization for decoupling purposes. For example, a selective 180◦ pulse
would be applied to the Cα carbon in the HN(CO)CA experiment (Sections labeled
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Figure 14.15 Selective 180◦

pulses. Panel A is a 115.5
µsec rectangular pulse, B is
Gaussian in shape, C is a Her-
mite polynomial and D is an
I-Burp1 pulse [61]. Pulses B-
D are 256 µsec in length. The
excitation profiles are shown
on the right. The solid line
is the z-magnetization and the
dotted line is the transverse
magnetization. The shaded
vertical bars are described in
Fig. 14.14. At a spectrom-
eter frequency of 500 MHz,
the Hermite polynomial pulse
shape provides sufficient in-
version bandwidth for the Cα

carbons with minor excitation
of the carbonyl carbons. At
higher spectrometer frequen-
cies, such as 900 MHz, the
I-Burp1 pulse would be more
suitable to generate inversion
over a larger frequency range.
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C → C) when the magnetization is transferred from the carbonyl to the Cα carbon
during the INEPT period.

A number of selective 180◦ inversion pulses are shown in Fig. 14.15. The rec-
tangular, as well as the Gaussian, shaped pulses perform adequately at this partic-
ular proton frequency (500 MHz). However, the excitation bandwidth for both of
these pulses is narrower than the Hermite or I-Burp pulse. Consequently the Hermite
or I-Burp pulses are more suitable as selective inversion pulses, especially at higher
magnetic field strengths where the desired frequency range for excitation is larger. Un-
fortunately, both the Hermite and I-burp pulses generate a small amount of transverse
magnetization at the null frequency. The transverse magnetization leads to signal loss
during the INEPT period because the two-spin term, CxCα

x no longer evolves under
scalar coupling. The amount of excitation at the null frequency decreases as the pulse
length increases. Consequently, pulse lengths that are longer than those shown in Fig.
14.15 would be more appropriate at lower fields.

14.3.3 Selective Decoupling: SEDUCE
Shaped pulses can also be used to selectively decouple carbons. For example, in

both the HNCO and the HN(CO)CA experiments, the Cα carbons are decoupled dur-
ing the evolution of the nitrogen chemical shift. One of the most widely used selec-
tive decoupling schemes is the SEDUCE sequence introduced by McCoy and Mueller
[110]. In this sequence a shaped pulse, which is similar in shape to a sin2 pulse, is
applied using the phases present in the WALTZ-16 decoupling sequence. The funda-
mental rotation element of the the WALTZ-16 sequence is:

R =
[π

2

]
x

π−x

[
3π

2

]
x

= 12̄3 (14.34)

This rotation element is combined with its phase inverted replica to generate the com-
plete WALTZ-16 decoupling scheme (see Chapter 7 for additional details).

The WALTZ-16 rotation element, containing the sin2 shaped pulse, is shown in
Fig. 14.16. The bandwidth of this decoupling scheme is very similar to that found us-
ing WALTZ decouping with high-power rectangular pulses, approximate ±1.75γB1.
For example, a 825 Hz field, applied to the middle of the Cα carbons would decouple
±11 ppm on a 500 MHz spectrometer. This would be more than adequate to cover the
20 ppm Cα range.

0 200 400 600

 -1.0

 -0.5

  0.0

  0.5

  1.0

Steps

Figure 14.16 SEDUCE decoupling. The pulses used
in the SEDUCE decoupling scheme are shown. Each
100 step shaped-pulse acts as a selective 90◦ pulse.
The fundamental rotation element of the WALTZ de-
coupling scheme, 1 − 2̄ − 3, is illustrated here as a to-
tal of 6 selective pulses, giving a total rotation angle of
180◦.
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14.3.4 Frequency Shifted Pulses
Most triple-resonance sequences require at least four separate RF-channels. For

example the HNCO and HN(CO)CA experiments require 1H, 15N, Cα, and carbonyl
carbon pulses. Many spectrometers have only three channels, therefore both carbon
frequencies have to be generated from the same channel. Changing the carbon trans-
mitter frequency can be accomplished in several ways.

A straight-forward method is to simply change the frequency of the transmitter
when required. For example, in the HNCO experiment the frequency of the car-
bon transmitter would initially be placed at 175 ppm (carbonyl) and then it would
be switched to 55 pm for the first 180◦ pulse on the α-carbons. Using this approach it
would be necessary to change the carbon transmitter frequency 5 times in the HNCO
experiment. The principle problem with this approach is that a change in the transmit-
ter frequency usually causes an unpredictable change in the phase of the pulse when
the frequency is returned to its original value. Often it is imperative that the phases of
pulses that are applied to one type of spin have a fixed relationship to each other. For
example, in the t1 evolution period of the HNCO experiment the pair of 90◦ carbonyl
pulses must have a well defined phase relationship in order to record the chemical shift
evolution of the carbonyl carbons. Changing the frequency of the carbon transmitter
in the middle of the t1 period to generate the 180◦ α-carbon pulse would destroy this
phase coherence.

The other method of generating pulses to excite different types of carbon spins is to
set the transmitter at a single frequency and then change the apparent frequency of the
pulse. The change in the apparent frequency of the pulse is generated by changing the
phase of the pulse while it is being applied. Currently, this is implemented on spec-
trometers by dividing the pulse into short segments, or lamina, and then incrementing
the phase for each segment. This approach can be applied to both rectangular as well
as non-rectangular shaped pulses and multiple frequencies can be encoded in the phase
shifts. Pulses of this type are commonly referred to as shifted laminar pulses and were
introduced by Patt [125].

For example, a 50 µsec rectangular pulse might be divided into 100 segments, each
of which is 500 nsec in length (∆t= 500 nsec). The phase of the first segment would
be defined by the desired phase of the pulse, e.g. along the x-axis. The RF-pulse that
is applied to the sample for the nth segment would be:

eiωn∆teinφ (14.35)

where the first term, eiωn∆t, represent the normal B1 field from the RF-pulse and the
second term indicates the phase of the nth segment of the laminar pulse.

The above equation can be re-arranged as follows to show how the frequency of the
pulse is changed:

= ei(ωn∆t+nφ)

= ei(ωn+nφ/∆t)∆t

= ei(ω+φ/∆t)n∆t

= ei(ω+∆ω)n∆t

(14.36)

Resonance Assignments: Heteronuclear Methods
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where ∆ω = φ/∆t. The phase shift associated with each segment, φ, causes a shift
in the frequency of the applied pulse, ∆ω.

Given the length of each segment of the pulse, it is possible to calculate the phase
shift per segment to give the desired frequency shift. Most NMR spectrometers per-
form these calculations in an automatic fashion for the user. It is only necessary to
indicate the desired shape (e.g. Gaussian), the number of segments in the pulse (e.g.
400), the overall length of the pulse (e.g. 256 µsec) and the desired frequency shift
(e.g. 15 kHz).

14.4 Sidechain Assignments
The assignment of sidechain atoms is a necessary prerequisite for structure deter-

mination. In addition, these assignments are necessary to study chemical exchange
or the relaxation properties of sidechain groups, such as methyls. However, sidechain
assignments are clearly not required for studies on the relaxation/chemical exchange
properties of mainchain amide groups.

The assignments of sidechain atoms are generally obtained by using scalar coupling
to correlate the shifts of the unknown sidechain atoms to mainchain or sidechain atoms
that have already been assigned. For smaller proteins, less than 20 kDa, near complete
sidechain assignments for both carbon and protons can be obtained using TOCSY and
DQF-COSY experiments. As the protein size increases it becomes increasingly more
difficult to obtain complete assignments because of the relaxation losses during the
magnetization transfer periods. For proteins in the range of 20-30 kDa it is generally
possible to assign the sidechain resonances of methyl containing residues, such as Val,
Ile, Leu, Thr, and Ala by correlating the intense methyl resonance to the amide pro-
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Figure 14.17 Compounds for the pro-
duction of proteins uniformly labeled
with 13C and methyl-protonated at
Val and Leu. In panel A uni-
formly 13C labeled α-isoketovalerate
is used to biosynthetically produce la-
beled Val and Leu. Note that the
bacterial cells would have to be cul-
tured in the presence of D2O and uni-
formly labeled 13C glucose, as well
as the labeled α-isoketovalerate, to
achieve the labeling pattern shown for
Val and Leu. Panel B shows the label-
ing pattern for hemi-methyl labeled α-
isoketovalerate. Biosynthetic incorpo-
ration of this compound will produce
Leu and Val residues that are 13C la-
beled at only one methyl carbon. La-
beling a single methyl carbon removes a
branch point in the network of 13C cou-
pled spins, increasing the sensitivity of
13C-TOCSY and COSY experiments.
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ton. In the range of 30-40 kDa deuteration of the aliphatic protons may be necessary to
prevent relaxation losses. Deuteration reduces the contribution of the attached hydro-
gen to the carbon relaxation, making carbon TOCSY sequences more sensitive. Since
the aliphatic protons have been replaced by deuterons most of the assignments have
to be obtained by ’out-and-back’ methods. Selective labeling with protonated and
uniformly 13C-labeled pyruvate [137], α-ketobutyrate , and α-ketoisovalerate [64] in-
creases the protonation level of the methyl resonances significantly, allow the use of
TOCSY-like experiments for the assignment of methyl resonances in large proteins.
For proteins with molecular weights in the excess of 50 kDa it is generally necessary
to label the methyl-containing residues in such a way as to remove branch points in the
magnetization transfer pathways; increasing the sensitivity of the experiments [161].
For example, biosynthetically labeling with 13C-12C α-ketoisovalerate will result in
the production of proteins in which the 13C-spins in the Val and Leu residues form a
linear systems of coupled atoms (see Fig. 14.17).

14.4.1 Triple-resonance Methods for Sidechain
Assignments

The magnetization transfer paths for several triple-resonance experiments that are
directed at sidechain assignments are shown in Fig. 14.18. These experiments can
be divided into two classes. The four experiments shown on the right side of Fig.
14.18 use INEPT segments to transfer magnetization between spins. In contrast, the
experiments shown on the left side of the figure use isotropic mixing (TOCSY) to
exchange magnetization between all spins, permitting the assignment of practically
all of the aliphatic protons and carbons.

The experiments that use INEPT segments, such as the CBCA(CO)NH are gen-
erally more sensitive than the TOCSY experiment and give less crowded spectra.
They also provide unambiguous identification of the type of atom. For example, the
CBCA(CO)NH experiment will correlate the β- and α-carbon shifts of one residue to
the amide group of the following residue. The crosspeak associated with the α-carbon
can be readily identified from the HN(CO)CA experiment, permitting unambiguous
identification of the β-carbon shift.

The TOCSY based experiments utilize isotropic mixing of the carbon magneti-
zation to relay the magnetization to either the α-carbon and proton, or through the
carbonyl or Cα carbon to the amide for detection. The isotropic mixing of carbon
magnetization is advantageous because of the larger one bond J-coupling between
carbons of approximately 35 Hz. The larger J-coupling permits more rapid magneti-
zation transfer among the spins, consequently signal loss due to relaxation is not as
severe as in the proton-based TOCSY experiments.

In the TOCSY-based experiments it is usually more convenient to relay the
sidechain chemical shift information to the amide group for detection because the
amide region of the spectrum is more resolved than the α-carbon/proton region. Gen-
erally, the magnetization is passed from the α-carbon to the carbonyl carbon, and
then across the peptide bond to the amide nitrogen of the following residue. Thus the
sidechain resonances of one residue (i− 1) are correlated with the amide group of the
following residue, (i).

Resonance Assignments: Heteronuclear Methods
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Although it is also possible to pass the magnetization from the α-carbon to the
amide nitrogen on the same residue, utilizing the one-bond Cα-N coupling, the spin-
spin relaxation time (T2) of the Cα carbon is generally very short, resulting in unac-
ceptable signal loss in larger proteins (>20 kDa) during the transfer period. In addition,
both inter- and intra-residue correlations are observed in this case, which leads to very
crowded TOCSY spectra. Consequently, experiments that transfer the magnetization
through the carbonyl to the amide group on the following residue are generally pre-
ferred.

14.4.2 The HCCH Experiment
Experiments that use TOCSY and INEPT segments to transfer magnetization from

the sidechains to the amide group, such as the CBCA(CO)NH experiment, conve-
niently associate the sidechain resonances with an assigned amide group. However,
experiments of this type are often of low sensitivity due to loss of signal during the
transfer of magnetization to the amide nitrogen. Consequently, higher sensitivity is
obtained if a sidechain proton is utilized for the final detection of the signal. An ex-

HH

HH

H H

H

H

H

H

H H

HH

H H

HH

H

H

H H

H

H

HH

H

H

H H

H

H

C C N

H O H

C

C

HAHB(CO)HN

C

H

C

C

N

H

C

O

N

H

C

H

C

C

N

H

C

O

N

H
CBCANH

HAHBNH

C N

H O H

C

C

CBCA(CO)HN

C

C N

H O H

C

HCC(CO)NH−TOCSY

C N

H O H

CCH(CO)NH−TOCSY

C N

H O H

C

CCH−TOCSY

C N

H O H

C

HCCH−TOCSY

C C

C

CC

C C

CC

Figure 14.18. Triple-resonance experiments for sidechain assignments. Magnetization trans-
fer pathways are shown for triple-resonance experiments that are directed at sidechain assign-
ments. Arrows indicate direction of magnetization transfer. Atoms that are circled with dotted
lines serve as the initial source of magnetization (e.g. H) or are involved in the transfer of mag-
netization between two atoms (e.g. CO, carbonyl). Atoms that are circled with solid lines have
their chemical shift recorded in the experiment. All of these experiments are acquired as three-
dimensional spectra. The four experiments on the left utilize TOCSY transfer, as indicated by
the open-headed arrowheads, to correlate the sidechain chemical shifts to either the α-carbon
and proton (far left) or the amide group (middle pair). Therefore, these sequences can, at least
in theory, provide all of the sidechain chemical shifts with the exception of aromatic protons
and carbons. The aromatic carbon shifts are generally too distant from the Cβ shifts to permit
effective transfer by isotropic mixing schemes. The sequences on the right side of the figure
use INEPT segments for transfers and will only provide the β-carbon (top right) or β-proton
(bottom right) chemical shifts, correlated with the amide chemical shifts.
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ample of this type of experiment is the HCCH-TOCSY experiment. The pathway of
magnetization transfer the HCCH-TOCSY experiment is as follows:

Hi(t1) → Ci(t2)
TOCSY−→ Cj → Hj(t3) (14.37)

Since the HCCH-TOCSY experiment uses isotropic mixing to transfer magnetization,
it is theoretically possible to correlate the proton detected in t3 to all other 13C and
1H spins in the sidechain. However, the intensity of the crosspeaks will depend on
the transfer efficiency as discussed in Section 9.5, consequently peaks that arise from
multiple carbon-carbon transfers can be quite weak. Furthermore, it is usually impos-
sible to observe crosspeaks that arise from the transfer of magnetization from aromatic
to aliphatic carbons because of the large frequency difference between the two types
of carbons. Therefore, in practice, not all expected correlations are observed in this
experiment.

The pulse sequence for the HCCH-TOCSY experiment is shown in Fig. 14.20 and
a brief discussion of the more important features of each segment of the sequence
follows.

Resonance Assignments: Heteronuclear Methods

Figure 14.19 Sidechain assignments
using TOCSY experiments. These two-
dimensional spectra are slices at a par-
ticular amide frequency from the orig-
inal three-dimensional spectra. The
top spectrum, an HN(CO)CA, is pro-
vided to indicate the location of the
Ci−1

α resonance, thus allowing unam-
biguous identification of the α-carbon.
An HN(COCA)HA experiment would
be used to unambiguously identify α-
protons. TOCSY experiments, corre-
lating the carbon (middle) and proton
(bottom) shifts with the amide proton
of the following residue are shown.
The boxed peaks represent proton and
carbon resonance that would not be
obtained from triple-resonance experi-
ments used for mainchain assignments,
such as the γ and δ carbons and protons.
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Segment 1: During this period the magnetization evolves under the proton chemical
shift as well as the proton-carbon coupling. The net effect of both of these can be
readily calculated by determining the net phase angle associated with each evolution,
as discussed in Section D.2.5 of Appendix D.

The first 90◦ pulse generates −Iy from the proton z-magnetization (Iz). The phase
angle induced by proton chemical shift evolution is:

ΘωH
= ωH [τa +

t1
2

+
t1
2
− τa] = ωHt1 (14.38)

Figure 14.20. HCCH-TOCSY pulse sequence. This sequence was modified from Kay et
al. [85] by the addition of gradient G0, to suppress magnetization originating from car-
bon. Parameters are from the same publication. All proton pulses are high power (γB1 =
25 kHz) except the two proton spin-lock pulses, labeled X and Y, which are applied at a
lower power level of γB1=10 kHz for 7 and 4.3 msec, respectively. The proton transmit-
ter would be placed on the water resonance for optimal water suppression. The transmitter
for the 13C channel is placed in the middle of the aliphatic region, about 40 ppm. The car-
bon spin-lock, DIPSI, and y-pulse following the DIPSI are all performed at a field strength,
γB1 = 8.2 kHz (equivalent to P90 = 30.5 µsec). These pulses must be performed at the
same power level to insure a consistent phase relationship. The length of a single DIPSI-3
mixing sequence is 6.63 msec for this pulse length. One to four cycles would typically be
used, giving total mixing times from 6.63 msec to 26.52 msec. The power level for GARP
decoupling during acquisition was 3.5 kHz. The carbonyl pulses were applied as 250 µsec
SEDUCE-1 shaped pulses. The high power nitrogen 180◦ pulse is applied in the middle of
the amide region, about 115 ppm. The delays are as described in the text. The phase cycle
is: φ1 = x,−x; φ2 = 2(x), 2(−x); φ3 = 4(x), 4(−x); φrec = x,−x,−x, x. Quadrature
detection in t1 and t2 is accomplished by altering φ1 and φ2, respectively, according to States-
TPPI. Although rectangular gradients were used in the original version, sine-shaped gradients
are preferred. Gradients are applied as follows: G0 (10 G/cm, 1 msec), G1 (8 G/cm, 0.5 msec),
G2=G3 (8 G/cm,2 msec), G4 (8 G/cm, 0.3 msec), G5 (30 G/cm, 7 msec), G6 (30 G/cm, 4.4
msec), G7=G8 (8 G/cm, 0.5 msec). Gradient pulse G2 is a zz-filter, gradient pulses G1, G3,
G4, G7, and G8 remove imperfections associated with the 180◦ pulses.
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The evolution due to CH coupling is evaluated in the same way, reversing the di-
rection of evolution if a 180◦ pulse is applied to either spin:

ΘJ = πJ [τa +
t1
2
− t1

2
+ τa] = πJ2τa (14.39)

Assuming that τa = 1/(4J) the evolution of the density matrix due to J-coupling and
proton chemical shift evolution is:

−Iy → 2Cz[Ixcos(ωHt1) + Iysin(ωHt1)] (14.40)

The proton and carbon 90◦ pulses at the end of this segment places the proton mag-
netization along the z-axis and brings the carbon magnetization to the y-axis, e.g.
2CzIx → 2CyIz .

The gradient pair, G1, removes artifacts associated with the 180◦ pulse. This is es-
pecially important for the carbon pulse, since the chemical shift range is large, leading
to off-resonance effects. Gradient G2 is a zz-filter.
Segment 2: This segment accomplishes two goals, refocusing of the antiphase carbon
proton magnetization (2CyIz) to pure in-phase magnetization (Cx) and recording the
carbon chemical shift. The density matrix evolves under the following Hamiltonian
during this time:

H = JCαN + JCN + JCC + ωC + JHC (14.41)

The desired evolution is from the last two terms.
The evolution of the density matrix under all five of these interactions can be calcu-

lated readily using the concept of phase angles, beginning with the first two couplings:

ΘJCαN
= πJ [(

t2
2

) − (τb + τb +
t2
2

) + (τb + τb)]

= 0 (14.42)

ΘJCαC
= πJ [(

t2
2

+ τb) − (τb +
t2
2

) + (τb − τb)]

= 0 (14.43)

Evolution due to the first two couplings has been removed by the application of 180◦

pulses on both the carbonyl and nitrogen during this period.
Evolution due to coupling between aliphatic carbons cannot be removed by a

180◦ pulse because of the similar chemical shifts of aliphatic carbons. The net phase
angle due to evolution of the density matrix from carbon-carbon coupling is:

ΘJCC
= πJ [

t2
2

+ τb + τb +
t2
2

+ τb + τb]

= πJ [t2 + 4τb] (14.44)

Therefore the changes in the density matrix are:

2IzCy → 2Iz [Cycos[πJ(t2 + 4τb)] − Cxsin[πJ(t2 + 4τb)]] (14.45)

Resonance Assignments: Heteronuclear Methods
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note that only the 2IzCy term will give rise to detectable magnetization after it is
converted to Cz under the influence of carbon-proton coupling. The cos[πJ(t2 +4τb)]
term will cause in-phase splitting of the resonance in carbon dimension.

The carbon chemical shift evolution is:

ΘωC
= ωC [(

t2
2

+ τb + τb +
t2
2

) − (τb + τb)]

= ωCt2 (14.46)

The proton-carbon coupling evolves as:

ΘJHC
= πJ [(

t

2
+ τb + τb) − (

t

2
) + (τb + τb)]

= πJ4τb (14.47)

If τb is set to 1/(8JCH ), then CH groups will be completely refocused during the delay,
2CyIz → Cx. However, CH2 and CH3 groups are not refocused using this delay time
because they evolve under coupling to one or two of the other protons, respectively.
A more detailed analysis has been presented in Section 10.2.6. Consequently, τb is
generally set to approximately 1/(16JCH ), however a value of 1/(8JCH ) will be used
in this analysis. Therefore, the net result at the end of segment 2, ignoring carbon-
carbon coupling, is:

2IzCy → Cxcos(ωCt2) + Cysin(ωCt2) (14.48)

Segment 3: The spin-lock pulse (SLx) at the beginning of this segment will dephase
any magnetization that is not along the x-axis. Dephasing occurs because the B1 field
is inhomogeneous, thus magnetization that is aligned along the y-axis will precess
at different rates about the x-axis, depending on the location of the spin within the
sample.

During the DIPSI-3 mixing period the magnetization is passed from one carbon
(Ci

x) to another (Cj
x) by virtue of the relatively strong one-bond coupling:

Ci
x

TOCSY−→ Cj
x (14.49)

this magnetization is then returned to the z-axis by the y-pulse at the end of the mixing
period.
Segment 4: This segment uses proton spin-lock pulses, in combination with gra-
dients G5 and G6, to saturate the water. Since the observed protons are not readily
exchangeable, saturation of the water has only a small effect on the sensitivity of this
experiment. The spin-lock pulses will dephase any water magnetization that is not
along the x- or y-axis, respectively. The gradient, G5, will dephase any remaining
transverse magnetization. The proton 90◦ pulse following Gradient 5 will bring the
z-component of the water magnetization into the x-y plane where it will be dephased
by gradient G6.
Segment 5: This is the first of a series of two INEPT segments, the first converts the
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in-phase carbon magnetization to anti-phase carbon-proton magnetization. The pair
of 90◦ pulses places the carbon on the z-axis and brings the proton into the transverse
plane. The delay, τc is set to approximately 1/(8JCH ) such that magnetization from
CH, CH2 and CH3 groups can be converted to 2CyIz:

Cz
P90Y

C−→ Cx
INEPT−→ 2CyIz (14.50)

Segment 6: The second INEPT refocuses the magnetization to in-phase proton mag-
netization:

2CyIz
P90HP90C−→ 2CzIy

INEPT−→ Ix (14.51)

The delay, τa is ideally set to 1/(4JCH ), however shorter times are generally used to
compensate for relaxation during the transfer of magnetization.
Segment 7: This segment purges product operators that would give rise to artifacts
in the spectrum. Since the focusing delay in segment 5, τc, is much shorter than
1/(4JCH ), a significant portion number of undesirable terms arise that can cause arti-
facts in the spectrum. The two carbon pulses at the end of the pulse sequence remove
these artifacts. The final proton pulse does not affect the desired signal, but rotates any
remaining water magnetization to the z-axis, where it is undetectable.

Taking into account the evolution of the system due to chemical shift and carbon-
carbon couplings gives the following for the final detected signal for the crosspeaks:

∑
ij

ηijcos(ωi
Ht1)cos(πJCC(t2 + 4τb))cos(ωi

Ct2)eiωj
Ht3 (14.52)

where ηij is the transfer efficiency of the isotropic mixing between spin i and j and∑
ij represents all coupled carbons within an amino acid residue. The spectrum

also contains diagonal peaks arise from magnetization that is not transferred by the
isotropic mixing, and therefore has the same proton frequency in ω1 and ω3.

Two-dimensional planes from the three-dimensional HCCH-TOCSY spectra are
shown in Fig. 14.21. The particular carbon frequency that was selected is at the Cα

chemical shift for three residues, one Ile and two Thr. Note that the intensity of the
crosspeaks depends on the mixing time and that carbon atoms that are more distant
from the Cα do not become apparent until longer mixing times are used. Since spin-
spin relaxation during the mixing period will attenuate the crosspeak intensity, it may
be difficult to detect crosspeaks that arise from transfer between distant carbons in
proteins that are larger than 20 kDa.

Resonance Assignments: Heteronuclear Methods
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Figure 14.21. HCCH-TOCSY experiment. This figure shows a slice from a HCCH-
TOCSY experiment at ω2 = 66.5 ppm. Panels A and B corresponds to DIPSI-3 mixing
times of 7.6 and 22.82 msec, respectively. This assumes a 90◦ pulse length of 35 µsec,
corresponding to a B1 field strength of 7.142 kHz. At νC = 125 MHz (νH = 500
MHz) this would correspond to a ∼ 60 ppm range for effective magnetization transfer dur-
ing the DIPSI-3 period. This particular slice contains three residues, two Thr and one Ile.
The chemical shift of ω2 = 66.5 ppm corresponds to the α-carbon shift of all of these
residues. Note that the crosspeak for the δ methyl of Ile and for the γ methyl of one of
the Thr residues is too weak to observe at the shorter mixing time. The magnetization
transfer path for the peak marked with an ’*’ in panel A can be summarized as follows:

ωHα(t1) → ωCα(t2)
TOCSY→ Cβ

INEPT→ ωHβ(t3)

14.5 Exercises
1. Indicate, on a chemical diagram of a dipeptide, the magnetization transfer path

in the HN(COCA)HA experiment. Describe how the path would differ in the
HA(CACO)NH experiment.

2. How would omitting the 180◦ Cα pulse in the HNCO experiment affect the ap-
pearance of the spectrum?

3. The following is an simplified version of the HNCBCA experiment [168]. This
experiment is an extension of the HNCA experiment and gives inter- and intra-
residue crosspeaks between both the Cα and Cβ carbons and the amide nitrogen
and proton.

The product operator representation of the density matrix immediately after the
application of simultaneous nitrogen and Cαβ pulses (marked with an arrow) is:
−NzAy , where N and A represents the nitrogen and Cα carbon, respectively.
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Show that if the delay ζ is set to 1/(8Jαβ) that the sign of the crosspeaks from the
Cα carbons are inverted relative to those from the Cβ carbons and that both are of
equal intensity.

4. Calculate the length of a selective 90◦ rectangular pulse that would excite car-
bonyl carbons, but not Cα carbons on a 800 MHz (νH ) spectrometer.

5. What is the approximate pulse length would you use for SEDUCE decoupling of
the Cα carbons in the HN(CO)CA experiment, assuming the same conditions in
Question 4.

6. The following two-dimensional spectra are slices from a HNCA experiment at the
indicated nitrogen frequencies. Determine the order of these four spin-systems and
give the assignments for the Cα carbon, amide nitrogen, and amide proton. What
is the most likely amino acid type of the residue that precedes the first of these four
residues?
15 N=122 ppm 15 N=124 ppm

15 N=126 ppm 15 N=128 ppm

4850525456586062

4850525456586062
P

ro
to

n 
[p

pm
]

9.0
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8.8

8.7

8.6

9.0
4850525456586062

8.5

8.9

8.8

8.7

8.6

Carbon [ppm]

7. The following two-dimensional spectra are slices from a HCCH-TOCSY exper-
iment, showing peaks for only one of the residues in Question 6. Determine the
sidechain resonance assignments for this residue and identify the type of amino
acid.

13
C=61 ppm

3.9

13
C=34 ppm

1.1

13
C=22 ppm

0.9

13
C=21 ppm
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8. Sketch the two-dimensional carbon-proton plane from CBCA(CO)NH spectrum
that would be obtained from the same residue in Question 7.

14.6 Solutions
1. In the HN(COCA)HA experiment, the magnetization goes from the amide group

to the Hα of the preceding residue, via the carbonyl carbon and then the α-Carbon.
Since it is an out-and-back type experiment, the magnetization returns by the same
path. In the HA(CACO)NH the magnetization begins on the HA and is transferred
to the amide group of the following residue. Thus both experiments give the same
information.

2. This Cα pulse would refocus the evolution due to coupling between the Cα and
carbonyl spins. If it were to be omitted, this coupling would evolve during t1,
giving rise to a 55 Hz splitting of the resonances in the carbonyl-dimension.

3. During the period ζ − P180 − ζ the coupling between the Cα and Cβ carbons is
active because the 180◦ pulse is non-selective for these spins, therefore both are
inverted. However, the evolution due to coupling between the Nitrogen and the Cα

carbon is suppressed by this pulse. Therefore:

−NzAy → −Nz[Aycos(πJ2ζ) − 2AxBzsin(πJ2ζ)] (14.53)

where B represents the Cβ carbons. Since ζ = 1/(8J), the trigonometric terms
are both equal to

√
2. The 90◦

y pulse causes:

−Nz

√
2[Ay + AzBx] (14.54)

Evolution due to chemical shift gives the following at the end of the t1 period
(ignoring the sine terms):

−Nz

√
2[Aycos(ωαt1) + 2AzBxcos(ωβt1)] (14.55)

The 90◦ minus y pulse gives:

−Nz

√
2[Aycos(ωαt1) − 2AxBzcos(ωβt1)] (14.56)

After the second 2ζ period, only terms of the form NzAy produce signal, giving:

−Nz

√
2[Ay

√
2cos(ωαt1) − Ay

√
2cos(ωβt1)] (14.57)

where the additional
√

2 arises from the cos(πJ2ζ) term.

The first and second terms are the crosspeaks for the Cα and Cβ peaks, respec-
tively. They are equal in amplitude, but opposite in sign.

4. The chemical shift difference between the carbonyl and Cα carbons is approx-
imately 120 ppm (175-55). The carbon frequency on a νH = 800 MHz spec-
trometer is 200 MHz, therefore 120 ppm corresponds to a 24,000 Hz frequency
separation. The shortest selective pulse is:

τ90 =
√

15
4∆ν

=
√

15
4 × 24000

= 40 µsec. (14.58)
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5. The Cα carbons range from approximately 45 ppm to 65 ppm, a span of 20 ppm,
or 4,000 Hz, on a νH=800 MHz spectrometer. Assuming that the bandwidth of
the decoupling scheme is 1.75 times γB1, a field strength of 2286 Hz is required,
corresponding to a pulse length of 109 µsec (γB1 = 1/(4τ90)).

6. Each pair of peaks corresponds to a amide group. Generally the more intense
peaks is the intra-residue Cα carbon. Writing the four spin-systems in order of the
15N Shift:

Spin-system 15N 1HN Ci
α Ci−1

α

A 122 ppm 8.9 61 60
B 124 ppm 8.8 60 59
C 126 ppm 8.7 56 61
D 128 ppm 8.6 59 49

Re-ordering these, such that the Ci−1
α of one amide is the same as the Cα of the

preceding residue gives the assignment:

Spin-system 15N 1HN Ci
α Ci−1

α Assignment

D 128 ppm 8.6 59 49 1
B 124 ppm 8.8 60 59 2
A 122 ppm 8.9 61 60 3
C 126 ppm 8.7 56 61 4

The preceding residue is likely glycine, given that the chemical shift of its Cα is
49 ppm.

7. The upper-most slice is at a carbon shift of 61 ppm, corresponding to residue 3
from the backbone assignments. This slice gives the Hα shift of 3.9 ppm. The
additional peaks in the this slice is likely the Hβ at 1.1 ppm. The second slice
give the carbon shift associated with this peak, 34 ppm. Supporting its assignment
as a Hβ proton. The two other protons resonance at 0.8 and 0.9 ppm. The third
slice shows that the carbon frequency of the 0.9 ppm resonance is 22 ppm and the
fourth slice provides the carbon frequency of the 0.8 ppm peak, at 21 ppm. The
carbon and proton frequencies associated with these pairs of carbon and proton
shifts suggest that they are methyls. Therefore the residue is likely Val, with the
following resonance assignments:

15N 122 ppm 1H 8.9 ppm
13Cα 61 ppm 1Hα 3.9 ppm
13Cβ 34 ppm 1Hβ 1.1 ppm
13CMethyl 22 ppm 1HMethyl 0.9 ppm
13CMethyl 21 ppm 1HMethyl 0.8 ppm

8. The CBCA(CO)HN experiment will transfer the Cα and Cβ chemical shift infor-
mation of (i − 1)th residue to the amide group of the ith residue. In this case the
carbon shifts of residue 3 will be associated with amide shifts of residue 4, giving
the following two dimensional slice from the 3D-experiment.

Resonance Assignments: Heteronuclear Methods
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Note that the carbon chemical shift scale is much larger than in the HNCA exper-
iment in order to accommodate the wide range of potential Cβ shifts.



Chapter 15

PRACTICAL ASPECTS OF N-DIMENSIONAL
DATA ACQUISITION AND PROCESSING

This chapter describes some of the more practical aspects of acquiring and process-
ing multi-dimensional NMR data. It is divided into the following sections:

Sample Preparation.

Solvent Suppression.

Instrument Configuration.

Calibrating Shaped Pulses.

Defining Indirect Acquisition Parameters.

Processing 3-Dimensional Experiments.

15.1 Sample Preparation
15.1.1 NMR Sample Tubes

High-quality NMR tubes are the only tubes that should be used in high resolution
spectrometers. The slight bend and non-circular characteristics of less expensive tubes
can damage a high resolution probe because of the close fit between the probe and the
sample tube.

New sample tubes should be cleaned with a dilute detergent solution. Solid protein
residue can be removed from previously used tubes by soaking the tube in 4M HCl
overnight or in household bleach for no more than 30 min.

15.1.2 Sample Requirements
Most of the experiments described in chapters 13 and 14 will require a protein con-

centration ranging from 0.5 to 1 mM. It is possible to acquire usable two-dimensional
spectra with concentrations on the order of 0.1 mM and signal averaging for a to-
tal acquisition time of 4-12 hours. Such data may be useful for ligand titrations and
evaluating the effect of sample conditions, such as salt concentration, pH, or tempera-
ture, on the protein and quality of the spectrum. The recent introduction of cryogenic
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probes lowers the required concentration by a factor of 2 to 4, however the increase in
sensitivity is reduced by the presence of mobile ions in the buffer solution (see [87]).

Sample volumes of 0.4 to 0.5 ml are necessary in standard 5 mm NMR tubes
to insure that the sample is sufficiently long to place the solvent/air interface away
from the transmit/receive coils. Otherwise the large difference in the magnetic sus-
ceptibility between the air and the solvent can lead to inhomogeneities in the mag-
netic field that are difficult, if not impossible, to remove by shimming. Micro-
cells can be used with smaller volumes, on the order of 0.3 ml, thus only about
7 mg of a 20 kDa protein is required for a sample. One commonly used mi-
crocell has a solid glass plug at the bottom of the tube and a solid glass in-
sert that is placed above the sample, displacing the air. The magnetic suscep-
tibility of the glass is formulated to be similar to that of the solvent, minimiz-
ing changes in the magnetic field at the ends of the sample (see Fig. 15.1).

Figure 15.1. NMR sample micro-
cells. A standard (A) NMR tube
is compared to a microcell (B). The
solvent-water interface in the normal
NMR tube is replaced by a glass in-
sert, placed immediately above the
sample.

The sample should be free of macroscopic parti-
cles as these can cause difficulties in shimming,
again due to susceptibility differences between
the solvent and the particulate matter. Centrifu-
gation for 10 min at 10,000 x g is generally suf-
ficient. Air bubbles have the same effect as par-
ticles, hence they should also be absent from the
sample.

Ideally, samples of low molecular weight pro-
teins should also be degassed to remove dioxy-
gen. O2 is paramagnetic and its unpaired elec-
tron is effective at relaxing nuclear spins because
of the large gyromagnetic ratio of the electron.
Contributions of this relaxation process to the
linewidth can be on the order of 1 Hz. This ad-
ditional broadening is less significant for larger
proteins that have linewidths on the order of 10-
20 Hz and degassing may not be necessary.

A salt concentration larger that 0.20 M
(monovalent ions) should be avoided if possible.
The high salt can cause difficulty in tuning of the
probe and will reduce the sensitivity of both traditional and cryo-probes. The effect
with cryo-probes is more pronounced due to their higher Q. In addition, the high salt
absorbs the radio-frequency field applied to the sample during pulses and decoupling.
This has three consequences. First, longer pulse lengths are required for excitation,
leading to a smaller bandwidth of excitation. Second, the homogeneity of the ap-
plied pulses is reduced; the molecules in the center of the sample will experience a
somewhat weaker RF-field. Third, significant amounts of heat can be deposited in
the sample during decoupling, causing temperature changes in the sample during the
experiment, leading to protein denaturation under extreme conditions.

The pH of the solvent should not exceed approximately 7.0. At higher pH values,
the large exchange rate of the amide proton can cause broadening of the amide pro-
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ton linewidth due to chemical exchange, as discussed in more detail in the following
section.

The solvent should be buffered against pH changes. Buffers should be chosen that
either do not contain protons, such as phosphate, or are readily available in deuterated
form. It is usually prudent to include sodium azide at a concentration of 0.02% to
prevent microbial growth in the sample. Finally, it is also necessary to include 5-10%
D2O in the solvent for proper operation of the spectrometer lock.

It is frequently necessary to optimize the solution conditions of a sample prior to
extended data collection. The solvent conditions should be selected to give monomeric
protein, as indicated by the observed linewidths in the spectra. The large effect of
temperature on the linewidth, as discussed in the Chapter 19, should be taken into
account in the assessment of linewidth.

15.2 Solvent Considerations - Water Suppression
15.2.1 Amide Exchange Rates
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Figure 15.2. Effect of pH on hydrogen exchange
rates. The hydrogen exchange rates are shown for
several exchangeable groups in proteins. NH indi-
cates the backbone amide proton. Other labels re-
fer to sidechains. The rates assumes that the group
is fully exposed to solvent. The left axis indicates
the mean lifetime of the proton while the right scale
gives the exchange rate (Adapted from [171]).

Resonance signals from
the amide protons provide the cor-
nerstone for practically all NMR ex-
periments that are discussed in this
text. Unfortunately, the amide pro-
ton readily exchanges with solvent.
This exchange rate is catalyzed by
both acid and base and the effect of
pH on the rate of exchange is shown
in Fig. 15.2. These rates correspond
to groups that are fully exposed to
the solvent. Rates that are several
orders of magnitude slower can be
observed for protons that are buried
and not exposed to solvent. Since
these buried amides eventually ex-
change with solvent, they must be-
come transiently exposed to solvent
as the protein samples multiple con-
formations.

If the rate at which the amide
hydrogen exchanges with water is
sufficiently fast, signals from the
amide protons can disappear from
the spectrum. For example, an amide proton resonance at 5.5 ppm is ≈500 Hz from
the water resonance line on a 600 MHz (νH ) spectrometer. If the rate of exchange
is much faster than 500 sec−1, the system will be in fast exchange and the observed
chemical shift of the amide will be heavily weighted to that of the water due to the
high concentration of solvent in the sample, i.e. the amide resonance would essen-
tially appear at the solvent frequency (see Chapter 18).
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Inspection of Fig. 15.2 shows that pH values less than approximately 6.0 are re-
quired to give an exchange rate that is slower than 500 sec−1 for fully exposed amides.
At this pH the sidechain NH groups of arginine and lysine residues will be in fast ex-
change with the water resonance since their exchange rates are 100 times that of the
NH proton. Consequently, their NH protons cannot be observed. The amide exchange
rate of the amino terminus is similar to ε-amino group of lysine, therefore it is often
difficult to observe resonance signals from this group as well. In a similar fashion,
it would also be impossible to observe resonance signals from the hydroxyl group of
serine and threonine at any pH, unless the group participates in hydrogen bonding or
is buried in the protein, causing a reduction in the exchange rate.

Amide hydrogen exchange can also cause broadening of resonance lines, even if
the observed resonance signal arises from a proton under that exchanges slowly with
the solvent. An exchange rate of 50 sec−1 would give an increase the linewidth by 50
Hz, since the linewidth is increased by the exchange rate (∆ν = kex + 1/(πT2)), as
discussed in Chapter 18. Therefore, pH values somewhat less than 6.0 will generally
give narrower lines for solvent exposed amide protons. Note that this source of line-
broadening occurs irrespective of the chemical shift difference between the water and
the amide proton since the system is in slow exchange.

15.2.2 Solvent Suppression

Since the spectra have to be acquired in H2O, it is necessary to attenuate the inten-
sity of the solvent line. Otherwise, the large difference in the intensity of the solvent
line versus those from the protein will cause problems with the proper digitization
of the signals. Most NMR spectrometers have 16-bit digitizers, allowing a dynamic
range of 215 = 32, 768. This range is insufficient to digitize the FID from the H2O
protons because their signal is 105 more intense than that of the protein. As a result,
the signals from the protein will only occupy the lowest one or two bits of the digitizer.
This will cause severe distortion of the spectral lines from the protein, as illustrated in
Fig. 2.17 on page 53.

Several methods of suppressing the water signal will be presented in the following
text. The first two of these, presaturation and heteronuclear spin-lock methods, are
by far the easiest to apply, but can cause a host of problems and should be used with
caution. These water suppression techniques are found in earlier pulse sequences.
More effective methods are employed in contemporary experiments.

15.2.2.1 Presaturation

Presaturation is the most unsophisticated method of solvent saturation. The water
resonance is simply irradiated with a low power radio-frequency field, as illustrated
in Fig. 15.3. This field causes transitions from the ground state to the excited state
over a bandwidth of approximately 1 Hz. If the rate of excitation exceeds the rate
of spin-lattice relaxation (R1) then the two population levels become equal and no
water signal is observed. Although pre-saturation is a very reliable method of solvent
suppression, it causes a number of problems (see [95]).
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Figure 15.3 Solvent presaturation. The application of
solvent presaturation prior to the collection of a DQF-
COSY experiment is illustrated. The transmitter fre-
quency would be set to the resonance frequency of the
water and the presaturation pulse would be applied at a
power that is approximately 40 dB lower than the high
power used for pulses.

First, the efficiency of presaturation is affected by the width of the water resonance
line. Higher power levels are required to equalize the ground and the excited state over
a wider frequency range.

Second, presaturation of the solvent requires approximately 1 second. Conse-
quently, any exchangeable protons with an exchange rate of greater than ≈ 1 sec−1

will also become saturated because the saturated water protons will replace the ex-
changeable proton. This includes amide, hydroxyl, and carboxyl protons. Further-
more, this saturation can be effectively transfered to nearby non-exchangeable protons
by dipolar coupling. In this case dipolar coupling can be thought of as a mechanism
for the system to approach thermal equilibrium. Saturation of the exchangeable pro-
ton increases its spin temperature 1. This ’thermal energy’ is then transferred from the
exchangeable proton to any other protons within ≈ 5 Å of the exchangeable proton,
reducing the population difference between their ground and excited states.

Third, the application of the pre-saturation pulse to the water resonance will also
saturate any Hα protons whose resonance signals are close to the water resonance,
causing the resonance line from the α-proton to disappear. The intensity of any non-
exchangeable protons that are within 5 Å of an α-proton will also become reduced.

The rate of transfer of saturation by dipolar coupling depends on the spectral den-
sity function, J(ω) at ω = 0, therefore, the transfer of saturation become more effi-
cient as the size of the protein increases. Consequently, pre-saturation should not be
used on proteins whose molecular weight is greater than ≈ 10 kDa.

15.2.2.2 Heteronuclear Spin-Lock for Water Saturation
This method is frequently used in heteronuclear experiments and takes advantage

of the lack of coupling between the water proton and the nitrogen to place the water
protons in a state that can be selectively saturated, while preserving the intensity of
the amide protons [113].

As an example, consider the initial portion of an HMQC experiment, as shown in
Fig. 15.4. The product operator associated with HN groups at the end of the polariza-
tion transfer step is antiphase, represented by the product operator 2IxNz . In contrast,
the water magnetization is found along the y-axis and is represented by the product op-
erator Iy . If a 1-2 msec high power proton pulse, commonly called a spin-lock pulse, is

1Recall that the population difference between two energy levels is given by the Boltzmann equation:

ne

ng
= e−∆E/kT

If the protons are saturated, ne = ng , therefore the spin temperature (T) = ∞.
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Figure 15.4 Spin-lock water suppres-
sion. Panel A shows the initial section
of an HMQC experiment, with the in-
clusion of the spin-lock pulse (SLx) at
the end of the INEPT period. Panel B
shows the magnetization just prior to
application of the spinlock (left). The
effective field in the rotating frame is
Brot. The magnetization associated
with the water, Iy , is illustrated as a
dark gray vector with a single arrow-
head. The antiphase magnetization as-
sociated with the NH group is shown
as a vector with an arrowhead at each
end. The spin-lock pulse causes the wa-
ter magnetization to become random in
the y-z plane (right).

applied along the x-axis, the effective magnetic field in the rotating frame will be along
the x-axis. The magnetization associated with the amide proton is aligned with this
field and will remain ’locked’ along that axis during the application of the spin-lock
pulse. The water magnetization, on the other hand, will precess around the effective
field. Since the B1 field generated by the transmitter coils is relatively inhomogeneous,
the water magnetization will dephase rapidly and essentially become saturated. Since
the saturation occurs in a few msec, this technique of water suppression generally has
a smaller impact on the intensity of the exchangeable amides because there is insuffi-
cient time for chemical exchange to occur. However, the saturated state of the water
can eventually be transferred to the amide and aliphatic protons by the processes de-
scribed in the above section, especially if the relaxation delay period between scans is
too short to allow the recovery of the water magnetization prior to the next scan.

15.2.2.3 Coherence Selection
The coherence state of the water spins during the pulse sequence can be used to

remove the solvent line with gradients. For example, in the DQF-COSY experiment
the solvent line cannot participate in double quantum coherence. Therefore, the gradi-
ents that are applied to select for double quantum magnetization during the ∆ period
dephase the water and eliminate it from the spectrum.

In the case of heteronuclear experiments, it is possible to also suppress the water
using a similar strategy, as illustrated in Fig. 15.5. The application of a gradient during
the t1 evolution period, when the nitrogen magnetization is transverse, will introduce
a phase shift into the signal:

φ = eiG1γN τ1

Application a refocusing gradient during the INEPT period, will introduce an addi-
tional phase shift:

φ = e−iG2γHτ2



N-Dimensional Data Acquisition and Processing 319

G 1 G 2G
ra

d
ie

n
ts

1t
18

0 x
90

x
18

0 x

18
0 x

90
x

H
1

N
15

(decouple)

τ τ
Figure 15.5 Water suppression by co-
herence selection. The latter portion of
an HSQC experiment is shown. Gra-
dients G1 and G2 are designed to re-
focus the magnetization associated with
the NH group. Consequently they will
dephase the magnetization associated
with water, reducing its signal intensity.

G1, G2, τ1, and τ2 are adjusted such that these two phase shifts cancel, therefore the
signal associated with the NH group is observed as in a normal HSQC. The water
magnetization, on the other hand, dephases during the first gradient as:

φ = eiG1γHτ1

and therefore cannot be refocused by the second gradient and remains undetectable.
Since it is only possible to refocus one of the coherences, the above approach will
cause a loss of signal intensity. Sensitivity enhanced implementations of this method
of solvent saturation do not suffer this loss, as discussed in Chapter 14.

Note that this strategy relies on the water being transverse during the application
of each gradient. The water magnetization can undergo a process called radiation
damping whereby the intense transverse magnetization of the water protons induces
an oscillating magnetic field that stimulates relaxation of the water spins back to the
ground state. Consequently, care must be taken to insure that the water magnetization
is in the correct state during the application of gradients, as discussed in chapters 13
and 14.

15.2.2.4 WATERGATE: Selective Dephasing of Water by Gradients
A extremely versatile water suppression technique, called WATERGATE (Water

suppression by gradient-tailored excitation) [132, 150], is shown in Fig. 15.6. The
WATERGATE sequence consists of a dephasing gradient, followed by a selective 180◦

9 33 19 19 9

10 79 8 6 5

H  O2

τ τ τ τ τ

1H

∆ ∆
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B

A

ppm

x x x −x−x−x

Amide

Hz3000 2000 1000 0
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0.4

0.6
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Figure 15.6 WATERGATE element for water suppres-
sion. Panel A shows the WATERGATE sequence, con-
sisting of a 6-pulse element that is flanked by two iden-
tical gradients. The 90◦ proton pulse would be the last
pulse in a NOESY experiment, for example. The delays
∆ are as short as possible to allow application and re-
covery of the gradient pulses. Panel B shows the excita-
tion profile for the 180◦ pulse, assuming τ = 333 µsec.
The ppm scale is appropriate for a spectrometer fre-
quency of 500 MHz.
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pulse, and then a second gradient that will refocus any magnetization that was inverted
by the selective 180◦ pulse. The selective pulses inverts the amides, such that they
refocus at the end of the WATERGATE sequence, while the water is not inverted and
is further dephased by the second gradient.

The selective pulse is: 3α − τ − 9α − τ − 19α − τ − 19α − τ − 9α − τ − 3α,
where the last three pulses are opposite in phase to the first three (e.g. −x versus x).
The total rotation angle of all six pulses equals 180◦ (i.e. 62α = 180◦). The excitation
profile of this pulse is remarkably flat over the amide region, as illustrated in Fig. 15.6,
showing a null excitation at the following frequencies:

±k/τ, k = 0, 1, 2, 3 . . . . (15.1)

where τ is the spacing between the pulses.
Improved WATERGATE sequences, which utilize 8 and 10 pulses for the selective

180◦ pulses, have been published [99]. These provide more uniform excitation of the
region between the points of null excitation.

The WATERGATE pulse element can be appended to the end of a homonuclear ex-
periment, such as COSY, or NOESY experiment. The inclusion of the WATERGATE
sequence in a homonuclear COSY experiment is shown in Fig. 15.7. The WATER-
GATE sequence can also be included in heteronuclear experiments as part of the last
INEPT transfer segment. In which case, the delay δ, inclusive of τ and pulsewidths,
is set to 1/(4J).

The WATERGATE sequence can still perturb the intensity of amide proton res-
onances (see [95]). Since it dephases the water while in the transverse plane, the
sequence will generate a non-equilibrium population of the ground and excited state
of the water magnetization. This non-equilibrium state can be transferred to the amide
protons during the recycle delay period, reducing their signal intensity. This signal
loss can be avoided by either by utilizing long recycle delay periods or by using water

H
1 −xx901809090

Gradients

δ δ∆∆

G1 G3G2

t 2

t1

Figure 15.7. DQF-COSY sequence with WATERGATE water suppression. This experiment
was described by [160]. All pulses are along the x-axis unless otherwise noted. Gradient G1
encodes the double quantum magnetization with phase φ = 2×G1. The second gradient is used
to refocus this phase shift as well as to induce the phase shift required for water suppression.
Therefore, its intensity is 2 × G1 + G3. The final gradient, G3, refocuses the phase shift
associated with water suppression. Trimble and Bernstein [160] used 0.5 msec sine shaped
gradients with the following values: G1 = 24.5 G/cm, G2 = 65.2 G/cm, G3 = 16.3 G/cm. Since
the gradients for selection of double quantum coherence and water suppression are independent,
the size of middle gradient (G2) can be reduced if a negative gradient is selected for G3, in which
case G2 = 32.6 G/cm if G1 = 24.5 G/cm and G3 = -16.3 G/cm. The delays ∆ and δ should be
as short as possible, allowing time for the gradient and 100-150 µsec for recovery after the
gradient. Quadrature detection is obtained by shifting the phase of the first pulse by 90◦.
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selective pulses to return the magnetization to the z-axis prior to the application of the
WATERGATE sequence. The water selective pulses are referred to as water flip-back
pulses and are discussed below.

15.2.2.5 Jump-and-Return

C

ν
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x

B

νο
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x

A
90

x
90

−x

τ

Figure 15.8. Jump-and-return
sequence for water suppres-
sion. The jump-and-return
sequence for water suppression
is shown in part A. Part B and
C show the effect of this pulse
sequence for on-resonance (B)
and off-resonance (C) spins.

The jump-and-return method of water suppression
is a simpler version of the WATERGATE sequence. It
was introduced by Plateau and Gueron in 1982, pri-
marily for use in acquiring NMR spectra of nucleic
acids in H2O [133]. It has also been used in a number
of multi-dimensional NMR experiments, such as the
HNHA experiment discussed in Chapter 13.

As indicated in Fig. 15.8 This method uses two
high-power proton pulses, separated by a delay τ . As-
suming that the transmitter is on water, the second
pulse in the jump-and-return sequence will return the
water to the z-axis because the water magnetization
does not precess during the τ period. In contrast, the
magnetization associated with the amide resonances
will precess 90◦ during the τ period such that when
the second pulse is applied, it will be aligned with the
RF-pulse. Consequently, the RF-pulse will be ineffec-
tive at rotating the amides, leaving their magnetiza-
tion in the transverse plane for detection. The delay, τ
should be set to 1/(4ν), where ν is the frequency sep-
aration between the water resonance and the center of the amide proton resonances,
1500 Hz for a 500 MHz spectrometer, equivalent to 3 ppm.

Efficient water suppression using the jump-and-return sequence requires a narrow
linewidth for the water resonance. Otherwise the water magnetization that is slightly
off-resonance distorts the baseline of the spectrum. In addition, the excitation profile
for the jump-and-return is narrower than that of the WATERGATE sequence. Conse-
quently most current NMR experiments employ the WATERGATE sequence for water
suppression.

15.2.2.6 Water Flip-back Pulses
The influence of the state of water magnetization on the intensity of the amide

protons can be reduced substantially if the water magnetization is returned to the z-
axis at the end of the pulse sequence [5]. Water selective ’flip-back’ pulses can be used
to rotate the water magnetization back to the z-axis, restoring thermal equilibrium of
the water magnetization. In the case of the WATERGATE sequence the water selective
flip-back pulse is applied prior to the 90◦ pulse. If the phase of the flip-back pulse is
opposite to that of the 90◦ pulse then the water magnetization will be returned to the
z-axis by the non-selective 90◦ pulse, i.e.:

Iz
P90−x−→ Iy

P90x−→ Iz
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The inclusion of water flip-back pulses and WATERGATE water suppression in a
2-dimensional homonuclear NOESY [98] and TOCSY experiment [57] is shown in
Fig. 15.9. The inclusion of the water flip-back pulse increases the average signal
intensity of the amide protons by approximately 20%.

The TOCSY sequence is nearly identical to the NOESY experiment since the
isotropic mixing is performed while the magnetization is along the z-axis. A sig-
nificant difference between the two experiments is that the NOESY experiment relies

H1

H1

TOCSY

φ4 −φ4−φ2 −φ1

QDQD
Grad.

−φ3
90 φ390 φ1 90 φ2

NOESY 909090

Gradients

φ1 φ2 φ3
−φ3

φ4 −φ4

Isotropic mixing

−G1G1 G3 G3G2 −G2

G1 G2 G2
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t
2
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2τ mix

t1

t 1

Figure 15.9. 2D-NOESY & TOCSY sequences with water flip-back pulses.
TOP: A two-dimensional NOESY experiment that incorporates WATERGATE water suppres-
sion and a water flip-back pulse is shown. This was adapted from Lippens et al. [98] by re-
placing the original WATERGATE pulse element with the 3-9-19-19-9-3 element. Pulse phases
are φ1 = x,−x, y,−y,−x, x,−y, y; φ2 = x, x, y, y,−x,−x,−y,−y; φ3 = φ2; φ4 =
−x,−x,−y,−y, x, x, y, y; ψrec = x,−x, y,−y,−x, x,−y, y. Gradients are sine-shaped
and are 5 G/cm for G1, and 15 G/cm for G2. All three gradients would be applied for 1 msec.
The sequence relies on radiation damping to restore the water magnetization to the z-axis dur-
ing the mixing time, therefore mixing times of less than 100 msec should be avoided. Gradient
G1 is applied at the end of the mixing time to dephase residual transverse water magnetization.
The water selective flip-back pulse is shaded gray and has a phase of −φ3. It was applied with a
transmitter field strength of 160 Hz, corresponding to the power required for a 1.56 msec pulse.
Quadrature detection would be obtained by incrementing φ2 by 90◦ and collecting a second
FID with the same value for t1.
BOTTOM: WATERGATE-TOCSY. This pulse sequence was adapted from [57]. The tall
black bars refer to high power 90◦ pulses and the shaped gray pulses are selective water
flip-back pulses. Isotropic mixing occurs while magnetization is along the z-axis and can
utilize any of the mixing schemes discussed in Chapter 9. The pulse phases are: φ1 =
4(x), 4(y), 4(x), 4(y), 4(−x), 4(−y), 4(−x), 4(−y); φ2 = 4(x), 4(y), 4(−x), 4(−y); φ3 =
x, y,−x,−y; φ4 = x, y,−x,−y,−x,−y, x, y; ψrec = 4(x, y,−x,−y), 4(−x,−y, x, y).
Quadrature detection is obtained by incrementing the phases of both pulses that are labeled
with ’QD’: the first 90◦ pulse (φ1) and the middle flip-back pulse. Gradients are applied as
rectangular shapes, G1 = 0.25 G/cm, G2 = 1.3 G/cm, and G3 = 13 G/cm. Gradients G1 and G2
are applied at low levels such that it is not necessary to include gradient recovery periods. The
length of G1 is equal to t1/2, G2 and G3 are 1 msec.
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on radiation damping during the mixing time to return the water magnetization to the
z-axis at the end of the sequence whereas the TOCSY sequence suppresses radiation
damping during the t1 evolution period by the application of the bipolar gradients (G1)
that dephase the transverse water magnetization and then refocus it at the end of the
t1 period. The pulses phases are designed to restore the water magnetization to the
z-axis when the FID is acquired.

When the data is collected for quadrature detection in the TOCSY experiment it is
necessary to shift the pulse of the first 90◦ pulse by 90◦, from x to y. To insure that the
water magnetization is returned to the z-axis, it is also necessary to modify the phase
of the middle water flip-back pulse, giving the following for the transformation of the
water magnetization during the experiment:

Iz
φ1=x+π/2→ Ix

t1→ Ix
φ2→ Ix

TOCSY−→ Ix
−φ2→ Ix

−φ1→ Iz
−φ3→ Iy

φ3→ Iz (15.2)

15.2.2.7 Selection of Flip-back Pulses
A selection of flip-back pulses that have been used in the literature is shown in

Fig. 15.10, along with their excitation profiles. It is clear from the excitation profiles
presented in Fig. 15.10 that all of these pulses have sufficient bandwidth to uniformly
rotate the water magnetization by 90◦. However, they differ considerably in the de-
gree of perturbation of the amide proton region. Ideally, this region of the spectrum
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Figure 15.10 Water flip-back
pulses. A rectangular (A),
sine-shaped (B), Gaussian
(C), and half-Gaussian (D)
water flip-back pulses are
shown (left panels) along with
their corresponding excitation
profiles (right panels). All
pulses are 1 msec in length.
The solid line in the right
panel gives the z-component
of the magnetization and the
dotted line gives the amount
of magnetization in the
xy-plane (

√
M2

x + M2
y ). The

narrow shaded area at ν = 0
in the right panel indicates
the typical width of the water
resonance. The wide shaded
area represents the chemical
shift range of the amide
protons (6.5 to 10.5 ppm) on
a 500 MHz spectrometer. The
chemical shift of the water
protons is set at 4.8 ppm.
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should not be affected by the selective water pulse, i.e. Mz should be 1.0 and Mx,y

should be zero in the amide proton region. In practice, both the rectangular and sine
shaped pulses lead to lobes of excitation throughout the amide region, as shown by
the non-zero transverse magnetization. The excitation of the amide protons by a rec-
tangular pulse is substantial and this type of selective pulse should not be used, except
perhaps at very high magnetic field strengths (see below). The excitation profile of
the Gaussian shaped pulses are somewhat better, in that the excitation profile decays
smoothly to zero.

All four of the flip-back pulses shown in Fig. 15.10 are unacceptable at the illus-
trated field strength (νH = 500 MHz) because of the excitation of the amide region.
The sine (B) and Gaussian (C) shape would be functional at 900 MHz, because the
frequency range of the amide protons would be shifted further from the H2O reso-
nance. The sine and Gaussian pulses can be used at 500 MHz if the pulse length is
increased. The excitation profile of the pulse is approximately equal to the inverse
of pulse width. For example, a 2 msec sine or Gaussian pulse would show adequate
selectivity at a proton resonance frequency of 500 MHz. The actual excitation profile
of the pulse should be calculated prior to use with numerical simulations. Most major
spectrometers have a pulse simulator included with the instrumentation software.

15.3 Instrument Configuration
Most multi-dimensional NMR experiments, with the exception of homonuclear

proton experiments, require the excitation of multiple types of nuclear spins. For
example, the two-dimensional HSQC spectra discussed in Chapter 10 would require
excitation of protons and nitrogen or carbon spins, depending on whether HN or HC
correlations are being observed. The triple-resonance experiments discussed in Chap-
ter 14 require excitation of protons, nitrogen, and one or two carbon frequencies (e.g.
CO and Cα). Finally, triple-resonance experiments on larger deuterated proteins will
require an additional channel for the decoupling of deuterons.

The specific configuration of the spectrometer will depend on the number of sepa-
rate radio-frequency channels available on the instrument. Most high-field instruments
have at least three channels, many have four channels, and it is not uncommon to have
five independent channels on the instrument. Possible routing diagrams for a four and
five channel instrument are given in Fig. 15.11. Each channel will have a separate
frequency generator and often has a waveform generator for the generation of shaped
pulses by amplitude modulation and the generation of frequency shifted pulses by
phase modulation. The output of one of more channels are usually combined prior to
input to the amplifier. For example, two carbon channels are generally combined and
routed to a single broadband amplifier before being sent to the probe.

15.3.1 Probe Tuning
Most probes that are used for multi-nuclear triple-resonance experiments are

termed ’inverse probes’ because the proton excitation coil in closest to the sample
and the dual tuned nitrogen and carbon coil is outside the proton coil, as illustrated in
Fig. 15.12.
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Figure 15.11. Configuration of spectrometer channels. Possible layout of channels in a three
channel (left) or a four channel instrument (right) are shown. In general, the deuterium channel
is not counted towards the number of channels in the spectrometer. The sample and probe are
labeled. In the three channel instrument, carbon pulses with different frequencies, such as CO
and Cα would be generated by either changing the frequency of the synthesizer or using phase
modulation to shift the apparent frequency. If deuterium decoupling was used, the lock trans-
mitter would be controlled as if it were a fourth channel, otherwise it would be independent
from the other channels. In a four channel instrument two carbon frequencies can be indepen-
dently specified. However, the output from the waveform generators would be combined and
then used as input to the amplifier. Deuterium decoupling would utilize the deuterium channel
as if it were a fifth channel. Frequency filters are not illustrated in this diagram, but would be
placed between the output of the amplifier and the input to the probe.

Figure 15.12. Excitation coils in an
inverse probe. The position of trans-
mitter coils in a triple-resonance inverse
probe are shown, viewed looking down
on the sample. The inner coil is dual
tuned for proton and deuterium, while
the outer coil is dual tuned for nitrogen
or carbon.

Each channel on the probe should be tuned
for new samples or if the temperature of the
sample is changed more than ≈ 5◦ C. Probe
tuning was discussed in some detail in Chapter
2. In all instruments, the 2nd channel of the
preamplifier is used for tuning of the heteronu-
clear (15N, 13C) coils. In most instruments it
is necessary to physically change the cabling
when tuning a channel on the probe. For exam-
ple, if the carbon channel is to be tuned then a
cable will have to be connected from the 2nd

channel to the carbon channel on the probe.
Newer preamplifiers can automatically switch
the signal routing during tuning, such that the
tuning signal is sent to the correct channel on
the probe.

Recall that tuning involves the adjust-
ment of the complex impedance of the trans-
mit/receive coil to account for changes in the magnetic susceptibility of the sample,
as discussed in Chapter 2, Fig. 2.8. Nuclei that resonate at lower frequencies, such as



326 PROTEIN NMR SPECTROSCOPY

15N, are less sensitive to these changes. In addition, nuclei that are excited by the outer
coil of an inverse probe are also less sensitive to the changes in the sample because less
of the coil is occupied by the sample. Consequently, the nitrogen channel is the least
sensitive to changes in tuning, followed by carbon and then the proton channel. Con-
sequently, the channels are generally tuned in the following order: nitrogen, carbon,
and then proton. Since the nitrogen and carbon channel share the same coil, it may
be necessary to re-tune the nitrogen channel if there are large changes in the carbon
tuning. After the probe is correctly tuned, the pulse lengths for excitation should be
within a 5-10% of the levels found for previous samples of similar ionic strength. Note
that samples with high ionic strength can be difficult to tune and will require higher
power to obtain the same flip-angle of pulses.

15.4 Calibration of Pulses
15.4.1 Proton Pulses

φ + ϕ
− φ 

d1

Figure 15.13. Calibration of flip-back pulses.
A pulse sequence to calibrate proton flip-back
pulses is shown. The relaxation time, d1, is on
the order of 2 sec. The gray Gaussian shaped
flip-back pulse is of duration of 1-1.5 msec. Its
phase is φ+ϕ, where φ is x, y, −x, or −y and ϕ
is a small correction to the phase due to power
level differences, typically |ϕ| ≤ 5◦. The tall
black rectangle is a high power 90◦ pulse, typ-
ically of 10 µsec in duration. Its phase is op-
posite to that of the flip-back pulse, thus it will
return the water to the z-axis, giving a zero sig-
nal if the flip-back pulse is properly calibrated.

High power proton pulses can be
calibrated directly, using the techniques
discussed in Chapter 2. Shaped pro-
ton pulses, such as the water flip-back
pulses discussed above, are best cali-
brated in the context that they are to be
used. Fig. 15.13 shows one possible
way to calibrate flip-back pulses. The
transmitter is placed on water and the
power required for a high power 90◦

pulse is obtained by calibrating a 360◦

pulse. Then, both pulses are used and
the power level of the flip-back pulse
is adjusted such that the water signal is
nulled, indicating that the water magne-
tization has been excited and returned to the z-axis by the pair of pulses. Note that
in most spectrometers, a change in the power level leads to small phase shift in the
RF-pulse. Thus it is usually necessary to calibrate both the power level as well as the
phase shift, ϕ.

15.4.2 Heteronuclear Pulses
Since each heteronuclear channel has different electronic components, which may

have different power losses, it is necessary to calibrate pulses using exactly the same
hardware set-up as will be run in the actual experiment. Therefore, heteronuclear
pulses, such as nitrogen and carbon, will have to be calibrated indirectly. Ideally,
these pulses should be calibrated on the actual sample.

An HSQC experiment can be used to calibrate pulses with the actual sample. Al-
though this experiment has four heteronuclear pulses (two 180◦ and two 90◦ pulses),
the maximum signal is obtained when the pulses are of the correct length. This ap-
proach works because, to a first approximation, the signal intensity in the HSQC exper-
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Figure 15.14 Pulse sequence for calibration of het-
eronuclear pulses. The heteronuclear pulse labeled θx

is applied along the x-axis and has flip-angle of θ. Phase
cycling is: φ = x, y,−x,−y; ψrec = x,−x, x,−x.
The delay ∆ should be set to 1/(2J). The gradients are
optional, but can be applied at 5 G/cm for most of the ∆
period, followed by 100 µsec recovery period before the
application of pulses or data acquisition. Decoupling is
also optional, but can be applied if approximate power
levels are known. The delay, d1, should be several sec-
onds because of the long T1 values for small molecules.

iment is given by
[
(2cos2δ − 1)(cosδ)

]2
, where δ is the deviation of the pulse length

from ideality. For calibrating carbon pulses, it is best to place the carbon transmitter
on the methyl carbon (≈ 18 ppm) or in the aromatic (≈ 130 ppm) region to minimize
the effect of resonance offset on the efficiency of the pulses.

If the actual sample cannot be used because of low sensitivity, a 100 mM solution
of 15N labeled formamide (in H2O) or 10-20 mM solution 13C labeled glycine (in
D20) can be used for calibration using the simple pulse sequence described in this
section. To minimize changes in the tuning between the calibration samples and the
actual sample the calibration samples should be in the same buffer that is used for the
protein. Nevertheless, the probe should be tuned prior to pulse calibration and then
retuned after the sample is inserted.

A pulse sequence that can be used to calibrate heteronuclear pulses is shown in Fig.
15.14. This sequence can also be used to calibrate shaped pulses by replacement of
the heteronuclear rectangular pulse with the shaped pulse. Analysis of this sequence
using product operators is straight-forward. Proton chemical shift evolution can be
neglected in this analysis because of the 180◦ proton refocusing pulse. Beginning
with equilibrium proton magnetization:

Iz
90H

x→ −Iy
∆→ 2IxSz

180H
φ→ 2IxSz

θx→ 2Ix [Szcosθ − Sysinθ] ∆→ Iycosθ−2IxSysinθ
(15.3)

The term −2IxSy is not detectable, therefore the intensity of the observed signal, as a
function of the heteronuclear flip-angle, is:

I(θ) = cosθ (15.4)

A 90◦ heteronuclear pulse will give a null signal and a 180◦ pulse will give an inverted
signal. In practice, a spectrum is acquired with θ = 0◦ and phased to give a positive
absorptive spectrum. The same processing parameters are applied for non-zero values
of θ.

The 90◦ pulse lengths for carbon and nitrogen at full transmitter power depend on a
number of factors, such as the probe and sample components, however, typical values
range from 10-15 µsec for carbon and 35-55 µsec for nitrogen.
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15.5 T1, T2 and Experimental Parameters
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Figure 15.15. Effect of T2 on
nitrogen-carbonyl polarization
transfer. The time dependence
for polarization transfer from the
nitrogen to the carbonyl carbon, such
as in an HNCO experiment, is shown
for proteins of different sizes: 10
kDa (solid line), 25 kDa (long dashed
line), 50 kDa (short dashed line), and
80 kDa (dotted line). The nitrogen-
carbonyl carbon coupling constant
was 15 Hz, giving an optimal transfer
time in the absence of relaxation of
33.3 msec (= 1/(2JNC )). Note that
in larger proteins it is necessary to
shorten the transfer time because of
the shorter T2 of the nitrogen.

Knowledge of the relaxation rates for protons
an other spins in the protein are essential for
the optimal set-up of most NMR experiments.
These rates are sensitive to both the rotational
correlation time of the protein and the mag-
netic field strength (see Figs. 15.16 and 15.17).
Therefore, the effect of T1 and T2 on the data
acquisition parameters should be considered for
each protein and magnetic field strength.
T1 Considerations: Since most NMR exper-
iments begin with proton magnetization, the
amount of proton longitudinal magnetization at
the beginning of each scan affects the intensity
of the signal. In the steady-state, the level of lon-
gitudinal magnetization is given by:

Iz = 1 − e−T/T1 (15.5)

where T is the sum of the delay before the scan
and the acquisition time. A delay of at least 1.5
times T1 should be used between each scan, giv-
ing a steady-state magnetization of 78% of what
would be measured for an infinitely long inter-
scan delay.

T2 Considerations: The T2 is the lifetime of co-
herent transverse magnetization. Consequently,
the T2 indicates how long the FID should be sampled. Since the signal decays to 37%
(1/e) during a single T2 period, there is seldom any benefit to acquire data for longer
than ≈ 2.5 times T2, because subsequent data points contain less than 10% of the
signal.

The T2 also affects the optimal length of polarization transfer periods. For exam-
ple, in the HNCO experiment, the amount of in-phase nitrogen magnetization that is
transfered to anti-phase carbonyl magnetization is:

Nx → 2NyCzsin(πJCNτ)e−τ/T2 (15.6)

where τ is the polarization transfer period and T2 is the nitrogen spin-spin relaxation
rate. The maximum for this function does not occur when τ = 1/(2JCN ), but at a
shorter time, depending on the rate of decay of the transverse nitrogen magnetization,
as illustrated in Fig. 15.15.

15.5.1 Fundamentals of Nuclear Spin Relaxation
Nuclear spin relaxation is caused by fluctuations in the local magnetic field due

to molecular reorientation. In the case of protons, the field fluctuations are largely
due to dipolar coupling between the spins (see Chapter 16). These fluctuations, if of
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the appropriate frequency, induce transitions between quantum states. In the case of
heteronuclear spins, the anisotropic shielding (chemical shift anisotropy, CSA) of the
nucleus will also cause field fluctuations as the orientation of the molecule changes
with respect to the external magnetic field. The relationship between molecular mo-
tion and relaxation is explored in considerable detail in Chapter 19 and only a brief
summary will be given here.

The spectral density function, J(ω) describes the intensity of the magnetic field
fluctuations at any given frequency. J(ω) is related to the rotational correlation time
of the protein, τc, as follows:

J(ω) =
τc

1 + ω2τ2
c

(15.7)

The rotational correlation time is given by the Stokes-Einstein Equation:

τc =
4πηr3

3kT
(15.8)

where η is the viscosity and r is the radius of the protein. The rotational correlation
time is the average time required for a protein to rotate 1 radian and is approximately 1
nsec per 2.6 kDa of molecular mass. Spectral density functions for small, intermediate,
and large proteins are shown in Panel B of Fig. 15.16. The spectral density function
for large proteins, which tumble slowly and therefore generate low frequency field
fluctuations, is large at low frequencies.

Spin-lattice relaxation, which occurs with a time constant of T1, is due to the stim-
ulation of single- and double-quantum transitions and is thus sensitive to field fluctua-
tions at ωs and 2ωs, where ωs is the resonance frequency of the spin. The dependence
of the proton T1 on the spectral density function is:

1
T1

=
6
20

d2 [J(ωH) + 4J(2ωH)] (15.9)

where d2 = �
2γ4

H/r6 and r is the inter-proton distance.
Spin-spin relaxation, which occurs with a time constant of T2, is due to zero-,

single-, and double-quantum transitions and is thus sensitive to field fluctuations that
occur at ω = 0 as well as at higher frequencies. The dependence of the proton T2 on
the spectral density function is:

1
T2

=
3
20

d2 [3J(0) + 5J(ωH) + 2J(2ωH)] (15.10)

The T2 of a heteronuclear spin, such as 15N, is caused by both dipolar coupling and
the chemical shift anisotropy:

1
T2

=
d2

20
[4J(0) + J(ωH − ωN ) + 3J(ωN ) + 6J(ωH) + 6J(ωH + ωN )]

+
1
45

ω2
N∆σ2 [4J(0) + 3J(ωN )] (15.11)

where d2 = γ2
Hγ2

N�
2/r6 and ∆σ represents the anisotropic chemical shift.
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15.5.2 Effect of Molecular Weight and Magnetic Field
Strength on T1 and T2

The effect of molecular weight (τc) and the magnetic field strength on proton re-
laxation times is illustrated in Fig. 15.16. Figure 15.17 shows the spin-spin relaxation
time (T2) for the amide nitrogen, carbonyl carbon, and Cα carbon as a function of
these parameters. Note that at lower magnetic field strengths the amide nitrogen and
carbonyl carbon have similar spin-spin relaxation times. In contrast, the Cα carbon is
efficiently relaxed by its attached proton. However, at high magnetic field strengths,
the contribution of the CSA to the carbonyl relaxation increases significantly because
of the ω2 dependence, leading to very short relaxation times for the carbonyl carbon
at 900 MHz.

15.5.2.1 Effects of Molecular Weight on the Proton T1

Since T1 depends on J(ω) and J(2ω) the effect of the rotational correlation time
on the observed T1 can be explained by considering the intensity of the spectral den-
sity at ω and 2ω for various values of τc. Beginning with fast motions, or short τc

values, the spectral density is of low intensity at these two frequencies (solid curve in
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Figure 15.16. Effect of molecular weight on proton relaxation. Panel A shows proton T1

and T2 values as a function of the rotational correlation time, τc (note the log scale). These
were computed assuming a spherical protein and an inter-proton distance of 1.7 Å. This value
approximates the average proton density surrounding an amide proton. The individual curves
for T1 and T2 are labeled, the solid line represents relaxation at a proton frequency of 500 MHz
while the dotted line represents relaxation at 900 MHz. The gray rectangle indicates the range
of molecular sizes, from 10 kDa to 60 kDa, that are routinely studied. Panel B shows spectral
density functions for rotational correlation times of 0.025 (solid), 0.10 (dotted), and 0.40 nsec
(dashed). These times are near the T1 minimum. The ωH and 2ωH values for a proton frequency
of 500 MHz are indicated.
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Figure 15.17 Effect of molecular
weight and field strength on T2 re-
laxation of heteronuclear spins. The
spin-spin relaxation time (T2) is shown
for the amide nitrogen (solid line),
carbonyl carbon (dotted), and Cα

carbon (dashed line) as a function of
rotational correlation time, τc. A 50
kDa protein will have a τc ≈ 20 nsec.
These calculations were performed for
two different spectrometer frequencies,
500 MHz and 900 MHz, as indicated on
the figure. The nitrogen and carbonyl
relaxation times were estimated by
considering the contribution from
chemical shift anisotropy (CSA) as
well as dipolar coupling. In the case of
the Cα carbon, the relaxation time was
estimated by only considering dipolar
coupling, hence there is no dependence
on spectrometer frequency.

Fig. 15.16, Panel B). Therefore, spin-lattice relaxation is inefficient and the T1 is rela-
tively long. As the rotational motion slows, the profile of the spectral density changes
becoming more intense at lower frequencies. When ωτc is approximately one, the
spectral density at ω and 2ω is large (dotted line in Panel B Fig. 15.16), and efficient
spin-lattice relaxation occurs, giving a minimum in the T1. As the motion becomes
even slower, the intensity of J(ω) first drops at 2ω (dashed curve) and then eventu-
ally at ω. The small values of J(ω) at these two frequencies will cause inefficient
spin-lattice relaxation, hence a longer T1 for large molecules.

The magnetic field dependence on the T1 is explained in a similar manner. For
any values of τc corresponding to a molecular weight greater than 10 kDa, a higher
magnetic field strength will cause J(ω) to be sampled at higher frequencies. Since J(ω)
always decreases as ω increases, the spin-lattice relaxation will be less efficient and
T1 will become longer. Consequently, longer recycle delays need to be used at higher
field strengths if the same level of steady-state magnetization is desired.

15.5.2.2 Effects of Molecular Weight on the Proton T2

In contrast to the parabolic-like behavior of T1, the T2 for the proton (Fig. 15.16),
as well as for the heteronuclear spin (Fig. 15.17), decreases as the rotational corre-
lation time increases. This relationship is a result of the contribution of J(0) to the
spin-spin relaxation rate. As the rotational correlation time increases, the spectral
density at ω = 0 also increases. In fact, for most proteins the spectral density at zero
frequency dominates the spin-spin relaxation. For larger proteins, the proton T2 is:

1
T2

≈ 3d2

20
3J(0) =

9d2

20
τc (15.12)
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and for the nitrogen T2:

1
T2

≈ d2

20
4τc +

1
45

ω2
N∆σ24τc (15.13)

Since the rotational correlation time, τc is proportional to the molecular weight, the
T2 is inversely proportional to the molecular weight:

T2 ∝ 1/MW (15.14)

as the size of the molecule increases, the T2 becomes shorter.
In larger molecules, it becomes increasingly more difficult to transfer magnetiza-

tion between spins because of the relaxation losses that are incurred during the polar-
ization transfer periods. There are two methods by which the T2 of the spins can be
lengthened. The first involves changing the rotational correlation time of the sample
by changing the temperature. The second method utilizes relaxation interference be-
tween dipolar coupling and the chemical shift anisotropy. Each of these methods will
be briefly discussed below.

15.5.3 Effect of Temperature on T2
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Figure 15.18. Temperature effects
on T2 relaxation. The T2 was cal-
culated assuming a 50 kDa protein.
The T2 at 20◦C was set to 1.

As the temperature of the sample is increased,
the rotational correlation time of the sample de-
creases. This effect is due to two factors. First,
τc is inversely proportional to the temperature (see
Eq. 15.8). Second, the temperature also affects the
viscosity of water, η, causing a steep dependence
of the linewidth on the temperature, as illustrated
in Fig. 15.18. A modest 10◦ increase in tempera-
ture increases the T2 by 24%.

In general, raising the temperature of the sam-
ple increases T2. However, the rate of exchange
processes are also increased at higher temperature,
which can lead to shorter T2 times (see Chapter
18) as well as increasing the rate of amide proton-
deuterium exchange.

15.5.4 Relaxation Interference: TROSY
TROSY (Transverse relaxation-optimized spectroscopy) is a technique that in-

creases the resolution and sensitivity of heteronuclear NMR experiments on larger
proteins at high magnetic field strengths. This technique has been applied to two-
dimensional proton-nitrogen [129] and proton-carbon [130] correlated spectroscopy,
as well as to a large number of triple resonance experiments, such as the HNCA ex-
periment [140]. Several comprehensive reviews of this technique are available, see
[128].

The TROSY technique works by taking advantage of the interference between
dipolar coupling and the chemical shift anisotropy in the relaxation of coupled het-
eronuclear spins to produce narrow resonance lines. The magnetic field fluctuations
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that drive the relaxation of the proton or heteronuclear spin are generated by the chem-
ical shift anisotropy of the relaxing spin and the field generated from the dipolar cou-
pled spin. As illustrated in Fig. 15.19, the correlated motion of the spin and its dipolar
coupled partner cause these two fields to either cancel or add, depending on the spin
state (α or β) of the coupled spin. When there is destructive interference between these
two relaxation mechanisms (Panel A in Fig. 15.19), the oscillating field becomes small
and the relaxation rate of the spin decreases, leading to longer spin-spin relaxation
times and narrower resonance lines for that component of the doublet. In contrast, as
shown in Panel B of Fig. 15.19, the other component of the doublet will experience
enhanced field fluctuations, leading to a shortened spin-spin relaxation time.

ω   +πN J ω   −πN J

B(t) B(t)

A B(β)H

N

H

N

(α)

Figure 15.19. Origin of the TROSY effect.
Panel A shows a nitrogen spin coupled to a proton
in the β spin state while Panel B shows the nitro-
gen coupled to a proton in the α spin state. The
open-headed arrows indicate magnetic field fluc-
tuations from chemical shift anisotropy (CSA)
while the closed-headed arrow indicates the dipo-
lar field produced by the proton at the nitrogen
nucleus. Note that the direction of the dipolar
field depends on the spin state of the proton. The
magnetic field fluctuations as a function of time,
B(t), are shown in the middle section of the fig-
ure. In the case of Panel A, the fluctuations due to
CSA (dotted line) partially cancel those from the
dipolar field (dashed line) to give relatively small
field fluctuations (heavy solid line). This nitrogen
atom experiences smaller field fluctuations, and
is therefore relaxed less efficiently, thus giving a
narrower line. In Panel B, the opposite occurs,
and the two fields add to give a larger oscillat-
ing field, enhancing the relaxation of the nitrogen
coupled to a proton in the α spin-state. The re-
sultant NMR spectrum is shown in the bottom of
the figure. The nitrogen atom that is coupled to
a proton in the β spin state experiences smaller
field fluctuations and has the narrowest line in the
doublet.

Since the field fluctuations due to
CSA depend on the square of the mag-
netic field, the degree of cancellation
depends on the field strength. Figure
15.20 shows the effect of spectrometer
frequency on the cancellation of CSA
and dipolar fields for the nitrogen spin
in a proton-nitrogen group. The con-
tributions of the nitrogen CSA to re-
laxation of the nitrogen spin becomes
equal to the field from dipolar cou-
pling at a spectrometer frequency of
approximately 1100 MHz. Note that
significant narrowing of the resonance
line is observed at spectrometer fre-
quencies that are in common use, i.e.
700-800 MHz.

To illustrate the increased resolu-
tion that is provided by the TROSY
technique we will consider a sim-
ple two-dimensional nitrogen-proton
coupled experiment, i.e. a proton-
nitrogen HSQC experiment. If decou-
pling of the spectrum during t1 and t2
is not performed, then a quartet will
be found for each NH group, as illus-
trated in Panel A of Fig. 15.21. Each
peak in the quartet arises from a dis-
tinct pair of single-quantum nitrogen
and proton transitions. The frequency
and relaxation rate of each of these
transitions is described in Table 15.1.

All four components of the quartet
in the coupled HSQC spectrum show
different linewidths due to different
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Figure 15.20 Field dependence of the TROSY effect
for a NH spin-pair. The linewidth of an NH cross-
peak in the 15N dimension of a TROSY spectrum is
shown. At 500 MHz, the field fluctuations due to dipo-
lar coupling are not completely canceled, giving a resid-
ual linewidth of 6 Hz. As the magnetic field is in-
creased, the contribution of the CSA to the field fluc-
tuations increases and eventually cancels the contribu-
tion from dipolar coupling at a spectrometer frequency
of 1050 MHz. An inter-nuclear distance of 1.08 Å and
a CSA tensor, ∆σN , of -160 ppm was used for this cal-
culation. Other relaxation mechanisms, such as long
range nitrogen-proton coupling, have been ignored in
this calculation. Therefore, the observed linewidth at
1050 MHz would be greater than zero.

relaxation rates of each transition. Since the CSA for the amide proton is nega-
tive (∆σH ≈ −16 ppm), the 2 ↔ 4 proton transition will have the smallest re-
laxation rate for the two proton transitions. The nitrogen CSA is also negative
(∆σN ≈ −160 ppm), and therefore the 3 ↔ 4 nitrogen transition will have the
narrowest line. The peak in upper left of Panel A of Fig. 15.21 measures the nitrogen
3-4 transition during t1 and the proton 2-4 transition during t2. Since both of these
transitions have slow relaxation rates, this component of the multiplet is narrow in
both dimensions.

If proton decoupling is applied during t1, and nitrogen decoupling during t2, as in
a normal HSQC experiment, then the spin states of the coupled spins are exchanged,

βα
αβ

2
3

αα

S
1−2

I
1−3

ββ

3−4
S

2−4
I

1

4

Table 15.1 TROSY: Relaxation rates. The energy
level diagram for two coupled spins is shown to the
left. Here, I refers to the proton and S refers to the
nitrogen. The relaxation rates and frequencies for each
of the single quantum transitions are given in the table
below. The thicker arrows in the left diagram represent
transitions that have narrow resonance lines.

Transition Frequency Rate

1 ↔ 3 ωH + πJ 4J(0)[(p − δH)2]
2 ↔ 4 ωH − πJ 4J(0)[(p + δH)2]
1 ↔ 2 ωN − πJ 4J(0)[(p − δN )2]
3 ↔ 4 ωN + πJ 4J(0)[(p + δN )2]

The expressions for the relaxation rates presented in the above table were obtained from [129]
and assume that the protein is large such that J(0) >> J(ω), and that the chemical shift tensor
is aligned along the N-H bond vector. J(0) is the spectral density at ω = 0 and is defined here
as: J(ω) = (2/5)[τc/(1+ω2τ2

c )]. p and δX represent the contribution of dipolar coupling and
chemical shift anisotropy to relaxation, respectively:

p =
1

2
√

2

γHγN�

r3
δX =

1

3
√

2
γXBo∆σX

where Bo is the static magnetic field, and ∆σX is the chemical shift anisotropy for spin X .
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Figure 15.21. Decreased linewidth in two-dimensional 1H-15N TROSY spectra. Panel A
shows a region of a coupled HSQC spectrum that contains the quartet of peaks associated with
a single NH group. In this experiment the 180◦ refocusing pulse was omitted during t1 and
nitrogen decoupling was omitted during t2. Therefore, a 90 Hz splitting, equal to JNH , is ob-
served in each dimension. Note that the linewidth of each member of the quartet is different,
depending on the transition that generated the crosspeak. For example, the peak in the lower
right is broad in both the nitrogen and proton dimensions, and arises from measuring the 1 ↔ 2
transition in t1 and the 1 ↔ 3 in t2. The one-dimensional spectra that are shown in Panel A are
cross sections through the doublet in either the nitrogen dimension (top) or proton dimension
(side). The transition associated with each peak is indicated above the peak. Panel B shows
the effect of decoupling in both t1 and t2 dimensions on the spectrum (i.e. a traditional HSQC
experiment). A single peak is obtained, and the observed proton and nitrogen linewidths are the
average of the relaxation rates for each transition. The cross section in the nitrogen dimension
is shown above the two-dimensional spectrum. Note that this peak is broader than the narrowest
component (upper left) in Panel A. Panel C shows the TROSY spectrum of the same NH group.
Only the most slowly relaxing peak, corresponding to the 3 ↔ 4 transition during t1 and the
2 ↔ 4 transition in t2, is retained in this spectrum.

or mixed, during t1 and t2 evolution, leading to an averaging of relaxation rates. For
example, the proton relaxation rate during t2 would be the average of the rates for the
1-3 and 2-4 transition, or p2 + δ2

H . The averaging of the relaxation rates causes the
observed line to become broader than the narrowest component of the original quartet,
as illustrated in Panel B of Fig. 15.21. For larger proteins, the more rapidly relaxing
transition will dominate the relaxation properties of the observed peak, leading to very
broad lines that will be undetectable in large systems.

The spectrum that is obtained from the TROSY experiment is shown in Panel C of
Fig. 15.21. The single peak in the spectrum is the narrowest component of the quartet
and corresponds to magnetization that was associated with the 3-4 transition during
nitrogen evolution and with the 2-4 transition during proton evolution. The remaining
three components of the quartet been removed by phase cycling in the pulse sequence.

Since the TROSY technique only records one of the four peaks in the original
multiplet, its intrinsic sensitivity is one-fourth that of a normal HSQC. However, in
the case of proteins that are larger than approximately 40-50 kDa, the observed signal-
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Figure 15.22. Comparison of TROSY versus HSQC pulse sequences. Panel A shows a sim-
ple sensitivity enhanced HSQC sequence (see Chapter 10) while Panel B shows the TROSY
sequence from [129]. Narrow and wide bars indicate high-power 90◦ and 180◦ pulses,
respectively. The series of 6 proton pulses in the last INEPT segment of both sequences
is a selective WATERGATE pulse. The delay τ is equal to 1/(4J). The pulse phases are:
Ψ1 = y,−y,−x, x, y,−y,−x, x; Ψ2 = 4(x), 4(−x); φ1 = 4(y), 4(−y); φrec =
x,−x,−y, y, x,−x, y,−x. Note that the y and −y phases will have to be interchanged for
Varian spectrometers. The gradient durations and strengths are: G1 (0.4 msec, 30 G/cm), G2 (1
msec, -60 G/cm), G3 (0.4 msec, 50 G/cm), G4 (0.6 msec, 48 G/cm). Quadrature detection in t1
is obtained by acquiring an additional FID with the phase of Ψ1 shifted by 90◦.

to-noise in a TROSY spectrum will be higher than that found in a standard HSQC
spectrum because of the narrower linewidth of the observed peak and the fact that the
most slowly decaying transition is used in the polarization transfer step.

The experimental pulse sequence that gave rise to the TROSY spectrum is shown
in Fig. 15.22. Superficially, the TROSY sequence resembles a sensitivity enhanced
HSQC experiment. In both the experiments the first INEPT period serves to transfer
the proton polarization to the nitrogen spin. Following chemical shift evolution during
t1, the next two INEPT periods transfer the magnetization to the amide proton for
detection. The TROSY experiment differs from an HSQC experiment in the following
three important respects:

1. There is no 180◦ proton pulse during the t1 period, thus the spin state of the proton
is not inverted during this period and the nitrogen magnetization follows either the
1-2 or 3-4 transition. The two nitrogen transitions do not mix.

2. There is no nitrogen decoupling during the t2 evolution period, thus the spin state
of the coupled nitrogen is not inverted during acquisition. Consequently, the proton
magnetization follows either the 1-3 or the 2-4 transition.

3. The phase cycle is designed to keep only one single quantum coherence path,
namely 3-4 during t1 and 2-4 during t2. Signals from the other three paths are
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canceled by the phase cycle. This use of phase cycling is different than that dis-
cussed in Chapter 11. Specifically, the phase cycle in the TROSY experiment
retains only a one of the two single quantum transition during each evolution pe-
riod. The phase cycle given in Fig. 15.22 is designed for Bruker spectrometers. It
is important to note that Varian spectrometers utilize a different convention for the
y and -y phases of pulses. Therefore, implementation of this TROSY sequence on
a Varian spectrometer would require interchanging the y and -y phases.

15.5.5 Determination of T1 and T2

Heteronuclear relaxation times are generally used to investigate protein dynamics.
Methods to measure these times, as well as how to characterize dynamics, are pre-
sented in Chapter 19. Methods to measure the proton T1 and T2 are presented here.

Measuring Proton T1: The proton T1 can be obtained from an inversion recovery
experiment, shown in Fig. 15.23. This experiment begins by inverting the proton
magnetization with a 180◦ pulse, waiting a delay T , and then measuring the amount
of z-magnetization with a 90◦ read pulse.

If the first 180◦ pulse is not ideal, either due to mis-setting of power levels, or to
resonance off-set effects, then some of the initial magnetization will be found in the
transverse plane after the pulse. This magnetization can contribute to the final signal,
leading to an oscillatory behavior of the measured signal. The unwanted transverse
magnetization is removed by the application of a pulsed-field gradient. Alternatively,
a two step phase cycle can be used with the phase of the 90◦ pulse set to x,−x with a
receiver phase of x and −x [49].

The dependence of the z-magnetization on T is given by:

Mz(T ) = Mo(1 − 2e−T/T1) (15.15)

where Mo is the equilibrium value of the z-magnetization. Spectra are acquired for
different values of T and the spin-lattice relaxation time is obtained by fitting the data
to Eq. 15.15. Alternatively, the relaxation delay time T can be varied to find the value,
Tnull , that gives a null signal, from which the T1 can be obtained from the following
expression: T1 = Tnull/ln2.

Measuring Proton T2: The easiest way to obtain an estimate of the proton T2 is from
the linewidth: T2 = 1/(π∆ν). Alternatively, the T2 can be obtained from the decay
of the FID.

1
H

180x 90x

Grad.

T

Figure 15.23 Pulse sequence for measuring the pro-
ton T1. A 150 µsec 20 G/cm pulsed field gradient,
will dephase any transverse magnetization after the
180◦ pulse. Residual water signal can be suppressed
by presaturation. The delay between each scan should
be 5 times T1 to insure recovery of z-magnetization to
equilibrium. The relaxation delay time, T , which in-
cludes the time for application and recovery of the field
gradient, is varied from 0 to ≈ 4 − 5 × T1.
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15.6 Acquisition of Multi-Dimensional Spectra
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Figure 15.24. Magnetiza-
tion transfer in the CN-
NOESY experiment. Solid
circles indicate that the
chemical shift of the atom is
recorded during the exper-
iment during the indicated
time domain. Dotted circles
indicate that the magnetiza-
tion is passed through these
atoms, but their frequencies
are not measured.

The following sections discuss general aspects of ac-
quiring and processing multi-dimensional NMR spectra.
One of the most important tasks in setting up experi-
ments of this type is defining the transmitter offset and
sweepwidth in each dimension of the spectra. If possi-
ble, one should employ exactly the same parameters for
each dimension in each experiment. For example, the
transmitter offset, sweepwidth and number of data points
should be identical in the 15N dimension of every ex-
periment. This concept is particularly important in com-
plementary triple resonance experiments (e.g.HNCA and
HN(CO)CA), such that the positions of common peaks
(e.g. inter-residue correlations) are the same in both spec-
tra.

The 3D carbon-nitrogen NOESY (CN-NOESY) ex-
periment will be used to illustrate how to define a number
of experimental parameters. The magnetization transfer
and frequency labeling that occurs in this experiment are
illustrated in Fig. 15.24. The chemical shift of the car-
bon is recorded in t1 and this information is passed to the
attached proton by scalar coupling and then to a near-by
amide proton by dipolar coupling, as illustrated by the dotted line in Fig. 15.24. The
chemical shift of the amide nitrogen is recorded in t2 and the magnetization is returned
to the amide protons for final detection in t3. Consequently, this experiment generates
crosspeaks whose three frequencies are: ω1, carbon shifts for those carbon-attached
protons that are within ≈ 5 Å of an amide proton; ω2, the nitrogen shift of the amide
group; ω3 the proton shift of the amide group. The pulse sequence for the CN-NOESY
experiment is presented in Fig. 15.25.

15.6.1 Setting Polarization Transfer Delays
Most heteronuclear experiments have segments that transfer polarization between

nuclei. For example, in the CN-NOESY experiment, the initial part of the experiment
is an INEPT segment that transfers the proton polarization to the carbons. The density
matrix evolves during this period as:

Iy → [Iycos(πJ2∆) − 2IxSzsin(πJ2∆)] e−2∆/T2 (15.16)

where the factor e−2∆/T2 represents losses due to spin-spin relaxation of the trans-
verse proton. Setting ∆ = 1/(4J) leads to complete conversion of in-phase proton
magnetization to anti-phase proton-carbon magnetization:

Iy → −2IxSze
−2∆/T2 ∆ = 1/(4J) (15.17)

However, due to proton relaxation, the amount of magnetization transferred is reduced
by e−2∆/T2 . The delay, ∆, that gives the maximum amount of transferred magnetiza-
tion is obtain by finding the maximum of:

sin(πJ2∆)e−2∆/T2 (15.18)
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This maximum can be found experimentally by varying ∆ and observing the signal
intensity. Alternatively, if a good estimate of the T2 is known, then the value of ∆ can
be computed. If an experiment contains multiple polarization transfer segments, such
as the HNCO experiment shown in Section 14.2.1 on page 282, then each of these
should be optimized to maximize the transfer of magnetization.

15.6.2 Defining the Directly Detected Dimension: t3
The detected signal in the CN-NOESY, as with most other triple-resonance exper-

iments, consists solely of resonance signals from the amide protons; the region of the
spectrum for 0 to 5 ppm is usually void of resonance peaks. Therefore, in theory, it
would be possible to place the proton transmitter in the middle of the amide region
(e.g. 8 ppm) and set the dwell time to give a sweepwidth of ± 3 ppm. However, under
these conditions the residual solvent line may give rise to artifacts in the spectrum be-
cause the solvent is no longer on resonance. Consequently it is advisable to place the
transmitter on the solvent and collect a spectrum with a sweepwidth that is sufficient
to cover the entire proton spectrum without aliasing any of the resonance lines. There
is absolutely no harm in collecting such a wide sweepwidth in the directly detected
domain because there is no increase the experiment time and the additional points in
the spectrum that represent the aliphatic region can be discarded during processing to
reduce the data storage requirements for the final spectrum.

Figure 15.25. Pulse sequence for a carbon (t1), nitrogen (t2) separated NOESY. Pulses
on proton and nitrogen are high power, except for the nitrogen decoupling sequence at the
end of experiment. Carbon pulses are semi-selective pulses designed to excite the aliphatic
region (13Cali) or the carbonyl region (13CCO). ∆ is 1/(4JCH) and τa = 1/(4JHN ).
Gradients are: G1(7 G/cm, 400 µsec), G2(15 G/cm, 700 µsec), G3(17 G/cm, 700 µsec),
G4(5 G/cm, 1 msec), G5(4 G/cm, 500 µsec), G6(5 G/cm, 800 µsec), G7(8 G/cm, 800
µsec), G8(17 G/cm, 1 msec). The gradient G8 is applied along the x, y, z axis, all other
gradients are z gradients. Gradients G2, G3, G6, and G7 are zz-filters. The phase cy-
cle is: φ1 = x; φ2 = x,−x; φ3 = (x)8, (−x)8; φ4 = (y)4, (−y)4; φ5 =
x, x,−x,−x; ψrec = x,−x,−x, x,−x, x, x,−x,−x, x, x,−x, x,−x,−x, x. Quadrature
detection using the States-TPPI method is obtained by shifting the phase of φ2 for carbon and
φ5 for nitrogen.
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15.6.3 Defining Indirectly Detected Dimensions
The indirectly detected dimensions in the experiment (13C and 15N) have to be ac-

quired by systematically incrementing the respective evolution delays. Consequently
it is necessary to define four parameters for each indirectly detected dimension:

1. The duration of the delay prior to acquiring the first point, to.

2. The time increment, or dwell time (τdw), between points. Recall from chapter 2
that the dwell time defines the spectral width in the frequency domain: SW =
1/τdw. Sampling a larger spectral width than necessary will result in a lower
resolution spectrum if the number of points is kept constant. Alternatively, if the
spectral width is too wide, then more points will have to be acquired to attain the
same resolution.

3. The total number of points, n, to collect. The number of points and the dwell
time define the total acquisition time for a given dimension, Tacq = nτdw. Recall
that the intrinsic resolution in the spectrum is limited by the total acquisition time;
the longer the acquisition time, the better the resolution. The digital resolution
is simply calculated as the sweepwidth divided by the number of data points. In
general, it is best to set the resolution (1/Tacq) to be roughly equal to the linewidth
of the majority of the peaks in the spectrum.

4. The transmitter frequency, or offset.

15.6.3.1 Setting the Initial Delay
Studies by Zhu and co-workers [177] have shown that significant baseline curvature

can occur with digital Fourier transforms unless the initial point is collected at a time
equal to either zero, one-half, or one full dwell time. Due to the finite length of the
radio-frequency pulses it is not possible to sample the data at to = 0. Consequently
only one-half or one full dwell time are viable options. Setting the initial delay to
one-half of the dwell time is advantageous because aliased peaks will be inverted in
sign relative to non-aliased peaks and are therefore easily recognized in the spectrum.
In addition, both alias and non-aliased peaks can be phased to give pure absorption
mode lineshapes.

The reason why aliased peaks are inverted is illustrated in Fig. 15.26. Immediately
after the excitation pulse all magnetization is aligned along the real axis. The magne-
tization then precesses at a rate that is defined by the frequency difference between the
chemical shift of a resonance and the transmitter frequency. Therefore the magnetiza-
tion is displaced from the real axis when the first data point is sampled at to = τdw/2.
The zero- and first-order phase corrections required to rotate a non-aliased peak back
to the positive real axis are 90◦ and -180◦, respectively [177]. When the same phase
correction is applied to aliased magnetization, it is rotated to the negative real axis.
This occurs because the aliased magnetization has precessed more than 90◦ when the
data sampling occurs. Therefore, the apparent frequency of the aliased peak in the
spectrum places the peak a position such that the phase shift rotates the magnetization
to the negative real axis. Consequently, both aliased and non-aliased peaks have the
same pure absorption mode lineshape, but the aliased peaks are inverted.
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Figure 15.26. Inversion of aliased peaks. Panel A shows the entire spectrum, consisting of
three resonances. The transmitter is placed midway between A and B and the sweepwidth was
chosen to include resonances A and B, but not C. Resonance C is therefore aliased into the
spectra, and its aliased position is indicated by C’. Panel A also shows the phase change (ϕ)
that would be applied to each point of the spectrum during processing assuming a zero-order
phase change of 90◦ and a first-order phase correction of -180◦. Peak A would receive a phase
correction of ϕ = +85◦, the aliased peak C would receive a phase change of ϕ = +80◦

while peak B would receive a phase correction of ϕ = −85◦. Panel B shows the evolution of
the magnetization shortly after the excitation pulse (t > 0) and at the time of the first sampling
(t = τdw/2). The real axis (r) points down and the imaginary axis (i) points to the right.
The angular rotation of the magnetization of the ith peak, θi, during this time period depends
on the frequency difference between the transmitter frequency and the resonance frequency.
However, the phase correction applied during processing depends on the position of the peak
in the spectrum. The effect of this phase correction on the magnetization is shown in the two
rightmost sections of Panel B. Resonances A and B are rotated in opposite directions with respect
to each other and both are returned to the positive real axis by their respective phase corrections.
Resonance C receives almost the same phase correction as A and is rotated counter-clockwise
from its position to the negative real axis, giving an inverted peak.

When setting the delay for the initial time point in the indirectly detected dimen-
sions it is necessary to take into account the finite pulse length of the pulses that bracket
the delay period. A 90◦ pulse of length τ90 can be approximated by a δ function, fol-
lowed by a delay of 2τ90/π, as described by [14]. Since the evolution period generally
begins and ends with a 90◦ pulse, the evolution period time is increased due to finite
widths of the pulse, by an amount:

δ = 4τ90/π (15.19)

Consequently, it is necessary to subtract this time from a programmed delay in the
pulse sequence. In addition, if the evolution period contains a 180◦ pulse, which
occurs in both indirect evolution periods in the example in Fig. 15.25, then the pro-
grammed delay should also account for the 180◦ pulse. For example, the initial delay
for each of the t1/2 evolution periods in the CN-NOESY experiment should be pro-
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grammed to have an initial time period of:

t1
2

=
τdw

4
− 2τ90C

π
− τ180C′

2
(15.20)

assuming that the carbonyl 180◦ pulse is longer than the proton or nitrogen 180◦

pulses. The actual pulse sequence would be written as:

(p3 ph2) : f3 carbon pulse, phase =φ2

delay τ t1/2 delay

(40µsec p1 ∗ 2 x) : f1 (15µsec p2 ∗ 2 x) : f2 (p5 ∗ 2 x) : f5 H, N, and Co 180◦ pulses

delay τ t1/2 delay

(p3 x) : f3 carbon pulse, phase =x

where τ = (τdw/4) − (2τ90C/π) − (τ180C′/2). All pulse lengths, e.g. P1, refer to
90◦ pulses. The 1H, 15N, 13Cali, and 13CCO, transmitters are assigned to channels
1, 2, 3, and 5, respectively. The syntax: (δ p1 ∗ 2x) : f1 indicates that a delay δ
will occur before a pulse of length p1*2, with a phase of x, will be applied to the f1
channel. The 180◦ decoupling pulses in the middle of t1 period should be applied
simultaneously, usually requiring an additional programmed delay prior to the shorter
two of the three 180◦ pulses. These delays make the centers of all pulses coincident.
In the above example, p1 = 10 µsec, p2 = 35 µsec, and p5 = 50 µsec. Therefore the
start of the proton pulse is delayed 40 µsec while the start of the 15N is delayed by 15
µsec, relative to the start of the pulse on the carbonyl carbon. Chemical shift evolution
is achieved by the subsequent increment of each τ delay by τdw/2.

15.6.3.2 Optimizing the Dwell Time and Number of Points
In the indirectly detected dimensions it is necessary to consider how the FID should

be sampled, i.e. how to define the spacings between the points (the dwell time, τdw)
and the total number of points (n) that should be collected. The total acquisition time
is related to these two parameters as follows:

Tacq = nτdw (15.21)

15.6.3.3 Setting n and τdw for Non-Constant Time Evolution

The total acquisition time may also be limited by the desire to not resolve scalar
couplings. For example, crosspeaks from aliphatic and aromatic carbons in the CN-
NOESY experiment will show a splitting of 35 Hz in the carbon dimension due
carbon-carbon coupling. If the resolution in this dimension is sufficiently high then
the resulting crosspeaks will show a multiplet structure due to the carbon-carbon cou-
pling(s). The signal-to-noise ratio of a spectrum acquired with additional time points
can actually be slightly less than if the spectrum was acquired with fewer time points

For non-constant are evolution, such as the t1 or t2 evolution in the CN-NOESY,
acq and then calculate n based on the desired sweepwidth.

Since the FID decays with a time constant of T2 (the spin-lattice relaxation time) there
very little point in collecting data for acquisition times that are significantly longer

than 2 × T2. Data collected beyond this point will be largely noise since the original
signal has decayed to 1/e2, or to 13.5% of its initial value.

it is useful to first define T

is
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and the same total number of scans, as illustrated in Fig. 15.27. In addition, the
increase in the number of peaks from the resolved scalar couplings may complicate
analysis of the spectrum. Consequently, the highest resolution that should generally
be used in the carbon dimension of most experiments is approximately equal to the
carbon-carbon coupling (35 Hz), or a total acquisition time of approximately 28 msec.

Once the total acquisition time is defined, then it is necessary to define the number
of data points. If the dwell time is selected such that the sweepwidth covers the entire
range of chemical shifts, then n will be at its maximum value since τdw will be at a
minimum. However, in the case of 15N and 13C evolution it is often possible to use a
narrower sweepwidth. Although this results in aliasing of some resonance lines, the
increase in τdw decreases n. Since the total acquisition time in a multi-dimensional
NMR experiment is directly proportional to n, it is best to use the smallest value of
n as possible. For example, a CN-NOESY experiment, acquired with a total of 128
complex points in t1 (13C), 32 complex points in t2 (15N) with 16 scans, and a total
data acquisition time (t3) and recovery delay of 1 sec, would require 72.82 hours of
data collection:

128 × 2 × 32 × 2 × 16 × 1 sec = 262, 144 sec = 72.82 hours

where the factors of two represent quadrature detection (i.e. complex points) in each
indirectly detected domain. A reduction in the number of 13C points from 128 to 64,
by increasing the dwell time by two, would reduce the above experiment time by a
factor of two, a significant savings in time.

If aliasing is used to reduce n, the actual sweepwidth that is used has to be carefully
chosen such that the aliased peaks do not overlap with the non-aliased peaks. In the
case of 15N, it is generally feasible to alias approximately 5-10% of the peaks at the
edge of the 15N spectrum without causing problems of peak overlap. The situation
with the 13C spectrum is much more favorable because the carbon chemical shifts are
correlated with the proton chemical shifts. Fig. 15.28 shows a proton-carbon HSQC
spectrum that was acquired without and with aliasing.

Extensive aliasing in the carbon dimension permits acquiring spectra with enhanced
resolution within the same experimental time. For example, if 128 points are used to
acquire an unaliased carbon spectrum with a sweepwidth of 9000 Hz, then the digital

-200 -100 0 100 200

Frequency [Hz]

B

A

Figure 15.27 Optimization of indirect 13C acquisition.
A crosspeak corresponding to the α-carbon is shown in
the carbon dimension (ω1) of the CN-NOESY exper-
iment. Two different acquisition times are shown, 28
msec (A) and 56 msec (B). The Cα-Cβ coupling was set
to 35 Hz. In both experiments, the total number of scans
acquired are the same. Consequently, twice as many
scans were acquired in Panel A, resulting in a more in-
tense signal. The reduction of the intensity in panel B
is due to spin-spin relaxation of the transverse carbon
spin during the extended evolution period. The inten-
sity difference between the two spectra will decrease as
the T2 of the carbon increases. The spectra shown here
are typical for proteins in the 20-30 kDa range.
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Figure 15.28. Aliasing of the carbon spectrum. Panel A shows a proton-carbon HSQC spec-
trum that was acquired without aliasing. Note that the carbon chemical shifts are correlated
with the proton chemical shifts. This proportionality permits significant aliasing of the carbon
dimension without peak overlap. The spectra were acquired at a carbon frequency of 150 MHz
(νH = 600 MHz) with a total acquisition time of 14.22 msec. The spectrum in A was acquired
with a dwell time of 111.1 µsec. The shaded regions in Panel A, from 15-30 and from 60-75
ppm, were aliased in Panel B. Panel B was acquired with a dwell time of 222.2 µsec, or with
one-half the number of points that were used to collect the spectrum in A. The delay before
acquiring the initial point was set to τdw/2, therefore the aliased peaks are negative, and are
represented by larger white circles. The boxed resonances are the same in both spectra. Note
that the resolution, in terms of Hz/point, are identical in both spectra, but the second spectrum
could be acquired in half the time.

resolution in the final spectrum will be 70.2 Hz/pt. If a spectral width of 4500 Hz is
used with the same number of time increments, then the resolution will be 35.1 Hz/pt.

15.6.3.4 Setting n and τdw for Constant Time Evolution
In constant time evolution, such as in the nitrogen dimension on the HNCO exper-

iment presented in Section 14.2.1 on page 282, there is no decay of the signal. At the
end of the constant time period the density matrix is:

2NzIycos(ωCt1)eiωN t2eiγN G5e2TN /T2N (15.22)

note that the term representing decay due to relaxation of the transverse nitrogen
spin does not depend on t2 and is a constant factor equal to e2TN /T2N , where
TN = 1/(2JNCo) and T2N is the spin-spin relaxation time of the nitrogen. In essence,
the nitrogen resonance has zero linewidth or an infinitely long T2. Consequently, ac-
quiring additional time points will lead to higher resolution without signal loss due to
relaxation. Therefore, the largest number of points possible are generally acquired,
i.e. n = 2TN/τdw. Figure 15.29 illustrates the effect of the number of acquired data
points on the intensity of the peaks in the spectrum. As the number of time points
increases, the number of scans/point will decrease. However, increasing the number
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Figure 15.29 Effect of number of data points on sig-
nal intensity in constant time evolution. The effect of
acquiring more data points in the case of constant time
evolution, such as in the nitrogen evolution period of the
HNCO experiment, is shown. All three spectra were ac-
quired with the same total number of scans (i.e. same
total acquisition time). The number of time points in
spectrum B and C are 2 and 4 times the number of points
in A, respectively. Note that the intensity of all three
spectra are identical. Although increasing the number
of points decreases the number of scans/point, the in-
tensity of the peak increases due to a narrowing of the
resonance line as the resolution improves.

of points narrows the resonance line by a factor that exactly compensates for the loss
in intensity due to the decreased number of scans, therefore the line intensity remains
constant.

15.6.3.5 Defining Transmitter Offsets

4.7

1.7 7.7

6.0

6.00.0 0.0

3.0

Figure 15.30. Shifting the apparent
transmitter frequency. The apparent
transmitter frequency in the indirectly
proton dimension can be changed by
applying a first-order phase correction
to the FID. The left section of the panel
shows the x-y plane at the time of sam-
pling the first point. The transmitter
was set at 4.7 ppm and the sweep width
was 6 ppm. Resonances with chemi-
cal shifts smaller that 1.7 ppm will be
aliased, as indicated by the gray sec-
tor. The right section shows the effect
of shifting the resonances by 1.7 ppm.
The apparent transmitter frequency be-
comes 3.0 ppm and resonances from 0.0
to 6.0 ppm will not be aliased.

The observed frequency in the indirectly
detected domain is the difference between the
transmitter frequency and the resonance fre-
quency of the spin. For example, if the chem-
ical shift of an amide nitrogen was 120 ppm
and the transmitter was set at 115 ppm, then
the amide’s precession frequency would be
5 × 10−6 × νN , where νN is the nitrogen fre-
quency of the spectrometer.

For heteronuclear spins, such as carbon and
nitrogen, the transmitter is usually set in the
center of spectral region that is to be detected.
In the case of the CN-NOESY experiment, the
carbon transmitter (13CAli) would be set at ap-
proximately 45 ppm. The nitrogen transmitter
would be set at approximately 115-120 ppm.
Note that it may be necessary to change the lo-
cation of the transmitter by a few ppm such that
aliased peaks do not overlap with non-aliased
peaks (see Section 15.6.3.2).

In the case of indirect proton detection, the
transmitter is generally placed on the water resonance to facilitate suppression of
the water signal and minimize artifacts from the strong water resonance. Conse-
quently, placement of the proton transmitter may not be ideal for a particular spec-
tral range. For example, it may be desirable to sample only the aliphatic region of
the proton spectrum, from 0 to 6 ppm. If the transmitter is on water, at 4.7 ppm,
a spectral width of 6 ppm would cover a range of chemical shifts from 7.7 to 1.7
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ppm. Consequently aliphatic resonances with a chemical shift of less than 1.7 ppm
would be aliased. This aliasing can be removed during processing by applying a large
first-order phase shift to the indirectly detected free induction decay, as illustrated in
Fig. 15.30 and discussed in Section 15.7.6.2.

15.7 Processing 3-Dimensional Data
15.7.1 Data Structure

The raw data for the CN-NOESY experiment would be collected by first cycling
through all of the t1 increments. Then, t2 would be incremented and all of the t1 delays
would be repeated at the new value of t2, etc. The cosine and sine modulated FIDs
associated with quadrature detection are collected as adjacent pairs. In the case of the
CN-NOESY experiment, a total of 64 increments in carbon (t1) and 32 increments in
Nitrogen (t2) would generally be acquired. The order in which the FIDs are acquired is
listed in Table 15.2. Each FID represents a proton NMR spectrum, usually consisting
of 1024 complex points.

15.7.2 Defining the Spectral Matrix
To begin processing the data it is necessary to define a three-dimensional matrix to

hold the final spectrum. In the case of the CN-NOESY, 64 complex points in 13C, 32
complex points in 15N, and 1024 complex points in 1H would provide adequate digital
resolution for the spectrum. Since each time domain point consists of a real (cosine
modulated) and an imaginary (sine modulated) point, it would be necessary to begin
with a matrix that is 128 x 64 x 512 points in size, as illustrated in Fig. 15.31. In the
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Figure 15.31. Three dimensional data matrix. The three dimensional data matrix obtained
from the CN-NOESY experiment. The numbers on the face of the cube represent the order in
which the free induction decays (FIDs) were acquired. After transformation in t3 the resultant
proton spectra are loaded into the matrix so that any row in the plane of the page is a FID in the
carbon (t1) evolution and any column is a FID in nitrogen (t3) evolution.
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case of the proton dimension, the aliphatic region of the spectrum would be discarded
before storing the spectrum in the matrix, hence the reduction in size from 1024 to 512
points. Note that all dimensions are a power of two so that the fast Fourier transform
algorithm can be used.

FID # Modulation t1 delay Q. Phase t2 delay Q. Phase
FID 1 cos(ωCt1)cos(ωN t2) t1=dw/2 φ2 = x t2=dw/2 φ5 = x
FID 2 sin(ωCt1)cos(ωN t2) t1=dw/2 φ2 = y t2=dw/2 φ5 = x
FID 3 cos(ωCt1)cos(ωN t2) t1=dw+dw/2 φ2 = x t2=dw/2 φ5 = x
FID 4 sin(ωCt1)cos(ωN t2) t1=dw+dw/2 φ2 = y t2=dw/2 φ5 = x

FID 127 cos(ωCt1)cos(ωN t2) t1=63dw+dw/2 φ2 = x t2=dw/2 φ5 = x
FID 128 sin(ωCt1)cos(ωN t2) t1=63dw+dw/2 φ2 = y t2=dw/2 φ5 = x

Now collect quadrature phase for 15N
FID 129 cos(ωCt1)sin(ωN t2) t1=dw/2 φ2 = x t2=dw/2 φ5 = y
FID 130 sin(ωCt1)sin(ωN t2) t1=dw/2 φ2 = y t2=dw/2 φ5 = y
FID 131 cos(ωCt1)sin(ωN t2) t1=dw+dw/2 φ2 = x t2=dw/2 φ5 = y
FID 132 sin(ωCt1)sin(ωN t2) t1=dw+dw/2 φ2 = y t2=dw/2 φ5 = y

FID 255 cos(ωCt1)sin(ωN t2) t1=63dw+dw/2 φ2 = x t2=dw/2 φ5 = y
FID 256 sin(ωCt1)sin(ωN t2) t1=63dw+dw/2 φ2 = y t2=dw/2 φ5 = y

Increment 15N evolution delay, collect 13C at new t2
FID 257 cos(ωCt1)cos(ωN t2) t1=dw/2 φ2 = x t2=dw+dw/2 φ5 = x
FID 258 sin(ωCt1)cos(ωN t2) t1=dw/2 φ2 = y t2=dw+dw/2 φ5 = x
FID 259 cos(ωCt1)cos(ωN t2) t1=dw+dw/2 φ2 = x t2=dw+dw/2 φ5 = x
FID 260 sin(ωCt1)cos(ωN t2) t1=dw+dw/2 φ2 = y t2=dw+dw/2 φ5 = x

FID 383 cos(ωCt1)cos(ωN t2) t1=63dw+dw/2 φ2 = x t2=dw+dw/2 φ5 = x
FID 384 sin(ωCt1)cos(ωN t2) t1=63dw+dw/2 φ2 = y t2=dw+dw/2 φ5 = x

Now collect quadrature phase for 15N at new t2
FID 385 cos(ωCt1)sin(ωN t2) t1=dw/2 φ2 = x t2=dw+dw/2 φ5 = y
FID 386 sin(ωCt1)sin(ωN t2) t1=dw/2 φ2 = y t2=dw+dw/2 φ5 = y
FID 387 cos(ωCt1)sin(ωN t2) t1=dw+dw/2 φ2 = x t2=dw+dw/2 φ5 = y
FID 388 sin(ωCt1)sin(ωN t2) t1=dw+dw/2 φ2 = y t2=dw+dw/2 φ5 = y

FID 511 cos(ωCt1)sin(ωN t2) t1=63dw+dw/2 φ2 = x t2=dw+dw/2 φ5 = y
FID 512 sin(ωCt1)sin(ωN t2) t1=63dw+dw/2 φ2 = y t2=dw+dw/2 φ5 = y

Last two FIDS
FID 8191 cos(ωCt1)sin(ωN t2 t1=63dw+dw/2 φ2 = x t2=31dw+dw/2 φ5 = y
FID 8192 sin(ωCt1)sin(ωN t2) t1=63dw+dw/2 φ2 = y t2=31dw+dw/2 φ5 = y

Table 15.2. Order of FIDs in a three-dimensional data set. The order of FIDs in the CN-
NOESY is shown, assuming 64 carbon points and 32 nitrogen points. Quadrature detection
was by States-TPPI hypercomplex method, thus separate cosine and sine modulated data is
acquired for each time point.
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15.7.3 Data Processing
15.7.4 Processing the Directly Detected Domain

The spectral matrix would be populated by transforming each of the directly de-
tected free induction decays (FID) and then storing the resultant proton spectra in the
appropriate cell of the matrix. Transformation of the FID to give the proton spectrum
is identical to processing a one-dimensional spectrum (see Chapter 3) and involves the
following steps:

1. Applying an apodization function.

2. Removal of water signal by linear prediction.

3. Fourier transformation.

4. Applying a phase correction to give pure absorption mode lineshapes. This phase
correction is usually determined by transformation and phasing of the first FID.
The same phase correction is applied to all spectra.

5. Discard the imaginary part of the spectrum, to conserve disk space.

6. Discard the aliphatic region of the proton spectrum since it does not contain any
signal if only the amide protons were detected.

Fig. 15.31 shows the structure of the data matrix that is obtained after all of the
directly detected FIDs are processed. The third dimension contains the amide proton
spectrum for each value of t1 and t2. The amplitude of each spectrum in the third
dimension will depend on the t1 and t2, as well as the quadrature phases. For example,
the cell labeled 135 in Fig. 15.31 would have the following amplitude:

cos[ωC(3τdw +
τdw

2
)]sinωN [

τdw

2
] (15.23)

The points in each row represent the free induction decay from evolution in t1 (car-
bon), stored as alternating real (r) and imaginary (i) points. The points in each column
are the free induction decay from evolution in t2 (nitrogen), again with alternating real
and imaginary points.

15.7.4.1 Processing the Indirectly Detected Domains
The steps involved in processing the indirectly detected domains are illustrated in

Fig. 15.32 and summarized below:

1. Conversion of the 128 alternating real and imaginary pairs in carbon evolution to
64 complex points (Panel A→B, Fig. 15.32). Note that this operation, as well as
the subsequent steps needs to be accomplished for all rows, i.e. a total of 64×512.

2. Linear prediction in the carbon dimension, typically an additional 25-50% points
are predicted. (Panel B→C, Fig. 15.32).

3. Application of an apodization function. Typically, a phase shifted sin2 function
would be used (not shown in Fig. 15.32).
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4. Fourier transformation of the points in t1 (13C). This will generate a complex
spectrum of 128 points. The direction of data points for Fourier transformation are
indicated on Panel C, Fig. 15.32.

5. Phase correction of the carbon spectra, since the initial delay was set to τdw/2,
a zero-order phase correction of 90◦ and a first-order phase correction of -180◦

would be applied.

6. The imaginary component is discarded to save disk space and the 128 point carbon
spectrum is stored in the matrix. (Panel C→D, Fig.15.32).

7. Conversion of the 64 alternating real and imaginary pairs in the nitrogen evolu-
tion to 32 complex points, followed by linear prediction, as shown in Panel E of
Fig.15.32. Note that this operation, as well as subsequent ones, have to be applied
to all 128 × 512 columns in the matrix.

8. Application of an apodization function, followed by Fourier transformation of each
column (t2), generating the nitrogen spectrum (Not shown in Fig. 15.32).

9. Phase correction of the nitrogen spectra, since the initial delay was set to τdw/2 a
zero order-phase correction of 90◦ and a first-order phase correction of -180◦ is
applied.

10. The imaginary component of the spectrum is discarded and the 64 point nitrogen
spectrum is stored in the column of the matrix (Panel F, Fig. 15.32).

11. Additional phase adjustments in the carbon or nitrogen dimensions are performed.
The required phase correction is obtained by loading a row (or column) that con-
tains several peaks. It is often useful to sum several rows (or columns) such that
peaks exist at near both edges of the spectrum so that the required first-order phase
correction can be accurately defined. The spectrum is then converted from a real
spectrum to a complex one using a Hilbert Transform and the phase is corrected.
These phase values are then used to correct all of the rows (or columns).

15.7.5 Variation in Processing
Often it is advantageous to delay linear prediction of the 13C dimension until after

the 15N dimension is transformed. The reason for this approach is to reduce the num-
ber of spectral lines that have to be predicted by linear prediction. Prior to the 15N
Fourier transform, each row of the data matrix will contain all of the 13C resonances.
Consequently, a large number of coefficient are required for linear prediction. After
processing the 15N dimension the peaks in the carbon dimension will be separated
by their 15N frequencies. Therefore, any given 15N frequency will contain a small
number of carbon resonance peaks, requiring fewer linear prediction coefficients.

If this approach is taken, the processing of the 13C-time-domain data is initially
performed without linear prediction or the use of an apodization function (steps 2
and 3 above). To generate the appropriate time domain data for linear prediction it is
necessary to:

1. The real and imaginary components of the spectrum are regenerated using the
Hilbert transform.
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Figure 15.32. Processing indirectly detected domains. The grid in this figure represents the
face of the data matrix, corresponding to the first point in the proton spectrum. The remaining
511 points of the proton spectrum are not shown, but would be behind the plane of the paper.
When the axis is labeled with t, the data stored in that dimension represents time domain data.
After Fourier transformation, the axis becomes labeled with ω. Panel A shows the matrix after
immediately after loading the proton spectra, each dot represents the first point of the proton
spectrum. Panel B shows the effect of converting the alternating real and imaginary carbon
points to a complex number, halving the size of the data. Panel C shows linear prediction
in the carbon dimension, the open circles represent predicted data points. Panel D shows the
matrix after transformation of each row. The square symbols indicate that the carbon has been
transformed. Panel E indicates that the nitrogen points have been converted to complex points
and additional points (open squares) have been predicted. Panel F is the final matrix after
transforming each column.

2. An inverse Fourier transformation is applied to regenerate the 13C time domain
data.

3. Linear prediction is applied to the FID, followed by apodization.

4. The FID is subject to Fourier transformation and after phasing (if required) the real
portion of the spectrum is stored in the matrix.
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15.7.6 Useful Manipulations of the Free Induction Decay
15.7.6.1 Reversal of the Frequency Axis

In a number of experiments the frequency axis of the indirectly detected domain
is reversed as a consequence of how the chemical shift evolution was performed, i.e.
resonances that should appear on the right of the spectrum are found on the left. The
spectra can be reversed by simply taking the complex conjugate of the complex free
induction decay:

eiωt → e−iωt (15.24)

This operation changes the sign of the frequency, converting ω to −ω, which reverses
the appearance of the spectrum.

15.7.6.2 Systematic Change in Resonance Frequencies
The resonance frequencies of all of the peaks in the spectrum can be shifted by ap-

plying a first-order phase correction, φ, to the free induction decay. This method was
introduced by Bothner-by and Dadok and was originally used in one-dimensional dif-
ference spectroscopy [23]. It was later applied by Kay et al [83] to shift the indirectly
detected proton frequency in in a three-dimensional NOESY-HMQC experiment.

The phase correction that is applied to each point of the FID is n×φ/(N−1), where
N is the total number of points in the FID and φ is the first-order phase correction that
is specified to the processing software. Setting the evolution time t equal to nτdw, the
expression for the FID after the application of this phase shift is:

S(t) =eiω(nτdw)einφ/(N−1)

=eiω(nτdw)einτdwφ/(τdw(N−1))

=ei(ω+[φ/(τdw(N−1))])nτdw

(15.25)

The frequency of the peaks has been shifted by φ/(τdw(N − 1)).
Frequency shifting is commonly used in two applications. First, it can be used to

un-alias peaks in indirectly detected domains, as discussed in Section 15.6.3.5. The
second application of this technique is to place resonance peaks at the same location in
a spectra. If two complementary triple-resonance experiments, such as the HNCA and
HN(CO)CA experiments, were accidentally acquired with different carbon or nitrogen
transmitter frequencies, then peaks with the same chemical shift will appear at differ-
ent locations in the spectral matrix. Analysis of these two spectra is greatly facilitated
if the peaks in one of the spectra can be shifted to same location as the corresponding
peak in the other spectra.



Chapter 16

DIPOLAR COUPLING

16.1 Introduction

r
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S

Figure 16.1. Dipolar cou-
pling between spins. The
orientation of two magnetic
dipoles, µI and µS , separated
by a distance �r is shown.
The angles θ and φ give the
orientation of the inter-nuclear
vector in polar coordinates.

In Chapter 7, the coupling of nuclear spins through
bonds was discussed. This scalar coupling is mediated
by electrons and provides information on the confor-
mation of the bonds joining the coupled spins. Scalar
coupling is the basis of resonance assignment meth-
ods in isotopically labeled samples. Nuclear spins
can also interact through space, via dipolar coupling.
Dipolar coupling occurs when the magnetic field gen-
erated by one nuclear dipole affects the magnetic field
at another nucleus. The magnitude of the dipolar cou-
pling depends on the strength of the magnetic field
generated by one spin and the size of the magnetic
moment of the recipient spin. This form of coupling
does not require the presence of connecting bonds; it
is possible for spins on entirely different molecules to
show dipolar coupling. Dipolar couping can be used
to determine the distance between two spins, and in
certain cases, the orientation of the inter-atomic vector
relative to the applied Bo field. Consequently, dipolar
coupling is a major source of information for structure
determination by NMR spectroscopy.

16.1.1 Energy of Interaction
The overall energy of interaction between two magnetic dipoles, µI and µS , can be

derived classically and is given by the following:

H =
µI .µS

r3
IS

− 3(µI .rIS)(µS .rIS)
r5
IS

(16.1)
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where µI , and µS are the two coupled spins, separated by a distance rIS . If r is
written in polar coordinates �r = (|r|sinθcosφ, |r|sinθsinφ, |r|cosθ), and the mag-
netic dipoles are replaced by their quantum mechanical equivalent (µ = γS), then the
energy of interaction becomes:

H =
γIγS

r3
[I · S − 3(Ixsinθcosφ + Iysinθsinφ + Izcosθ)

×(Sxsinθcosφ + Sysinθsinφ + Szcosθ)] (16.2)

Converting the Cartesian transverse operators into raising and lowering operators pro-
vides considerable insight into the individual terms of this expression. Utilizing:

(16.3)

and
cosφ + isinφ = e+iφ cosφ − isinφ = e−iφ (16.4)

gives:

H =
γ1γ2

r3
[I · S − 3(

1
2
sinθ(I+e−iφ +

1
2
I−e+iφ) + Izcosθ)]

×(
1
2
sinθ(S+e−iφ + S−e+iφ) + Szcosθ)] (16.5)

expanding I · S = IxSx + IySy + IzSz and converting these transverse operators to
raising and lower operators gives the following six terms:

(16.6)

The effect coupled spins can
be determined by applying the spin operators to the four basis states of two coupled
spins:

φ1 = |αα > φ2 = |αβ > φ3 = |βα > φ4 = |ββ > (16.7)

Each spin operator can potentially stimulate one or more of the transitions that connect
each of the four levels, as shown in Fig. 16.2.

Ix =
I+ + I−

2
Iy = −i

I+ − I−

2

Sx =
S+ + S−

2
Sy = −i

S+ − S−

2

H =
γIγS

r3

[
FZ + F0 + F+

1
+ F−

1
+ F+

2
+

FZ = (3cos2θ − 1)IzSz

F0 = −1
4
(3cos2θ − 1)(I+S− + I−S+)

F+1 =
3
2
sinθcosθe−iφ(IzS

+ + I+Sz)

F−1 =
3
2
sinθcosθeiφ(IzS

− + I−Sz)

F+2 =
3
4
sin2θcosθe−2iφ(I+S+)

F−2 =
3
4
sin2θcosθe2iφ(I−S−)

F−
2

]
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two coupled spins. The αα state is the
lowest energy. Single quantum transi-
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cated as W2, and W0, respectively.

The first term, Fz , cannot cause transitions between energy levels because the indi-
vidual states commute with the Iz and Sz operators. For example,

IzSz|αα >=
(

1
2

)2

|αα > (16.8)

shows that the wavefunction is left unchanged by the application of Fz . However, this
term will produce a splitting of the resonance lines in much the same manner as scalar
coupling. In fact, the Hamilitonian that describes the evolution of the system, has the
same form in both cases:

Hdipole = DIzSz Hscalar = JIzSz (16.9)

therefore, the observed splitting will be the sum of both the dipolar and the scalar
coupling if the spins are also scalar coupled.

The degree of splitting due to dipolar coupling can be calculated directly, using the
above wavefunctions and Fz . For example, the two single-quantum transitions of the
I spins in Fig. 16.2 have the following energy difference due to dipolar coupling:

Eαα→βα = Eβα − Eαα

= ∆ [< βα|IzSz|βα > − < αα|IzSz|αα >]

= ∆[< βα|�2(
1
2
)(
−1
2

)|βα > − < αα|�2(
−1
2

)(
−1
2

)|αα >]

= −∆�
2 1
2

(16.10)

where ∆ = γIγS

r3

[
3cos2θ − 1

]
. A similar calculation gives Eαβ→ββ = +∆�

2 1
2 .

Therefore, two resonance lines are observed at the following angular frequencies:

ω = ωo ± 1
2

�γIγS

r3

[
3cos2θ − 1

]
(16.11)

where ωo is the resonance frequency in the absence of dipolar coupling.
The second term, F0, can cause zero-quantum transitions (Wo in Fig. 16.2), chang-

ing the state of each spin, thus there is no net change in the overall spin state of the
system:

(16.12)

The terms F+1 and F−1 can cause single quantum transition from lower to higher
energy states (F+1) or from higher to lower energy states (F−1), for example:

(16.13)

(I+S− + I−S+)|αβ >→ |βα >

(IzS
+ + I+Sz)|αα >→ |αβ > +|βα >
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corresponding to the lower pair of single quantum transitions in Fig. 16.2. Finally,
the terms F+2 and F−2 represent upward or downward double quantum transitions,
respectively.

S1+S2+|αα >→ |ββ > (16.14)

16.1.2 Effect of Isotropic Tumbling on Dipolar Coupling
Although the contribution of the dipolar interaction to the energy of the spins can

be quite large for spins with a fixed orientation, it is completely averaged to zero by
isotropic rotation of a single molecule in solution, consequently there is no observed
splitting of the resonance lines due to dipolar coupling. This can be easily shown by
averaging ∆ω over all angles 1:

∆ω =
1
4π

∫ 2π

0

dφ

∫ π

0

∆ωsinθdθ

=
1
2

∫ π

0

�γIγS

r3
(3cos2θ − 1)sinθdθ

=
1
2

�γIγS

r3

[
−3

cos3θ

3
+ cosθ

]π

0

=
1
2

�γIγS

r3

[−cos3θ + cosθ
]π

0

= 0 (16.16)

Note that the rate of rotational motion must be significantly faster than the fre-
quency associated with the coupling, ∆ω, otherwise, the dipolar coupling will not be
averaged and the couplings associated with the individual orientation of each molecule
would be observed 2. The dipolar splitting, ∆ω can be easily calculated. The largest
dipolar splitting is obtained when θ = 0. In the case of the amide group in proteins:

∆ω =
(1.054 × 10−27)(2.67 × 104)(−2.71 × 103)

(1.08 × 10−8)3
(3cos20 − 1)

= 120 × 103 rad/sec
∆ν = ∆ω/(2π) = 19.3 kHz (16.17)

Given that rotational correlation times of typical proteins are generally shorter than
10−8 sec, corresponding to rotational frequencies of 108 Hz, the rotational motion is
sufficiently rapid to average the dipolar coupling.

1The sinθ term in the integral is the probability of finding an angle θ on the surface of the unit sphere. The
factor of 1/(4π) normalizes the integral to one, i.e.:

1 =
1

4π

∫ π

o
sinθdφdθ (16.15)

.
2The spectrum obtained for a collection of immobilized spins is referred to as a ’powder pattern’.
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Although there is no effect on the resonance frequency from dipolar coupling, the
tumbling of the molecule generates a fluctuating magnetic field that can stimulate
zero-quantum, single-quantum, and double-quantum transitions, providing a mecha-
nism for nuclear spin relaxation, as discussed in Chapter 19. Since all possible ori-
entations of the spins are sampled, the relaxation rates are independent of the relative
orientation of the coupled spins. Consequently, it is only possible to obtain infor-
mation on inter-proton distances from the measurements of these rates. Usually, the
enhanced relaxation effects from dipolar coupling are measured by detecting changes
in the population levels of the coupled spins. This effect was first observed by Over-
hauser [122], for electron-nuclear spin interactions and is usually referred to as the
nuclear Overhauser effect, or NOE. Typically, distances of 5 Å or less can be readily
measured. It is important to note that this distance information is entirely local, i.e. no
information is obtained unless the spins are within 5 Å of each other.

16.1.3 Effect of Anisotropic Tumbling
When the orientation of molecules is anisotropic, then dipolar coupling can be

exploited to obtain information on the orientation of the inter-nuclear vectors with
respect to the external magnetic field. This orientation is obtained from the measured
splitting of the resonance line due to the coupling:

∆ω =
�γIγS

r3
[3cos2θ − 1] (16.18)

Usually, these measurements are performed on spins that are separated by a fixed
distance (e.g. the amide NH pair, r = 1.08 Å), thus removing the dependence of the
dipolar coupling on distance.

In samples that show complete ordering, the large splitting due to dipolar coupling
(19.3 kHz for the amide group) would greatly complicate the analysis of the NMR
spectra. Consequently, the coupling is attenuated by orienting only a small fraction of
the molecules, usually one part in 104. Provided that the ensemble of molecules ex-
periences the same averaged partial ordering a single averaged value for the coupling
will be observed.

In general, the proteins under study are oriented by the inclusion of larger oriented
macromolecules in the sample, such as filamentous bacteriophage. Consequently, only
those proteins near the surface of the orientating media become ordered. To average
this ordering over the entire ensemble of proteins it is necessary that the rate of trans-
lational diffusion is sufficiently rapid to distribute the anisotropy over all molecules.
Given that the translational diffusion rate for most proteins studied by NMR are on the
order of 105 cm2/sec, this condition is easily met.

The small degree of ordering gives rise to observed dipolar couplings ranging from
1 to 50 Hz. Since the coupling arises from ordering a small fraction of molecules, it
is generally referred to as the residual dipolar coupling, often abbreviated RDC. In
contrast to the measurement of inter-proton distances, information from a RDC mea-
surement is of a global nature; providing the orientation of the inter-nuclear vector
with respect to a common axis, the applied magnetic field. Also note that this ef-
fect depends on 1/r3 and therefore can, in principal, obtain information on longer
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inter-atomic distances than with NOE effects. A more complete treatment of residual
dipolar coupling is provided in Section 16.3 of this chapter.

16.2 Measurement of Inter-proton Distances
The reader is referred to the text by Neuhaus and Williamson for a comprehensive

discussion on the use of dipolar coupling in structural analysis [118]. The text that
follows is focused on the use of dipolar coupling to measure inter-proton distances in
larger protein in the absence of internal motion.

Random isotropic tumbling of the entire molecule will generate fluctuations in the
local magnetic field because the dipolar coupling depends on the relative orientation of
the two coupled spins (see Eq. 16.6). These field fluctuations can provide a relaxation
mechanism for the dipolar coupled spins if fluctuations exist at the frequency of zero-,
single- and double-quantum transitions. The rate of the transition is given by [152]:

Wk = ζk
γ4

�
2

r6
J(kω) (16.19)

where Wk is the rate of the zero- (k = 0), single- (k = 1), or double-quantum tran-
sitions (k = 2), ζ0 = 0.1, ζ1 = 0.15, ζ2 = 0.6, J(kω) is the value of the spectral
density function at ω = k × ωs, and ωs is the resonance frequency.

The spectral density function, J(ω), is described in more detail in Chapter 19. For
a molecule undergoing random isotropic motion the spectral density function is:

J(ω) =
τc

1 + ω2τ2
c

(16.20)

where τc is the rotational correlation time, or the average time it takes the molecule
to rotate one radian. The rotational correlation time is proportional to the molecular
weight of the protein and is approximately 1 nsec for each 2.6 kDa of mass.

The spectral density functions for small and large proteins are shown in Fig. 16.3.
A large protein has a high spectral density at ω = 0 and therefore its rotational motion
will be efficient at stimulating zero-quantum transitions. In contrast a small protein
will have a spectral density function that is nearly identical at ω = 0, ω = ωs, and
at ω = 2ωs. Consequently all three transition rates will be similar, and less than the
zero-quantum transition rate for a large protein.

Since the transition rates, Wk, are proportional to 1/r6, they can be used to obtain
the inter-proton distance (r), provided the contribution from the spectral density func-
tion to the transition rate can be estimated to some degree of accuracy. The transition
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Figure 16.3 Effect of molecular
weight on the spectral density function.
The spectral density functions for a
small protein (2.6 kDa, solid line) and a
large protein (20 kDa, dashed line) are
shown. Note that the spectral density
function for the larger protein has a
greater intensity at lower frequencies.
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rates are obtained experimentally by measuring the rate by which the non-equilibrium
population of one spin affects the population of energy levels of a dipolar coupled
spin. There are several ways of generating a non-equilibrium population of energy
levels. In the simple example of a one-dimensional NOE experiment, continuous RF-
radiation is applied to a single resonance line (nuclear spin transition). The applied RF
will equalize the ground and excited states of the irradiated spin by causing saturation
of the single quantum transitions. The NOE is then obtained by measuring the effect
of this saturation on the population levels of the coupled spin. Although this method
works well for small molecules, it is generally not suitable for large proteins because
the large number of overlapping resonance lines preclude the selective saturation of
any single spin transition.

An illustration of the changes in population levels in the 1D-NOE experiment is
shown in Fig. 16.4. Irradiation of the I spin equalizes the populations of the states
that are connected by the single-quantum transitions of the I spin:

nαα = nβα nαβ = nββ (16.21)

In larger proteins the dipolar coupling between the spins results in efficient zero-
quantum transitions, consequently the population levels of the states connected by
the zero quantum transitions become equal, i.e. nβα = nαβ . Therefore, the intensity
of the transition associated with the S spin will be altered because of the coupling to
the I spin, as illustrated in Fig. 16.4.
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Figure 16.4. Nuclear spin population changes induced by dipolar coupling. The up-
per section of the figure gives the population of each of the fours states. The lower sec-
tion of the figure shows the observed spectra. Panel A indicates the equilibrium popula-
tions. The intensity of a particular resonance line is given by the population difference be-
tween the connected levels. For example, the intensity of the resonance line for the I spin is:
(nαα − nβα) + (nαβ − nββ) = (22 − 12) + (12 − 2) = 20. Panel B illustrates the effect
of saturating the I spins in the absence of dipolar coupling. Note that the population difference
across both single quantum I transitions is zero while the population of the S spins is unaffected
and is still equal to 20. Panel C illustrates the change in the population of the S spins due to
efficient zero quantum transitions that equalize the populations of the βα and αβ states. The
net population of the S spins is reduced from 20 to 10.
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16.2.1 NOESY Experiment
It is generally not feasible to saturate a single resonance line in a crowded spectrum.

However, the equivalent effect is achieved in the multi-dimensional NOESY experi-
ment by first generating a non-equilibrium population of spin I that is a function of
its resonance frequency, e.g. cos(ωIt). This non-equilibrium population is then trans-
ferred to the S spin via dipolar coupling. The degree of perturbation of the S spin
population is directly proportional to the non-equilibrium state of the I spins. If the
population levels of the I spins were equal to cos(ωIt1) during the first time period
of a two-dimensional experiment, then the population of the S spins would become
proportional to cos(ωIt1). Subsequent excitation of the S spins and detection of the
precessing magnetization would generate a signal of the following form:

S(t1, t2) = ηeiωIt1 eiωSt2 (16.22)

where η is related to the quantum transition rates, which are proportional to 1
r6 . Fourier

transformation of this signal will produce a crosspeak at (ωI , ωS) with intensity η.
The process by which chemical shift information is transferred from one spin to

another is most easily understood by the analysis of a simple two-dimensional dipolar
coupled experiment, the 2D-NOESY experiment. The pulse sequence for this experi-
ment is shown in Fig. 16.5 and the product operator description of this experiment is
discussed below.

16.2.1.1 Product Operator Treatment of the NOESY Experiment
Initial Conditions. ρ0: At thermal equilibrium, each spin will contribute a term pro-
portional to the z-component of the angular momentum to the density matrix:

ρ0 = Iz + Sz (16.23)

First 90◦x Pulse, ρ1:

ρ1 = e−iβJxρ0e
iβJx

= −iβJx(Iz + Sz)eiβJx

= −Iy − Sy (16.24)
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Figure 16.5. Pulse sequence for a simple two-dimensional NOESY. All pulses are applied as
high power 90◦ proton pulses. See text for a description of pulse and receiver phases. The
density matrix at various points in the sequence (ρ0 − ρ6), are discussed in the text. Quadrature
detection is obtained by shifting the phase of the first pulse by 90◦ and acquiring an additional
scan with the same t1 values. A version of this sequence that is suitable for data acquisition in
H2O is shown in Fig. 15.9.
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where J = I + S, i.e. the spin angular momentum of both spins. The pulse flip angle,
β is equal to π/2.

Evolution during t1, ρ2: Evolution of the system during the t1 period can be described
using the evolution operator. Since I and S are not scalar coupled, each can be treated
separately.

−Iy → − [Iy cos(ωIt1) − Ix sin(ωIt1)] e−t1/T2

−Sy → − [Sy cos(ωSt1) − Sx sin(ωSt1)] e−t1/T2 (16.25)

The 2nd 90◦x Pulse, ρ3:

ρ3 = − [Iz cos(ωIt1) − Ix sin(ωIt1)] e−t1/T2

− [Sz cos(ωSt1) − Sx sin(ωSt1)] e−t1/T2 (16.26)

The Mixing Time, exchange of Magnetization (ρ4): At the beginning of the mixing
time the z-magnetization of the I spins is cos(ωIt1). Note that this represents a non-
equilibrium population difference across the single quantum transitions and that this
population difference is related to the chemical shift of the I spins.

In addition to the Iz and Sz terms, the density matrix also contains off-diagonal
terms (remember that Ix represents a density matrix with non-zero off-diagonal terms).
For the moment we are interested in describing the effects of dipolar coupling on the
populations of the spins, thus we will ignore the off-diagonal terms in the density
matrix. These terms can be removed with either phase cycling or pulse-field gradients,
as discussed in the following section.

The exchange of magnetization between the I and S spins occurs because the non-
equilibrium population of the I influences the population of the S spin, and vice-versa.
At the end of the mixing time the change in the population levels can be represented
as:

ρ4(τ) = Iz [α cos(ωIt1) + η cos(ωSt1)] e−t1/T2

+Sz [α cos(ωSt1) + η cos(ωIt1)] e−t1/T2 (16.27)

Where η is the fraction of magnetization that is transferred from one spin to another
and α represents magnetization that has remained associated with each spin. Explicit
expressions for η are provided in the following section.

After the third 90◦x pulse, ρ5: This pulse returns the longitudinal magnetization to the
transverse plane for detection during t2.

ρ5 = −Iy [α cos(ωIt1) + η cos(ωSt1)] e−t1/T2

−Sy [α cos(ωSt1) + η cos(ωIt1)] e−t1/T2 (16.28)

Detection in t2, ρ6: During detection, each term evolves with the chemical shift as-
sociated with the transverse spin operator, giving rise to the following detected signal
(assuming quadrature detection in t2):
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S(t1, t2) ∝ [α cos(ωIt1) + η cos(ωSt1)] e−t1/T2e−iωIt2

+ [α cos(ωSt1) + η cos(ωIt1)] e−t1/T2e−iωSt2 (16.29)

This time-domain signal contains two self-peaks, with intensity α, and two crosspeaks,
with intensity η.

16.2.1.2 Phase Cycle in the NOESY Experiment
The required phase cycle in the NOESY experiment can be easily obtained by

analysis of coherence changes that occur during the experiment. The coherence level
changes in the NOESY experiment are shown in Fig. 16.6.

The desired coherence changes associated with paths A and B for each pulse in the
sequence are as follows:

Pulse 1 2 3
Coherence change (A) +1 -1 -1
Coherence change (B) -1 +1 -1

The phase cycle associated with each pulse is obtained by considering all of the
coherence changes that need to be retained in the experiment. Recall that a phase shift
of:

φ = k
2π

N
(16.30)

will select only the following coherences: ∆p + nN ;n ∈ I .
Therefore, in the case of the first pulse, a 2-step phase cycle will retain both the

+1 and the -1 change in coherence. The second pulse in the sequence has the same
desired changes in coherence, therefore N = 2 as well. Note that phase cycling this
pulse removes the transverse component of the magnetization that remains after the
second pulse. The final pulse must bring the zero quantum coherence down to -1 for
detection; all other coherence changes should be removed by phase cycling of this
pulse. A four step phase cycle will cancel contributions from single, double, and triple

0
−1

+1

H
1 90 φ390 φ290 φ1

A

B

t 1 t 2τ mix

Figure 16.6 Coherence level
changes in the NOESY exper-
iment. The phase cycle
for all three pulses is shown
at the bottom of the figure.
The receiver phase is obtained
from the following expres-
sion: φrec = −∑N

i=1 ∆piφi.

Pulse ∆p 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 +1 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2
2 -1 0 0 2 2 0 0 2 2 0 0 2 2 0 0 2 2
3 -1 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3

φrec 0 2 2 0 1 3 3 1 2 0 0 2 3 1 1 3
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quantum coherences that may have existed during the mixing time. The table in Fig.
16.6 summarizes the overall phase cycle for all three pulses.

16.2.2 Crosspeak Intensity in the NOESY Experiment
The crosspeak intensity in the NOESY spectrum can be easily obtained using stan-

dard differential equations to represent the changes in population that occur due to the
zero, single, and double quantum transition rates.

The time dependence of the population of the ground state (αα) is given by:

dNαα

dt
= −(W I

1 + WS
1 + W2)Nαα + W I

1 Nβα + WS
1 Nαβ + W2Nββ (16.31)

The time dependence of the three levels can be written in a similar fashion. These
equations are just rate equations which describe the transfer of populations from one
level to another due to transitions that are stimulated by the magnetic field fluctuations.

The longitudinal magnetization is found by calculating the differences between
levels:

M I
z = Nαα + Nαβ − Nβα − Nββ

MS
z = Nαα + Nβα − Nαβ − Nββ (16.32)

This gives the following differential equations:

dM I
z

dt
= −(W0 + 2W1 + W2)M I

z − (W2 − W0)MS
z

dMS
z

dt
= −(W2 − W0)M I

z − (W0 + 2W1 + W2)MS
z (16.33)

Defining the following:

ρI = W0 + 2W1I + W2

ρS = W0 + 2W1S + W2

σ = W2 − W0 (16.34)

gives the following differential equations that describe the time dependent changes in
magnetization.

dI

dt
= −ρI(I − I0) − σ(S − S0)

dS

dt
= −ρS(S − S0) − σ(I − I0) (16.35)

These equations can be easily solved using Laplace transforms (see Appendix B),
giving the final solution for one of the spins:

I(t) − Io =
(S(0) − So)

2

[
e−(ρ+σ)t − e−(ρ−σ)t

]
+

(I(0) − Io)
2

[
e−(ρ+σ)t + e−(ρ−σ)t

]
(16.36)

Under equilibrium conditions, S(0) = So, I(0) = Io, there is no change in the mag-
netization, as expected.
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16.2.3 Effect of Molecular Weight on the Intensity of
NOESY Crosspeaks

The intensity of the NOESY crosspeak depends on the relative size of the cross-
and self-relaxation rates and this dependence is shown in Fig. 16.7. For large proteins,
the spectral density function is small at ω and 2ω, therefore W2 < W1 < Wo and
ρ ≈ Wo and σ ≈ −Wo. Substituting these values into Eq. 16.36 shows that the
crosspeaks are positive and increase as the molecular weight increases, as indicated
in Fig. 16.7. For small molecules, the NOESY crosspeak is opposite in sign from
the diagonal peak, and generally weaker. When ωτc ≈ 1, the NOE crosspeaks have
zero intensity, and it is not possible to obtain any information on inter-proton distances
using this technique.

Equation 16.36 can be further simplified with the assumption that Wo is much
greater than W1 and W2, which is certainly the case for most proteins. This assump-
tion gives the following simplified equation for the transfer of magnetization between
the two spins.

I(t) − Io =
(S(0) − So)

2
[
1 − e−2W0t

]
+

(I(0) − Io)
2

[
1 + e−2W0t

]
(16.37)

where I(t) is the z-magnetization of the I spin at the end of the mixing time.
In the NOESY experiment, the magnetization at the very beginning of the mixing

period is:
S(0) = cos(ωSt1) I(0) = cos(ωIt1) (16.38)

Therefore, the first term in Eq. 16.37 refers to the intensity of the crosspeak located
at (ωS , ωI), while the second term will give the intensity of the selfpeak, located at
(ωI , ωI).

In addition to peak intensity changes that are a result of dipolar coupling during
τmix, the magnetization of both self- and crosspeaks will decay according to the spin-
lattice relaxation rate, T1 during the mixing time. Therefore the observed intensity of
the crosspeak will be:

η(tmix) = [1 − e−2Wotmix ]e−tmix/T1 (16.39)
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Figure 16.7 Effect of rotational cor-
relation time on NOESY crosspeak in-
tensity. The crosspeak intensity as
a function of the rotational correlation
time is shown. An inter-proton distance
of 2 Å and a spectrometer frequency
of 500 MHz was used in this calcula-
tion. For reference, a 20 residue peptide
would have a rotational correlation time
of ≈ 1 nsec (log τc = −9).
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The intensity first increases due to the transfer of magnetization by dipolar cou-
pling, and then decreases due to spin-lattice relaxation, as illustrated in Fig. 16.9. At
short mixing times, this reduces to:

η(tmix) = +2Wotmix (16.40)

and the intensity of the crosspeak increases in a linear fashion at a rate of 2W0.

16.2.3.1 Dipolar Coupling Between Multiple Spins
The above treatment considered only two isolated spins. Given the high density of

protons within folded proteins, this is clearly an oversimplification.
As a simple example, consider three coupled protons, I, S, J , then the set of dif-

ferential equations that describe the effect of dipolar coupling on the magnetization of
each spin is:

dI/dt
dJ/dt
dS/dt

=

⎡
⎣ ρi σij σis

σij ρj σsj

σis σsj ρs

⎤
⎦

⎡
⎣I

J
S

⎤
⎦ (16.41)

For N-coupled spins, this generalizes to:

d �M

dt
= −R �M (16.42)

where M is now a vector that represents the magnetization of each spin. R is a matrix
of exchange rates, or the complete relaxation matrix:

Rii =
∑
ij

(ρij) + 1/T1i (16.43)

Rij = σij (16.44)

The above equations can be used to calculate the complete relaxation behavior of the
system for a given set of atomic positions. Usually, calculated intensities are compared
to the measured intensities and the inter-proton distances are adjusted to minimize the
difference between the measured and calculated intensities.

Calculation of the crosspeak intensities requires solving Eq. 16.42. This is equiva-
lent to solving:

M(τm) = e−RτmM(0) (16.45)

A series expansion of e−Rτm gives:

e−Rτm ≈ 1 − Rτm +
1
2
R2τ2

m − ... (16.46)

Unfortunately, this series does not converge rapidly, in fact, 10-13 terms are required
for mixing times on the order of 200 msec, requiring considerable computation time.
A computationally simpler solution is to write the rate equation as:

R = χλχT (16.47)
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where χ is the matrix of eigenvectors and λ are the eigenvalues of R. The series ex-
pansion produces:

e−Rτm = 1 − χλχT τm +
1
2
χλχT χλχT .... (16.48)

= χe−λτmχT (16.49)

It is much simpler now to expand the series since higher terms of the exponential
function are calculated as a sum of a series instead of a product of matrices.

There are various computational approaches that have been developed to model the
effect of multi-spin coupling on the intensity of NOE peaks and an excellent discussion
of these approaches can be found in Ref. [22].

16.2.4 Experimental Determination of Inter-proton
Distances

The goal is to convert the intensity of each crosspeak in the NOESY experiment to
an inter-proton distance. The following provides a general summary of the approaches
that have been employed to obtain these distances, listed in order of decreasing accu-
racy. Method 3 is probably the most common approach since method 2 requires a
considerable amount of data fitting.

1. NOESY peak intensities are measured at several mixing times, from 100 to 300
msec, and a full relaxation matrix analysis is used to obtain the relaxation rates.

2. NOESY peak intensities are measured at several mixing times, and the data are fit
to the complete equation (Eq. 16.39) for two isolated spins.

3. NOESY peak intensities are measured for a relatively short mixing time, e.g. 100
msec, and a linear relationship between the peak intensity and mixing time is as-
sumed, with a slope of 2Wo. This method suffers from poor signal-to-noise be-
cause of the small crosspeak intensity at short mixing times..

4. NOESY peak intensities are measured for a long mixing time, e.g. 400 msec in
order to obtain intense peaks. A linear relationship between the peak intensity is
again assumed, with a slope of 2Wo.

In the case of the first method, the inter-proton distances are obtained directly from
the R matrix. The other three methods provide an estimate of Wo. The inter-proton
distance are then obtained from the following equation:

r = 6

√
1
10

1
Wo

γ4�2J(0) (16.50)

J(0), the value of the spectral density at ω = 0, is usually estimated from the cross-
peak intensity for two protons that are separated by a known distance, such as the two
Hα protons on glycine residues, provided they are immobilized in the protein.
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16.2.4.1 Errors in the Measurement of Inter-Proton Distances
As one might expect, the first method discussed above yields the most accurate

results, while the last produces the most inaccurate distances. The error in inter-proton
distance that is associated with each method of data analysis is shown in Fig. 16.8.
The relaxation matrix analysis produces the least error of all methods (Panel A).

Fitting the data to an exponential produces reasonably accurate inter-proton dis-
tances for distances that are less than 2.5 Å (Panel B). In contrast, measurements that
rely on single time points produce inter-proton distances whose accuracy decreases
substantially as the mixing time is increased. If the peak intensity at a mixing time of
200 msec is used to estimate Wo, then the error ranges from 15-30% (Panel C). If a
single time point of 400 msec is used, then the error in distance can exceed 50%, i.e.
protons that are separated by 4.5 Å appear as though they are only 3 Å apart (Panel
D).

With the exception of analysis by the complete relaxation matrix, all methods pro-
duce measured experimental distances that are smaller than the true inter-proton dis-
tance. Or equivalently, the crosspeaks are more intense than they should be. This
effect is due to a phenomenon called ’spin-diffusion’ which is illustrated in Fig.16.9.
In this example, spin A and C are separated by 4.5 Å, hence the direct dipolar coupling
between A and C is weak. Consequently, the rate at which the crosspeak intensity in-
creases with the mixing time will be slow. However, spins A and C are both close to
a common spin, B, and magnetization from spin C can be effectively transferred to
spin A by first transferring the magnetization from C to B, and then from B to A. This
additional pathway for magnetization transfer will increase the intensity of the cross-
peak between A and C, suggesting that A and C are closer than their actual separation.

Figure 16.8 Distance errors in
NOESY measurements. The distance
estimated from NOESY crosspeaks is
plotted versus the actual inter-proton
distance. The dashed line shows the
typical distribution of inter-proton
distances in globular proteins. The gray
area represent the range of errors in the
measured distances in typical experi-
ments. Note that shorter distances give
more intense crosspeaks, generating a
smaller error in the calculated distance.
A: Full relaxation matrix used. The
error in distance is due entirely to
the intrinsic error in the crosspeak
intensity. B: Measurement of initial
rate using a single exponential fit.
C:Single time point used, 200 msec.
D: Single time point used, 400 msec
mixing time. Adapted from Ref. [8].
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Spin diffusion is much more efficient in larger proteins due to the large value of J(ω)
at ω = 0.
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Figure 16.9 Peak intensities in
NOESY spectra. The peak intensities
as a function of the mixing time are
shown for selfpeaks (solid curve) and
crosspeaks (dotted). In this simulation,
protons A and B were 2 Å apart,
B and C 2.5 Å apart, and A and C
were 4.0 Å apart and the spin-lattice
relaxation time, T1 was set to 0.5
sec. The time course of each of the
associated crosspeaks are labeled. The
initial slopes of the peak intensities
for the crosspeaks between protons A
and B, and between protons B and C
are shown a solid lines. The ratio of
these slopes is close to (2.5/2.0)6. The
intensity of the crosspeak between A
and C rises slowly at early time points,
but then increases in intensity due to
relayed magnetization via proton B.

16.3 Residual Dipolar Coupling (RDC)
The dipolar Hamiltonian presented at the beginning of this chapter contained six

terms:

H =
γ2

r3
[FZ + Fo + F+1 + F−1 + F+2 + F−2] (16.51)

The terms Fo, F±1, F±2 all contain raising or lowering spin operators. Consequently,
they can enhance the rate of transitions between energy levels, leading to the Nuclear
Overhauser Effect as discussed in the above section. The first term3, however:

γIγS

r3
(3cos2ζ − 1)IzSz (16.52)

cannot cause transitions between levels, but does affect the energy of the different
states, cause a splitting, ∆ω, of the resonance lines by:

∆ω =
�γIγS

r3
[3cos2ζ − 1] (16.53)

If the system is undergoing isotropic tumbling, this splitting was shown to average to
zero because the probability, P (ζ), of finding a molecule at an angle ζ to the magnetic

3In the following, ζ replaces θ as the angle between the magnetic field and the vector joining the two spins.
This is to avoid confusion with the bond vector direction in the molecular coordinate system.
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field is the same for all angles of ζ, i.e.:

∆ω =
�γIγS

r3

∫ π

0

P (ζ)(3cos2θ − 1)sinθdθ

∆ω =
�γIγS

r3
P

∫ π

0

(3cos2θ − 1)sinθdθ

= 0 (16.54)

However, if the isotropic distribution can be made anisotropic by partial orientation of
the molecule, P (ζ) now depends on ζ, then the above integral will, in general, not be
equal to zero. In this case, splitting of the spectral lines due to dipolar coupling will
be observed.

16.3.1 Generating Partial Alignment of Macromolecules

B
o

Figure 16.10. Alignment of bicells
and filamentous bacteriophage in
the magnetic field. Bicells (left)
are coin shaped and usually align
with their faces perpendicular to the
magnetic field (Bo) while bacterio-
phage particles (right) are rod-like
and align with their long axis in the
direction of the field.

In order to observe splitting of resonance lines
from dipolar coupling it is necessary to induce par-
tial ordering of the protein or nucleic acid mole-
cules in the sample such that the ensemble average
of the molecular orientation of the protein (or nu-
cleic acid) is no longer zero. An anisotropic dis-
tribution can be obtained in one of two ways, by
use of the intrinsic asymmetry of magnetic dipoles
within the molecule, or by creating an anisotropic
environment that induces alignment of the mole-
cules.

If the distribution of permanent and induced
magnetic dipoles within the sample are strongly
anisotropic then the molecules will assume a pre-
ferred orientation with respect to the magnetic
field. In general, globular proteins are not suffi-
ciently anisotropic to generate significant mole-
cular alignment. The exception to this gen-
eralization are heme containing proteins, where
the large number of delocalized electrons associ-
ated with the heme group provides a considerable
anisotropic magnetic dipole. Nucleic acids, in par-
ticular double stranded DNA or RNA, align more
readily in the magnetic field; the anisotropic magnetic dipoles of each nucleotide base
add constructively due to extensive base stacking. However, the degree of alignment
is quite small, leading to small couplings that may be difficult to measure.

Alignment can also be generated by placing the molecule of interest in an
anisotropic environment. Two of the more popular methods of generating an
anisotropic environment utilize lipid bicells [141, 156], which are flat lipid bilayers,
or filamentous bacteriophage [72], both of which possess a large anisotropic magnetic
dipole, and therefore become aligned in the magnetic field, as illustrated in Fig. 16.10.
Although these media have large macroscopic viscosities they have little effect on
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the rotational correlation times of the proteins, therefore the observed linewidths are
similar to those found in the absence of the orienting media.

In general, the desired degree of alignment is small, such that the observed dipolar
couplings range from 5-15 Hz. Higher degrees of alignment can cause line broaden-
ing from unresolved proton-proton dipolar coupling. In addition, because the coupling
between spins is given by the sum of the scalar and dipolar coupling, large dipolar cou-
plings can increase or decrease the observed coupling, thus interfering with efficient
polarization transfer during INEPT-like periods in pulse sequences.

The anisotropic distribution of the protein in the sample can can be generated pas-
sively or actively, depending on the type of interaction between the protein and the
alignment media. In the case of bicells, the alignment is generally simply due to steric
factors. The anisotropic shape of the protein causes certain orientations of the pro-
tein to become less populated, consequently, the probability distribution, P (ζ), is no
longer uniform, and the dipolar coupling does not average to zero. In the case of fil-
amentous bacteriophage, the surface of the phage particle has a net negative charge,
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Figure 16.11. Generation of residual dipolar coupling by molecular alignment. Panel A
shows a single protein molecule at an arbitrary orientation with respect to the magnetic field.
The sphere in the lower part of the panel shows a dot for each orientation of the protein, illus-
trating that all orientations are possible in the absence of alignment media. Panel B shows the
effect of alignment media on the orientations of the protein. The vertical solid rectangle repre-
sents the surface of a bicell. In the presence of the alignment media, orientations 6 and 7 cannot
occur because of steric clashes with the surface of the bicell. Therefore the distribution becomes
anisotropic, as illustrated on the lower sphere. Panel C illustrates how the negatively charged
surface of the bacteriophage induces alignment of the protein with an asymmetric charge dis-
tribution. Note that the alignment of the proteins is opposite to that obtained by bicells, as
illustrated on the sphere in the lower part of the panel.
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consequently the alignment of molecules can be induced due to their electrostatic po-
tential energy, as illustrated in Fig. 16.11.

Generally, it is advantageous to utilize more than one alignment media for the fol-
lowing reasons. First, the protein under study may interact strongly with the alignment
media, thus preventing the averaging of the induced alignment over the ensemble.
Second, certain orientation of internuclear vectors can give RDC values close to zero
(ζ ≈ 54◦). In this case it is unknown whether this value is due to rapid internal motion
of the interacting atoms that averages the coupling or ζ = 54◦. Since the protein may
orient differently in a different alignment media, it is possible to determine whether
the zero RDC value in the first alignment media does indeed indicate ζ ≈ 54◦.

16.3.2 Theory of Dipolar Coupling
This analysis follows closely that provided by Bax and Tjandra [13] which should

be consulted for additional details. The splitting of resonance lines by dipolar coupling
is given, Hz, as:

∆ν(ζ) =
�γIγS

2πr3
[3cos2ζ − 1] (16.55)

where ζ is the angle between the inter-nuclear vector and the magnetic field. It is
convenient to write this as:

∆ν(ζ) = Dmax
1
2
[3cos2ζ − 1] (16.56)

where Dmax = �γ1γ2/πr3, the largest possible splitting, obtained when ζ = 0.
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Figure 16.12. The coordinate system for the analysis of residual dipolar coupling. The left
section of the diagram shows a single NH bond vector in a protein. The coordinate system that
is shown refers to the molecular reference frame. The orientation of the NH bond vector in
this frame is given by the polar angles θ and φ. The right section of the diagram shows the
orientation of the molecular coordinate frame with respect to the external magnetic field, which
defines the z-coordinate in the laboratory. The direction cosines between the NH bond vector
and the molecular frame are given by αx, αy, αz . The direction cosines that relate the molecular
frame to the direction of the magnetic field are given by βx, βy, and βz .
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The coordinates of the unit vector in the direction of the N-H bond, in the molecular
coordinate frame, are given by the direction cosines 4 for each axis: (cos αx, cos αy ,
cos αz). Similarly, the unit vector that defines the orientation of the magnetic field,
also in the molecular coordinate system, is given by (cosβx, cosβy, cosβz). cosζ
can be obtained by taking the dot product of the NH bond vector and the vector that
describes the magnetic field:

cosζ = (cos αx, cos αy, cos αz) · (cosβx, cosβy, cosβz)
= cos αxcosβx + cos αycosβy + cos αzcosβz (16.57)

The coordinates of the inter-nuclear vector are fixed in the molecular frame. However,
the orientation of the magnetic field with respect to the molecular frame varies from
molecule to molecule over the entire sample. Therefore the average value of cosζ is:

< cosζ >= cos αx < cosβx > +cos αy < cosβy > +cos αz < cosβz > (16.58)

where the angled brackets (<>) represent the average over the entire ensemble of mole-
cules in the sample.

The expression for dipolar coupling becomes (cos has been abbreviated using just
its argument, i.e. αx = cosαx):

∆ν(ζ) = Dmax×⎡
⎣3

2

⎧⎨
⎩

α2
x < β2

x > + αxαy < βxβy > + αxαz < βxβz > +
αyαx < βyβx > + α2

y < β2
y > + αyαz < βyβz > +

αzαx < βzβx > + αzαy < βzβy > + α2
z < β2

z >

⎫⎬
⎭ − 1

2

⎤
⎦

In the above sum, the terms < β2
i > represent the ensemble average of the direction

cosine of the magnetic field with respect to the indicated coordinate in the molecular
coordinate frame, e.g.:

< β2
x >=

N∑
i

cos2βi
x (16.59)

where N are the number of molecules in the sample and cosβi
x is the direction cosine

between the magnetic field and the x-coordinate of the molecular frame associated
with the ith molecule.

In contrast, the αi terms represent the direction cosine of a single bond vector in
the molecular coordinate frame. For any given bond vector, αi is identical for each
and every molecule in the ensemble.

Since the terms < β2
i > represent the ordering of the molecules in the sample, these

averages are collected into what is generally referred to as the Saupe order matrix. The
elements of this matrix are defined as:

Sij =
3
2

< βiβj > −1
2
δij (16.60)

4The direction cosine is the cosine of the angle between the vector and the indicated axis. In the case of a
unit vector, the direction cosine gives the projection of that vector on to the axis, giving the coordinate of
the vector in that direction.
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or explicitly as

S =
3
2

⎡
⎣< β2

x > − 1
3 < βxβy > < βxβz >

< βyβx > < β2
y > − 1

3 < βyβz >
< βzβx > < βzβy > < β2

z > − 1
3

⎤
⎦ =

⎡
⎣Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

⎤
⎦ (16.61)

The expression for ∆ν(ζ) becomes:

∆ν(ζ) = Dmax

3∑
i,j=1

Sijαiαj (16.62)

The Saupe order matrix is symmetric about the diagonal, Sxy = Syx, and each element
is clearly a real number. Consequently, it is possible to find a coordinate rotation, R,
when applied to the molecular coordinate system, will diagonalize the Saupe order
matrix. 5

R ×
⎡
⎣Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

⎤
⎦ × R−1 =

⎡
⎣Sxx 0 0

0 Syy 0
0 0 Szz

⎤
⎦ (16.63)

The diagonal form of the order matrix is particular convenient, because the expres-
sion for dipolar coupling is greatly simplified, becoming:

∆ν(ζ) = Dmax

[
Sxxα2

x + Syyα2
y + Szzα

2
z

]
(16.64)

Substituting the expression Sii =
[
3
2 < βii >2 − 1

2

]
gives:

∆ν(ζ) = Dmax
3
2

[
< βxx >2 α2

x+ < βyy >2 α2
y+ < βzz >2 α2

z −
1
3

]
(16.65)

For an isotropic system, the average value6 of cos2βii is 1
3 . Therefore, if <

βii >2= 1
3 the dipolar coupling vanishes. Consequently, the difference in < βii >2

from 1
3 is of interest. This difference is generally referred to the alignment tensor, A,

defined as follows:

Aii =< βii >2 −1
3

(16.66)

There are six possible forms of the diagonal alignment tensor since ±90◦ rotations
about any of the three orthogonal coordinate axis (x, y, z) will simply interchange

5This postulate can be easily shown for a 2×2 matrix. Consider the matrix Ã =

[
a 0
0 b

]
. If the coordinate

system is rotated by θ, then the matrix becomes:

Ã′ = R × Ã × R−1

=

[
cosθ −sinθ
sinθ cosθ

] [
a 0
0 b

] [
cosθ sinθ
−sinθ cosθ

]

=

[
acos2θ + bsin2θ acosθsinθ − bsinθcosθ

acosθsinθ − bsinθcosθ asin2θ + bcos2θ

]
.

which is symmetric and real.
6The average is: 1

2

∫ π
0 sinβcos2βdβ = 1

3
. The factor of 1/2 normalizes the probability distribution.
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two diagonal elements of the tensor. For example, a 90◦ rotation about the x-axis
simply interchanges Ayy with Azz . To specify a single orientation, the diagonal order
tensor is written such that |Azz| > |Ayy| > |Axx|.

Writing the orientation of the bond vector in polar coordinates:

cos2αx = x2 = sin2θcos2φ

cos2αy = y2 = sin2θsin2φ

cos2αz = z2 = cos2θ (16.67)

and substituting the alignment tensor for < βii >2, gives:

∆ν(θ, φ) = Dmax
3
2

[
Axxsin2θ cos2 φ + Ayysin2θsin2φ + Azzcos

2θ
]

(16.68)

This equation can be further simplified using double angle formula 7 , as well as the
relationship Axx + Ayy + Azz = 0, to give:

∆ν(θ, φ) =

Dmax
3
2

[
1
2
Axxsin2θ[1 + cos2φ] +

1
2
Ayysin2θ[1 − cos2φ] + Azzcos

2θ

]

Dmax
3
2

[
1
2
(Ayy + Axx)sin2θ + Azzcos

2θ +
1
2
sin2θcos2φ(Axx − Ayy)

]

Dmax
3
2

[
1
2
(−Azz)(1 − cos2θ) + Azzcos

2θ +
1
2
sin2θcos2φ(Axx − Ayy)

]

Dmax
3
2

[
Azz

1
2
(3cos2θ − 1) + (Axx − Ayy)

1
2
sin2θcos2φ

]
(16.69)

The axial component of the alignment tensor is defined as:

Aa =
3
2
Azz (16.70)

and the rhombic component, which is a measure of asymmetry of the alignment of the
molecule in the x-y plane of the molecular frame, is defined as:

Ar = Axx − Ayy (16.71)

The observed dipolar splitting is thus:

Dmax

[
Aa

1
2
(3cos2θ − 1) + (Ar)

3
4
sin2θcos2φ

]
(16.72)

.

7

sin2φ =
1 − cos2φ

2
cos2φ =

1 + cos2φ

2
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Since the molecular alignment tensor cannot be directly measured, the axial com-
ponent of the alignment tensor is often absorbed into Dmax to give the following
representation for the dipolar coupling:

∆ν(θ, φ) = Da

[
(3cos2θ − 1) +

3
2
Rsin2θcos2φ

]
(16.73)

where Da is the magnitude of the residual dipolar coupling tensor while R is defined
as its rhombicity: R = Ar

Aa
.

For proteins that are axially symmetric, e.g. ellipsoid in shape, then R = 0 because
the x- and y-direction of the molecular coordinate system cannot be distinguished
from each other. For non-axially symmetric molecules, the x- and y-values of the
alignment tensor will differ from each other. Although there is no preferred orientation
of the molecules in the x-y plane per se, there is a fixed relationship between the x-
and y-axis in the molecular frame, thus the contribution of cos2βx from one molecule
in the ensemble to Axx is associated with a defined contribution to Ayy , as illustrated
in Fig. 16.13.

16.3.3 Measurement of Residual Dipolar Couplings
The maximum observed value of residual dipolar coupling depends on the gyro-

magnetic ratio of the coupling spins as well as the distance between them. The relative
sizes of some couplings associated with peptide mainchain atoms are given in Table
16.1. For a given degree of alignment, the coupling between the α-proton and carbon
is twice as large at the NH coupling. In contrast, the coupling between the carbonyl
and the nitrogen is one-tenth that of the NH coupling, making it difficult to measure
accurately.

Figure 16.13 Alignment of axial and non-axial sym-
metric molecules. Panel A shows an axial symmetric
molecule. The molecular coordinate frame is indicated
above the molecule. Rotation about the z-axis does not
change the alignment properties of the molecule. Panel
B illustrates how this molecule would align in the pres-
ence of bicells or phage, note that rotation about the
z-axis causes the angle between the x- or y-axis and
the magnetic field to be identical, for any orientation of
the molecule. Therefore, Axx = Ayy over the ensem-
ble of molecules. Panel C shows three possible align-
ments for an non-axially symmetric molecule. In these
examples, the y-axis of the molecular coordinate frame
is perpendicular to the alignment media. In this partic-
ular orientation, rotations about the y-axis are not hin-
dered by the alignment media and Ayy=0. However, the
x-axis of the molecular frame can assume only a lim-
ited number of orientations with respect to Bo, giving
Axx 
= 0. In general, both Axx and Ayy are non-zero
and Axx 
= Ayy .
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The discussion here will focus on the measurement of couplings associated with N-
H bonds as these are generally the easiest to obtain due to inexpensive 15N labeling of
proteins. In addition, this coupling is one of the largest because of the large gyromag-
netic ratio of the proton (Dmax ∝ γHγX ). Experiments directed at the measurement
of additional couplings have been reviewed by Bax [13] and de Alba and Tjandra [48].

16.3.3.1 Measurement of DNH

Pulse sequences for the measurement of DNH are shown in Fig. 16.14. These
sequences will measure the sum of the scalar and dipolar coupling: JNH + DNH .
Usually J is determined for each amide group by acquiring a separate data set in the
absence of an orientating media. Note that during evolution in the INEPT periods, the
system also evolves under the sum of scalar and dipolar coupling. Therefore if the
dipolar coupling is particularly large, because of high degree of alignment, it can be
difficult to find an optimal time, τ , for polarization transfer.

Sequence A is a standard HSQC experiment without proton decoupling during t1
[157]. During this period the detected portion of the density matrix evolves as:

2IzNy → 2IzNycos(ωN t1)cos(π(J + D)t1) (16.74)

Fourier transformation of the resultant signal produces an in-phase doublet in the ni-
trogen dimension, with a separation of J +D. Although this method provides an easy
method of obtaining D, it doubles the number of peaks in the spectrum, which may
cause problems with analysis due to peak overlap. Furthermore, the accuracy of the
measured splitting will depend somewhat on the linewidth, i.e. when noise is present
it is more difficult to define the center frequency for broader resonance lines.

Sequence B was described by Tjandra and Bax [157] and produces a normal HSQC
spectrum with the amplitude of the resonances modulated by cos[π(J + D)2∆]. This
sequence provides a method of measuring couplings with a higher degree of accuracy
and does not double the number of peaks in the HSQC spectrum. The density matrix,
after the first INEPT period, followed by the proton and nitrogen pulses, is: 2IzNy .
During the next 2∆ period, the density matrix evolves with both scalar and dipolar
coupling because of the 180◦ pulses applied to both spins. During this period, the
observable part of the density matrix evolves as follows:

2IzNy → 2IzNycos(π(J + D)2∆)e−2∆/T2 (16.75)

Chemical shift labeling by ωN occurs during t1 with decoupling of the proton nitrogen
coupling by the 180◦ proton pulse.

Table 16.1 Mainchain residual dipo-
lar couplings. Residual dipolar cou-
plings, relative to that observed for the
NH bond vector, are shown for the in-
dicated atom pairs. These data were
obtained by fitting observed couplings
from the protein ubiquitin to its X-ray
structure [13, 121].

Coupling Relative Value

N − HN 1.000
Cα − Hα 2.020
Cα − CO 0.198
CO − N 0.121
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Figure 16.14 Pulse se-
quences for measuring DNH.
A is a 1H-coupled HSQC,
B is a J-modulated HSQC.
Both A and B are to be used
on 15N labeled proteins and
are from [157]. C is an
inphase(IP)-antiphase(AP)-
HSQC experiment from
[121]. Narrow and wide
bars represent 90◦ and
180◦ pulses, respectively.
Pulse phases are along x,
unless otherwise indicated.
All three sequences utilize
States-TPPI quadrature de-
tection, water suppression
using WATERGATE during
the last INEPT period, and
WALTZ-16 to decouple nitro-
gen during proton detection.
The delay τ is set to 1/(4J).
Sequence A:Phase cycling is

φ1 = x,−x,−x, x; ψrec =
φ1. Quadrature detection
is obtained by varying φ1.
Gradients are sine-bell in
shape, applied along the
z-axis, with an amplitude
of 25 G/cm. Durations are
2.5(G1), 1.0(G2), and 0.4
msec. (G3), respectively. G1
and G2 are zz-filters and G3
suppresses the water in the
WATERGATE sequence.

Sequence B: The delay ∆ is varied to modulate the intensity of the peaks by DNH .
The two 180◦ pulses in the center of the ∆ period should be coincident, and the to-
tal time for evolution under scalar and dipolar coupling is 2∆ + 2 × τ90N/π, where
each ∆ period includes one-half of the length of the 180◦ nitrogen pulse. Pulse
phases are φ1 = 8(y), 8(−y); φ2 = x,−x; φ3 = 2(x), 2(y), 2(−x), 2(−y); ψrec =
x, 2(−x), 2(x), 2(−x), x,−x, 2(x), 2(−x), 2(x),−x. Quadrature detection is obtained by
shifting the phase of φ2 and φ3. Gradients are as in A, with the duration of G4 = 2.3 msec.
Sequence C: The carbon pulses are selective for the indicated nucleus, with length

√
3/(2∆ν),

∆ν is the frequency difference between the carbon transmitter and the point of null excita-
tion. The open bars, and the two δ/2 delays generate the AP spectrum, see text. The de-
lay δ is 5.3 ms. Phase cycle φ1 = −y, y; φ2 = 2(x), 2(−x) for IP, φ2 = 2(−y), 2(y),
for AP. φ3 = 4(x), 4(y), 4(−x), 4(−y); φ4 = 8(x), 8(−x); ψrec = x, 2(−x), x for IP,
ψrec = x, 2(−x), x,−x, 2(x),−x for the AP spectrum. Quadrature detection is obtained
by varying either φ2 (IP) or φ2 and φ3 (AP). Gradient are applied along the indicated axis at 25
G/cm with durations 2, 0.4, 2, 1, 0.4 msec, respectively.



378 PROTEIN NMR SPECTROSCOPY

H][F2
1

[
F 1

15
N

]

A B C D E

90 Hz

b 72 Hz

b

90 Hz

bb

b

a

a

aa

a

72 Hz

Figure 16.15. IPAP Spectra for Determining Dipolar Coupling. Panel A shows a portion of
a standard HSQC of a protein, acquired with proton decoupling during t1. Two well resolved
peaks are shown, labeled ’a’ and ’b’. Panel B shows the spectra obtained without proton decou-
pling, as would be obtained from the in-phase version of pulse sequence C in Fig. 16.14. Since
’a’ and ’b’ have different dipolar coupling values (-4 Hz and -22 Hz, respectively, assuming a
scalar coupling of 94 Hz), their multiplets now overlap. Panel C is the the anti-phase HSQC
spectrum obtained from the same experiment. The white ovals represent negative peaks. Panel
D shows the spectrum obtained from B − κC while spectrum E is the sum of B and κC. The
coupling is obtained by measuring the peak separation between multiplets in each spectra.

The scalar and dipolar couplings are extracted by fitting the intensity data to the
following function:

I(2∆) = Iocos[π(J + D)2∆]e−2∆/T2 ] + A (16.76)

Pulse imperfections of the 180◦ proton pulse in the middle of the 2∆ period can cause
systematic errors in the modulation of the intensity, leading to offset effects and ap-
parent changes in the measured coupling. These artifacts are suppressed if the data is
sampled over at least a single period of the cosine function, see [157] for more details.

Sequence C was proposed by Ottiger et al. [121]. It restores the simplicity of
measuring couplings by measuring splittings, but does not double the number of peaks
in the spectrum, as in sequence A. This is accomplished by acquiring two independent
data sets, in one case the scalar and dipolar coupling lead to in-phase splitting of the
resonances in the nitrogen dimension, while in the other data set, this splitting is anti-
phase. The addition of these two spectra gives a spectrum that contains one of the
doublets while the subtraction of the two spectra gives a spectrum containing the other
doublet, as illustrated in Fig. 16.15. This approach is usually referred to as IPAP
(in-phase, anti-phase).

The anti-phase component is obtained by including an additional refocusing period
in the pulse sequence, as indicated by the open bars in Panel C of Fig. 16.15. The
evolution of the density matrix for the anti-phase version of the experiment proceeds
as follows, beginning prior to the φ2 nitrogen pulse and following only terms that lead
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to detectable magnetization after the last INEPT period:

2IzNz
P90(−y)−→ 2IzNx

2IzNx
δ/2−180δ/2−→ Ny

Ny
t1(J+D)−→ −2IzNxsin(π[J + D]t1)

−2IzNxsin(π[J + D]t1)
t1(ωN )−→
− 2Izsin(π[J + D]t1)(NxcosωN t1 + NysinωN t1)

(16.77)
Only the term containing 2IzNy will result in detectable magnetization, therefore the
final signal will be:

sin(π[J + D]t1)sinωN t1 (16.78)

The signal obtained with the quadrature phase setting is:

sin(π[J + D]t1)cosωN t1 (16.79)

which gives the following complex signal:

SAP (t1) = sin(π[J + D]t1)eiωN t1 (16.80)

The Fourier transform of this signal gives a positive peak at ωN + π(J + D) and a
negative peak at ωN − π(J + D).

The in-phase version of the experiment is just an proton-coupled HSQC experi-
ment, and gives the following complex signal after quadrature detection:

SIP (t1) = cos(π[J + D]t1)eiωN t1 (16.81)

the Fourier transform of which are two positive peaks at ωN ± π[J + D].
Spectra containing only one component of the doublet are obtained by adding or

subtracting the two spectra:

S1 = SIP + κSAP S2 = SIP − κSAP (16.82)

where κ accounts for the difference in intensity between the two spectra. Inten-
sity differences are due to several factors. First, the magnetization decays during
the δ/2 − 180 − δ/2 period in the anti-phase version, causing a reduction in sig-
nal by approximately 5%, assuming a nitrogen T2 of ≈ 100 msec. In addition, the
fraction of magnetization that is converted from anti-phase to in-phase during the
δ/2 − 180 − δ/2 period depends on the coupling between the nitrogen and proton,
varying as sin(π[J + D]δ). For values of D that are within 10% of JNH , the correc-
tion factor is small, within approximately 2-3%. Since both of these effects are small,
a single κ value can be assumed for all resonances in the spectrum.

Note that this sequence can also be used to measure the coupling between the nitro-
gen and the carbonyl or Cα carbon by simply omitting the respective carbon refocusing
pulse and decoupling the protons during t1. The coupling can be measured from the
splitting between doublets.
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16.3.4 Estimation of the Alignment Tensor
Before the residual dipolar coupling can be used for structure determination it is

necessary to determine the alignment tensor. In particular, five unknowns have to be
determined: Da, R, and the three rotation angles that specify the orientation of the
molecular coordinate frame with respect to magnetic field direction. In the case of an
unknown structure it is not possible to obtain the rotation angles from the measured
residual dipolar couplings. Rather, these are obtained during refinement of the protein
structure, as described in more detail below. The values for Da and R are generally re-
quired prior to structure calculations, fortunately these can be determined directly from
the distribution of observed dipolar couplings [38]. Alternatively, it is also possible to
predict these parameters from initial structures, provided the alignment mechanism is
due to steric factors (see [179]).

Da and R are calculated from Axx, Ayy , and Azz , which can be determined directly
from the distribution of couplings. The observed residual dipolar coupling is related
to the alignment tensor, as follows:

∆ν(θ, φ) = Dmax
3
2

[
Axxsin2θ cos2 φ + Ayysin2θsin2φ + Azzcos

2θ
]

=
[
Dxxsin2θ cos2 φ + Dyysin2θsin2φ + Dzzcos

2θ
]

(16.83)

where Dii = 3
2DmaxAii.

The coupling with the largest absolute value corresponds to bond vectors parallel to
the z-axis in the molecular frame (θ = 0◦), and is Dzz . The second largest coupling,
which will be of opposite sign, must correspond to bond vectors parallel to the y-axis
in the molecular frame (θ = 90◦, φ = 90◦) and is therefore Dyy . The value of Dxx
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Figure 16.16 Obtaining the alignment
tensor. Histograms of dipolar cou-
plings are shown for an axially sym-
metric molecule (upper histogram) or
an asymmetric molecule (lower his-
togram). A total of 250 random inter-
atomic vectors are represented in each
plot.

Axially Symmetric: Dzz = 30 Hz and
Dyy = Dxx = −15 Hz. Assuming
Dmax = 20kHz, Aa = 30/20×103 =
1.5 × 10−3.

Non-Axially Symmetric: Dzz = −30
Hz and Dyy = −22 Hz. The most fre-
quently observed coupling is -8 Hz, giv-
ing Dxx. Aa is the same as above and
the rhombicity is:

R =
2

3

(−8 − (−22))

+30
=

2

3

14

30
= 0.31
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can be found using two methods. First Dzz + Dyy + Dxx = 0, therefore if the first
two terms are known, then the third can be calculated. Second, the most frequently
observed dipolar coupling will correspond to Dxx because there are more orientations
of the inter-nuclear bond vector that can give this coupling than any other orientation.
The axial component of the alignment tensor is:

Aa =
3
2
Azz =

Dzz

Dmax
(16.84)

and the rhombicity is:

R =
Ar

Aa
=

Axx − Ayy

Aa
=

2
3

Dxx − Dyy

Dzz
(16.85)

The measured couplings are plotted as histograms, i.e. the number of occurrences
for each measured coupling. Figure 16.16 illustrates the appearance of the histogram
for an axially symmetric and a asymmetric molecule. Values of the alignment tensor
that can be obtained from these distributions are given in the figure legend.

In order to be sure that the largest, smallest, and most frequent values are present
in the data, it is advantageous to use couplings measured from as many different bond
vectors as possible. If the measured couplings involve different atom types, ie H-
N and N-Cα, then it is necessary to scale each type of coupling to that of the N-H
dipolar interaction prior to analysis using the factors given in Table 16.1. For example,
the measured Cα and Hα couplings would be reduced by a factor of 2.020 before
combining them with the NH couplings.
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PROTEIN STRUCTURE DETERMINATION

Retain 10% of Structures
with Lowest Energy

Additional Exper.
Constraints?

Distance
Geometry

Random
Coordinates

Determine Quality of
Final Structures
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Constraints?
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Inconsistent Exper.
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Generate 200 Trial
Structures

Energy Minimization

Simulated Annealing
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Assembly of Exper.
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Simulated Annealing
Regularization

YesRemove
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Figure 17.1. Overview of the structure deter-
mination process. Structure determination con-
sists of a number of cycles that begin with the
assembly of constraints, followed with build-
ing and refining models derived from the con-
straints, and then interpretation of the models to
resolve errors or ambiguities in the experimen-
tal data.

Structure determination generates a
molecular model of the protein or
nucleic acid that is as consistent as
possible with both the experimental
data and known covalent and non-
covalent features of the folded biopoly-
mer. The most commonly used experi-
mental constraints are:

Inter-proton distances derived from
NOESY experiments.
Bond orientations determined from
single bond residual dipolar cou-
plings.
Torsional angles from measure-
ments of three bond J-couplings.
Hydrogen bonds determined from
amide exchange data.
Peptide mainchain torsional angles
from chemical shifts.

Non-experimental constraints consist
of:

Bond lengths.
Bond angles.
Torsional angles.
Van der Waals Interactions.

The relative contribution of experimen-
tal and non-experimental constraints to
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the final structure are balanced by assigning an energy to both types of constraints and
weighting the relative contribution of each type of constraint in an empirical manner:

ETotal = κEExperimental + ENon−experimental (17.1)

where κ is an empirical scaling factor.
Higher energies are associated with models whose structures gives the largest dis-

agreement between the constraints and the structure. The refinement process seeks to
create a structure that gives the lowest energy, and is therefore in best agreement with
both experimental and non-experimental constraints.

The overall steps in structure determination are illustrated in Fig. 17.1 and outlined
briefly in the following text. The first task is to assemble a collection of reliable
structural constraints, these generally include inter-proton distances between protons
that have unambiguous assignments. In addition, information on torsional angles from
three-bond scalar (3J) couplings can be utilized for the construction of the initial trial
structures. Residual dipolar couplings, as well as hydrogen bonding information, are
usually introduced during the latter stages of model building, when the structure is
approaching its final form.

Following the assembly of constraints, 100 to 200 initial models are built for re-
finement. These can be generated from completely random atomic coordinates, or
rough structures obtained from the NOE data via distance geometry, both methods are
discussed below. The initial models generally show poor agreement with the exper-
imental data and perhaps even with standard covalent and non-covalent interactions.
Consequently, the models are “regularized” to produce structures that are constant
with covalent geometry. Regularization is accomplished by moving the atoms to re-
duce the overall energy of the structure. Since some of the required changes in atomic
coordinates may be large, this adjustment is usually performed using simulated anneal-
ing techniques that facilitate large changes in atomic coordinates. A number of the trial
models may not converge to structures with acceptable energy and are discarded at this
stage. Acceptable models are subject to additional refinement by simulated annealing
to further decrease the energy of the system. The refinement is concluded with energy
minimization, which performs small changes in atomic coordinates to maximize the
agreement of the model with experimental data, as well as bonded and non-bonded
interactions.

The refined models are ranked by energy and 5% to 10% of the lowest energy
structures are selected. This ensemble of structures is inspected carefully to identify
incorrect input data, such as incorrectly assigned NOEs, and such experimental con-
straints are removed from the data set. The ensemble of structures is also used to
resolve ambiguities with the existing data, allowing the inclusion of more constraints
in the next round of structure building. For example, in the case of inter-proton dis-
tances from NOE measurements, a proton (A) with a well resolved chemical shift may
show an NOE to another proton (B) whose chemical shift is degenerate with a third
proton (C). In the absence of a structure it is not possible to determine if the inter-
proton distance corresponds to A-B or A-C. However, the ensemble of low-energy
structures may make the choice clear by comparing the distances predicted from the
model structures. Intermediate structures may also be useful in identifying hydrogen
bond acceptors.
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After the addition of more constraints, the entire process is repeated until all experi-
mental constraints have been exhausted. The overall quality of the ensemble of lowest
energy structures is then evaluated for compliance with covalent and non-covalent en-
ergy terms as well as for agreement to the experimental data.

17.1 Energy Functions
Several software packages are available for structure determination. The discussion

of energy functions and refinement schemes is based on the X-PLOR package, which
was originally developed by A. Brünger [26] for solving structures using both NMR
and X-ray crystallography. X-PLOR has been recently updated by Tjandra et al. to
include refinement using residual dipolar coupling as well as other experimental NMR
constraints [145].

17.1.1 Experimental Data
17.1.1.1 NOE Constraints

The intensity of a crosspeak in NOESY spectra is related to the distance between
the interacting protons. However, there is considerable uncertainty associated with
converting the NOE peak intensities to distances. Consequently, it is common prac-
tice to specify both a lower bound (dlower) and an upper bound (dupper), with the
assumption that the true distance lies between the two bounds. The upper and lower
bounds are generally determined from the signal-to-noise ratio in the spectrum. For
example, if the uncertainty in peak intensity is ∆I , and the measured intensity is I ,
then dlower ∝ 1/(I + ∆I)6 and dupper ∝ 1/(I − ∆I)6. Alternatively, the lower
bound is often specified as the van der Waals radii of the atom.

X-PLOR provides several different energy functions for inter-proton distances.
Two commonly used functions are described below and plotted in Fig. 17.2. One

d Calc

d lower d NOE d upper
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Figure 17.2. NOE energy functions. The NOE energy functions are shown for a bi-harmonic
function (Eq. 17.2, solid line) and a square-well function (Eq. 17.3, dotted line). dNOE (4 Å)
is the distance obtained from the NOE peak intensity. dlower is the lower bound and dupper is
the upper bound. dCalc is plotted on the x-axis and is the inter-proton distance calculated from
the structure during refinement. The horizontal gray line represents the highest energy possible
for this term.
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function is the biharmonic function:

E = KNOE
kT

2c2
(d Calc − dNOE)2 (17.2)

where KNOE is a user defined scaling factor, k is Boltzmann constant, T is the ab-
solute temperature (◦K) during the simulated annealing process, and c = (dNOE −
dlower) if d Calc < dNOE , or c = (dupper − dNOE) if d Calc > dNOE . The factor,
kT/2c2, is not allowed to exceed a user specified level during the refinement process.
This maximum in energy prevents incorrectly assigned NOE peaks from distorting the
structure if the true distance between the protons that define the NOE is much larger
than the distance assumed from the NOESY measurement.

The second function is a simple square-well with harmonic sides, defined as fol-
lowing:

E = KNOE∆exp (17.3)

∆ = dcalc − (dupper − doff ) if dupper − doff < dcalc

= 0 if dlower < dCalc < dupper − doff

= dlower − dCalc if dCalc < dlower

where the exponent, exp, is defined by the user, a typical value would be exp = 2.
doff allows global adjustment of the width of the region where E is zero, see Fig.
17.2. This energy function essentially assumes that all distances between dlower and
dupper are acceptable in the final refined structure.

17.1.1.2 Residual Dipolar Coupling
The contribution of residual dipolar couplings (RDC) to the overall energy is:

ERDC =
nRDC∑
i=1

KRDC(∆νCalc
i − ∆νExpt

i )2 (17.4)

where ∆νCalc
i is the coupling calculated from the model, ∆νExpt

i is the experimen-
tally measured splitting, and the sum is over all observed dipolar couplings (nRDC).

In order to compare calculated coupling to measured couplings it is necessary to
know the orientation of the molecular coordinate system with respect to the magnetic
field. In addition, the extent of alignment of the protein or nucleic acid (Aa, Ar) must
also be known. If these are known then the expected dipolar coupling can be calculated
from the molecular structure using the following equation:

∆ν(θ, φ)Calc = Da

[
(3cos2θ − 1) +

3
2
Rsin2θcos2φ

]
(17.5)

where θ and φ represent the orientation of a particular bond in the molecular coordinate
system.

Methods to obtain the Aa, Ar from the distribution of measured RDCs was dis-
cussed previously in Section 16.3.4. The orientation of the molecular coordinate frame
is obtained during refinement by rotating the molecular coordinate frame until the best
agreement between the measured and observed couplings is found. In practice, this is
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accomplished in a clever manner by including a separate pseudo-molecule along with
the molecule under refinement. This pseudo-molecule contains four atoms, one at the
origin, and the other three at x = 1, y = 1, and z = 1, which represent the molecu-
lar coordinate system. During refinement the pseudo-molecule is free to rotate and
will assume an orientation that minimizes the difference between the calculated and
measured dipolar couplings, giving the orientation of the molecular axis system with
respect to the magnetic field [48].

17.1.1.3 Torsional Angles
During the course of refinement, the expected three-bond J coupling, 3JCalc can

be calculated from a torsional angle in the structure. Most 3-bond coupling constants,
such as the coupling between the amide proton and the α-proton, are related to the
torsional angle by the Karplus relationship [80]:

3J = A cos2 θ + B cos θ + C (17.6)

The deviation of the calculated J-coupling constant from the measured constant con-
tributes to the overall energy function as:

EJ =
nJ∑
i=1

KJ(JCalc
i − JExpt

i )2 (17.7)

where the sum is over all observed J-couplings, KJ is an empirical weighting factor,
JCalc

i is the coupling constant calculated from the torsional angle in the model (using
Eq. 17.9), and JExpt

i is the experimentally observed coupling constant.
In earlier versions of X-PLOR, the experimentally measured torsional angle was

explicitly given, in which case the energy function is:

Etor =
ntor∑
i=1

Ktor(θCalc
i − θExpt

I )2 (17.8)

In this case, the torsional angle that most likely corresponds to the observed coupling
constant would be specified by the user. For example, a JHN Hα coupling of 4 Hz
implies a torsional angle, φ of -60◦ (see Fig. 17.3).

Common Coupling Constants Used in Refinement: The J coupling between the HN

to the Hα proton is perhaps the most useful coupling constant because it provides
information on the peptide backbone configuration (φ angle). This coupling is also
relatively easy to measure because there is no passive coupling of the NH proton to
other protons (except for Gly). Therefore COSY crosspeaks can be used to directly
determine the coupling constant by measuring the splitting of the crosspeaks at the
frequency of the amide proton. Accurate measurements of the coupling constant can-
not be obtained from the splitting of COSY crosspeak unless the linewidth is less than
the coupling constant (∆ν < J), which is only true for proteins that contain 50 or
fewer residues. For larger proteins, reliable couplings can be obtained by spectral
simulation of the ω2 slices, as described by Yang and Havel [175]. Also for larger pro-
teins, TOCSY spectra can be used to obtain the J-couplings since the crosspeaks are
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Figure 17.3. Relationship between secondary structure and JNHHα. The observed 3J-
coupling versus the torsional angle, φ is shown. φ angles corresponding to common secondary
structures are indicated by the vertical bars. The angle θ in Eq. 17.9 equals φ − 60◦. The φ
torsional angle is the angle between the planes defined by C-N-Cα and N-Cα-C, as illustrated
on the structure shown in the right-hand section of this figure.

in-phase doublets that can be fit to two Lorentzian lineshapes. Finally, if labeling with
15N is feasible, the JHN Hα coupling can be measured using the HNHA experiment,
as discussed in Section 13.3.3.

The relationship between the observed coupling constant and the peptide φ angle
is given by the following parametrized Karplus relationship:

3JHN Hα
= 6.51 cos2 θ − 1.76 cos θ + 1.60 (17.9)

where θ = φ − 60◦, and the constants A,B, and C have been substituted with values
determined by Vuister and Bax [162]. A number of different values for these constants
have been obtained by other investigators [124] which give similar values for 3JHN Hα.
The Karplus curve for 3JHN Hα

is shown in Fig. 17.3.
Note that a single value of the 3J-coupling constant can correspond to as many as

four distinct values of φ, thus a measured coupling constant may not specify a unique
value for φ. Furthermore, the observed coupling constant may be averaged by rotation
about the N −Cα bond at a rate that is faster than 1/J . For example, if an amino acid
residue samples an α-helical configuration and a β-strand configuration with equal
probability, then the observed coupling will be approximately 7 Hz, or the average of
10.0 Hz(β) and 4.0 Hz (α). Therefore, J-coupling constants that are approximately 7.0
Hz are not used in the initial model building because it is unclear whether it represents
a single conformation with φ = −70◦ or is a result of conformational averaging.
Once the conformation of the residue becomes established during refinement it may
be possible to utilize these J-coupling constants as valid constraints for model building.

In addition to measuring JHN Hα
it is often possible to measure the coupling be-

tween the Hα and Hβ protons, defining the χ1 torsional angle. This coupling can
be obtained from either the fine structure of COSY crosspeaks or from the splitting
in TOCSY crosspeaks. Alternatively, since the rate of magnetization transfer in a
TOCSY experiment is proportional to cos(πJτmix), the coupling constant can be
estimated from the dependence of the crosspeak intensity on the mixing time. The
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Figure 17.4. Defining the χ1 torsional angle. The use of NOE information to define the Hα −
Hβ torsional angle. The three low energy conformations of the Cα-Cβ bond are shown. The
expected values for JHαHβ and the distance between the HN and the Hβ protons are given
below each conformation in the diagram. A unique conformation of the Cα-Cβ torsional angle
can be defined by combining information from J-coupling and NOE measurements. The inter-
proton distances are given for a residue a β-strand configuration. Slightly different distances
would be obtained for an α-helical configuration. The naming of the β protons follows the
nomenclature used in X-PLOR. The conversion from the XPLOR format to the IUPAC format
[107] is as follows: is Hβ1 → Hβ2, and Hβ2 → Hβ3.

Karplus curves for Hα-Hβ coupling are given by the following equations [103]:

JHαHβ1 = 9.5 cos2(χ1 − 120◦) − 1.6 cos(χ1 − 120◦) + 1.8

JHαHβ2 = 9.5 cos2 χ1 − 1.6 cos χ1 + 1.8 (17.10)

A minor difficulty with using this coupling constant to define this torsional angle arises
from the fact that there are usually two β protons on a residue, and it is necessary to
know stereo-specific assignments before the coupling constants can be used to define
the correct torsional angle. However, measurement of the NOE between the amide
proton and the Hβ protons can often resolve this issue, as illustrated in Fig. 17.4.

17.1.1.4 Hydrogen Bonding
Amide protons that participate in hydrogen bonds are usually identified by virtue

of slow amide hydrogen exchange rates as well as a small temperature dependence of
the amide proton chemical shift (see Fig. 17.5).

The exchange rates are readily measured by replacing the solvent with D2O and
measuring the decrease in the intensity of amide proton resonances. The exchange
rate follows first-order kinetics and the rate constant is obtained by fitting the peak
intensity, I(t), to the following equation:

I(t) = Ioe
−kext (17.11)

The amide exchange rates are both acid and base catalyzed, and pH dependence of
the exchange rate, for a number of exchangeable protons, is presented in Fig. 15.2.



390 PROTEIN NMR SPECTROSCOPY

d   /dT [ppb/K]δHN

lo
g

(k
   

  )
  [

se
c 

  ]
ex

−15 −10 −5 

−4

−2

−6

0

Fast

−1

H−b
onded

Figure 17.5 Identification of hydrogen bonds. The
amide exchange rate versus the temperature dependence
of the amide proton chemical shift. The range of each
axis is typical for a folded globular protein at pH 5.0.
An exchange rate of “fast” indicates that it was not
possible to measure the rate due to rapid loss of the
amide proton in D2O. Amides that show an amide ex-
change rate less than 10−2/sec and temperature depen-
dence smaller than -4.5 ppb/K are likely to participate in
the formation of a hydrogen bond. Amide protons that
show a slow exchange rate but have a large tempera-
ture dependence of chemical shift may not be hydrogen
bonded. Fig. adapted from [16].

Generally, if the observed exchange rate is 10 fold slower than the rate expected for a
fully exposed amide it is reasonable to assume that the amide is either involved in a
hydrogen bond or it is simply buried in a hydrophobic region of the protein. The par-
ticipation of the amide proton in an hydrogen bond can be further substantiated by the
temperature dependence of the amide proton chemical shift. Temperature coefficients
that are less negative than ≈ 4.5 ppb/K are indicative of hydrogen bond formation
[16], as illustrated in Fig. 17.5.

If a suitable hydrogen bond acceptor can be identified in preliminary models, for
example a C=O group, then constraints involving the N-H and C=O atoms can be
added to collection of constraints in the next round of structure generation.

In some cases it may be possible to unambiguously determine the presence of a hy-
drogen bond by detecting scalar coupling between the amide proton and the carbonyl
carbon that are involved in the hydrogen bond. Since this coupling is quite weak, lead-
ing to long magnetization transfer times, experiments of this type are generally more
successful with smaller proteins (e.g. < 20 kDa) because of their longer T2 values
[45, 164].

In terms of energy calculations, hydrogen bonding constraints are often represented
as a pair of inter-proton distances, i.e. the distance between the amide proton and car-
bonyl oxygen (dH−O) and the distance between the nitrogen and the carbonyl carbon
(dNCO

) to insure linearity of the hydrogen bond, giving the following energy function:

Eh−bonds =
nhbonds∑

i=1

KH−bond

⎡
⎣ 2∑

j=1

(dCalc
ij − dExpt

ij )2

⎤
⎦ (17.12)

where j = 1 represents the H-O distance and j = 2 represents the N-C distance and
KH−bond is an empirical scaling factor. KH−bond is often set to the same value of
KNOE during refinement.

17.1.1.5 Chemical Shift Constraints
The chemical shift of backbone atoms, in particular the Cα, and carbonyl carbon,

and to a lesser extent Cβ , depend on the secondary structure of a residue, as indicated
in Fig.17.6 [167]. Although many tertiary interactions also affect the chemical shift
of these atoms, the change in chemical shift that is induced by the secondary structure
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Figure 17.6 Effect of secondary struc-
ture on carbon chemical shifts. The
deviation from the mean chemical shift
of the Cα, Cβ , and CO atoms for
each residue type is illustrated by each
horizontal bar. Filled bars represent
residues in β-strand configuration while
open bars represent residues in α-
helical configuration. As an example,
the chemical shift for the Cα of Ala is
52.42 ppm in a random coil, 51.15 ppm
in a β-sheet, and 54.77 ppm in a he-
lix. Therefore the change in chemical
shift due to secondary structure is -1.27
ppm and 2.35 ppm from random coil for
helix or sheet, respectively. Data from
[52].

can provide a weak constraint during refinement (see [92]). For example, if an alanine
residue in a protein showed Cα and CO shifts that were 3 ppm below the mean chem-
ical shift for these atoms, then the φ and ψ torsional angles could be constrained to
favor a β-strand conformation.

17.1.2 Covalent and Non-covalent Interactions
The energy associated with covalent and non-covalent interactions are defined by

the following terms:

Ecovalent = Ebonds + Eangles + Etorsional + Eimproper

Enon−bonded = Evan der Waals + EElectrostatic (17.13)

The covalent energy terms insure proper covalent bonding and molecular structure,
including planarity of aromatic groups and the correct geometry of chiral centers.

Bond Lengths: Proper inter-atomic bond lengths are maintained during refinement
with the following energy term:

Ebonds =
nbonds∑

i

Kbonds(dCalc
i − dIdeal

i )2 (17.14)

where nbonds are the number of covalent bonds in the structure, Kbonds is an empirical
scale factor, dCalc

i is the bond length calculated from the structure during refinement
and dIdeal

i is the ideal covalent bond length.

Torsional Angles: Torsional angles can also contribute to the energy function. They
are used to maintain the planarity of aromatic rings, favor non-eclipsed configuration
of atoms, and to define the geometry of chiral centers. In the case of X-PLOR, two
energy functions can be used to specify torsional angles, the first of which is usually
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used to insure non-eclipsed atoms, as illustrated in Fig. 17.7:

Etorsional =
∑

Kφ [1 + cos(nφ + δ)] if n > 0

=
∑

Kφ(φ − δ)2 if n = 0 (17.15)

where φ is the torsional angle calculated from the structure at some point during re-
finement, Kφ is the weighting factor, n is the multiplicity, and δ is the phase shift.

To specify that four atoms lie in a plane, such as in an aromatic ring, n would be set
to zero and δ would be 180◦. Any out of plane configurations would raise the energy
due to a non-zero value of (φ − δ). To specify three equally populated rotomers, for
example a CH3 group, a value of n = 3 and δ = 0◦ would be used, giving energy
minima for torsional angles, φ = 60◦, 180◦, and 300◦, as illustrated in Fig. 17.7.

The second energy expression for torsionals angles is referred to as the improper
energy term. It has exactly the same form as in Eq. 17.15 and is generally used to
maintain chirality and planarity of groups within in the structure. The availability of
two distinct potential functions permits a use of different scale factors for the two types
of torsional angles.

van der Waals Interactions: The non-bonded energy term contains contributions
from van der Waals interactions, usually encodes a pairwise standard 6-12 Lennard-
Jones potential:

Evdw = Kvdw

natom∑
ij

C12

d12
ij

− C6

d6
ij

(17.16)

Electrostatic Energy: The simplest form of the electrostatic energy term is given by
Coulomb’s Law. However, given the uncertainty of the local dielectric constant as
well as the absence of solvent and counter ions in most structure refinement protocols,
this term is usually set to zero.

17.2 Energy Minimization and Simulated Annealing
Structures are refined by a combination of energy minimization and simulated an-

nealing. The overall goal is to alter the atomic coordinates of the structure to attain a
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final set of atomic coordinates that give the lowest energy for both experimental and
non-experimental energy functions.

17.2.1 Energy Minimization
The minimum energy of the structure can be found by moving the atoms in the

direction defined by the gradient of the energy:

ξi = − ∂E

∂xi
(17.17)

During the energy minimization, multiple steps of adjustment of the atomic co-
ordinates occur. The coordinate change at each step is calculated according to the
following:

x′
i = xi + ξi (17.18)

ξi is recalculated after each step in the minimization process and becomes smaller
and smaller as the system moves towards the minimum in energy. The minimization
proceeds for either a set number of cycles or until ξi drops below a predetermined
level.

If the energy function is smooth and has a single global minimum, then minimiza-
tion will find the true global minimum and produce a structure that is as consistent
as possible with the energy function. Unfortunately, the energy surface as a function
of atomic coordinates is complex and multi-valued such that a simple minimization
of the energy will inevitably reach a local minimum, not the true global minimum, as
illustrated in Fig. 17.8.

17.2.2 Simulated Annealing
Simulated annealing is used to overcome the problem of the structure becoming

trapped in a local energy minimum. This procedure receives its name because it sim-
ulates the annealing process in alloy formation in metals. Specifically, the metal is
heated to high temperatures to facilitate atomic rearrangements and then cooled or
annealed to more stable structures.

In the refinement of models the atoms in the protein are given a kinetic energy, as
defined by the temperature of the system:

1
2

N∑
i=1

miv
2
i =

3
2
NkbT (17.19)

Initially, the atoms are assigned a random velocity that depends on the temperature of
the system [26]:

v =
[

m

2πkbT

]3/2

e−3mδ2/2kbT (17.20)

where δ is a random number from 0 to 1, T is the temperature of the system, kb is
Boltzmann’s constant, and m is the mass of the atom.

Since simulating annealing generally begins at high temperatures, the atoms will
have high kinetic energy, and will be able to transverse the energy barrier between
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minima, as illustrated in Fig. 17.8. To insure the the system will converge on a min-
imum, the temperature of the system is slowly lowered at the end of the molecular
mechanics calculation. Provided the temperature is lowered slowly, it is very likely
that the system will anneal to a global energy minimum.

The motion, or trajectory, of the atoms during simulating annealing are determined
by molecular mechanics calculations. Given a set of initial coordinates and veloci-
ties, xo and vo, as well as the energy of the system, the coordinates at a time ∆t are
calculated using Newtonian mechanics using the following expression:

x′ = xo + vo∆t −∇E
∆t2

2m
(17.21)

where −∇E is equal to the force applied to the atoms. E represents all, or a sub-
set, of the experimental, covalent, and non-covalent energy terms discussed above.
Generally, the time step, ∆t is a fraction of a psec and 50-200 steps are performed at
any given temperature. Multiple cycles of molecular mechanics are usually performed
with any given refinement protocol. Each cycle will generally use different energy
scaling factors as well as a number of other parameters, such as the van der Waals
radii of atoms. Several examples of refinement protocols are presented below.

Figure 17.8. Energy changes during simulated annealing. The solid lines shown the energy
of a structure as a function of its atomic coordinates. Two trial structures are shown, drawn in
black (structure A) or gray (structure B). The energy of the structures immediately after gen-
eration by distance geometry or starting from random coordinates are shown on the far left of
the plot. The dashed lines shows the change in energy due to regularization followed by energy
minimization. Both structures reach a local minimum with reasonable covalent geometry after
regularization. The dotted lines show the changes in energy that occur during additional refine-
ment by simulated annealing. In the case of structure B (gray), the energy barriers between each
local minimum can be transversed due to the high kinetic energy of the atoms during anneal-
ing, thus B eventually finds the global minimum in energy. The energy barriers surrounding
the local minimum for structure A are too high, thus structure A is found at the local minimum
after refinement. The gray stippled region indicates the range of energies that are considered
to be acceptable after refinement; only a very small subset of all possible atomic configurations
possess the indicated range of energies.
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17.3 Generation of Starting Structures
17.3.1 Random Coordinates

Define random coordinates for atoms

Kbond=Kbond*1.25

Set Kbond=0.05
Set Kangle=0.05
Set vdw=0.005

Set Kbond=0.1
Set Kangle=0.1
Set Kvdw=0.01

Set Kbond = 0.00005
Set Kangle = 0.00005
Set Kvdw =0.1 (C    only)

Set Knoe=0.5

Assign Initial Velocities @ T=1000 K

Kbond<0.01
YES

NO

∆100 steps,        T=0.04 ps

∆500 steps,        T=0.003 ps

∆500 steps,        T=0.003 ps

∆500 steps,        T=0.003 ps

Set Kbond=0.02
Set Kangle=0.02

Set Knoe=5.0

Set Kvdw=0.002 (all atoms)

α

Molecular Dynamics: T=1000 K

Molecular Dynamics: T=1500 K

Molecular Dynamics: T=1500 K

Molecular Dynamics: T=1500 K

Figure 17.9. Simulated annealing from
random coordinates. The simulated an-
nealing scheme to proceed from a random
collection of atoms to rough structures is
shown. The flowchart was based on the ran-
dom.inp script described by Brünger [26].

In this case the trial structures are ob-
tained by first generating a random distri-
bution of atoms. The advantage of using
random coordinates as starting trial struc-
ture is that a sizable portion of conforma-
tional space is sampled, increasing the like-
lihood that all structures that are consistent
with the experimental data will be found.
The disadvantage of this approach is that
only a small number of the trial structures
will be give acceptable agreement with the
experimental data. Consequently, it is nec-
essary to begin each cycle of refinement
with a large number of trial structures.

A simulated annealing scheme to reg-
ularize structures after generating random
coordinates is shown in Fig. 17.9. In
this process the scaling factors for ENOE ,
EBond, Eangle, and Evdw are set to low
values to allow the atoms in the structure
to essentially move freely in three dimen-
sional space, establishing positions that are
defined by the inter-proton distances from
NOE measurement. The scaling factor for
bonds is raised from 0.00005 to 0.01 dur-
ing repeated cycles of molecular dynam-
ics, to establish the correct bonding pat-
tern in the protein. After the scaling fac-
tor for bonds reaches 0.01, three molec-
ular dynamics calculations are performed.
During these calculations the scaling factor
for bonds, bond angles, and van der Waals
forces are gradually increased. The struc-
tures that are produced by this scheme will
generally require additional regularization,
using the procedure outlined in the follow-
ing section on distance geometry.

17.3.2 Distance Geometry
Distance geometry can also be used to generate trial structures for refinement pur-

poses. This approach is based on the premise that any three dimensional structure
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can be defined as a set of inter-atomic distances. Therefore, a set of inter-atomic dis-
tances can be converted, or embedded into three dimensional space, to give the atomic
coordinates of the protein. The process of converting distances to coordinates is asso-
ciated with a branch of mathematics called distance geometry, hence its name. Note
that structures that are mirror images of each other will have exactly the same set of
inter-atomic distances, therefore structures generated by distance geometry can be of
the opposite chirality, i.e. composed of D-amino acids.

In the application here, the inter-atomic distances that are used include inter-proton
distances from NMR data as well as known bond lengths. The advantage of using
distance geometry over random coordinates is that a larger number of candidate struc-
tures from the initial collection of trial structures will be in reasonable agreement with
the experimental data and known covalent bond distances. The disadvantage of dis-
tance geometry is that a smaller number of different conformations will be present in
the collection of trial structures. Therefore, there is a small possibility that the final
structures will be biased by the constraints that are used to build the initial models.

The first step in the process is to generate a matrix, the distance matrix, with inter-
atomic distances. For n atoms, the distance matrix (D) will be an n × n matrix, e.g.
for 3 atoms:

D =

⎡
⎣d11 d21 d31

d12 d22 d32

d13 d32 d33

⎤
⎦ (17.22)

The distance matrix consists of the known distances associated with covalent bond
lengths as well as distances from NOE measurements. To account for the uncertainty
in the experimental distances, two distances matrices are generated, a matrix of lower
bounds and a matrix of upper bounds. This matrix is often ’smoothed’ by adjust-
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Figure 17.10. Smoothing of the distance matrix. Panel A shows how the distance matrix is
smoothed by altering upper and lower bounds such that inter-proton distances are consistent.
The dotted lines indicate the upper bound associated with each inter-proton distance. In this ex-
ample the original upper bound associated with d12 (left triangle) is much longer than possible,
given the values of d13 and d23. Consequently d12 is decreased, or smoothed, as shown in the
right triangle. Panel B shows three random distances that were generated from the smoothed
distances. Each of these three distances will generate slightly different starting structures for
refinement.
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ing upper and lower bounds that are inconsistent with other inter-proton distances, as
illustrated in Fig. 17.10.

After smoothing of the upper and lower bound matrices, the distance matrix that
will give rise to one trial structure is generated by selecting a random distance that lies
between the lower and upper experimental distances, as illustrated in panel B of Fig.
17.10. After the distance matrix is generated it is necessary to verify that it can be be
embedded in a three dimensional space in order to determine the atomic coordinates.
Not all distance matrices are embeddable in a three dimensional space. For example,
the following representation of a tetrahedron is not embeddable in a two-dimensional
space, but can be embedded in a three dimensional space:

D =

⎡
⎢⎢⎣

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

⎤
⎥⎥⎦ (17.23)

In general, if it can be proved that any four points satisfy the quadrangle inequality
(i.e. the inter-atomic distances can generate a "real" tetrahedron) then the entire matrix
can be embeddable. Usually, if all triplets of points satisfy the triangle equality:

d12 + d23 ≥ d13

then the matrix is likely to be embeddable.
Once the distance matrix is generated and shown to be embeddable, then there are

various computationally stable methods of calculating the atomic coordinates and the
translation from the distance matrix to coordinates is straight-forward. Note that the
chirality of a structure cannot be specified by inter-atomic distances; structures that
are mirror images of each other will have identical inter-proton distances.

17.3.3 Refinement
The embedded structures are usually subject to regularization to remove poor co-

valent geometry. A simulated annealing protocol for the initial regularization of struc-
tures from distance geometry is presented in Fig. 17.11. At this point in the refine-
ment process it is usually possible to identify mirror image structures by virtue of their
higher energy because of incorrect geometry at chiral centers.

Once the initial structures have been regularized, they are generally subject to sim-
ulated annealing refinement. A typical protocol for refinement is given in Fig. 17.12.
The major difference between this protocol and that used for regularization of struc-
tures is that the simulated annealing is initiated at lower temperatures (T=1000 K).
In addition, experimental constraints from residual dipolar couplings are introduced
towards the end of this protocol. Constraints from RDCs should not be used in earlier
steps because it is easy for these constraints to distort the local structure instead of
providing information on global alignment.

The protocol begins at T=1000 K and slowly increases the van der Waals scale
factor (Kvdw) from 0.003 to 4.0 over about 15 cycles of molecular dynamics. In
addition, the temperature is lowered in steps of 50 K, until it reaches 300 K. During this
phase of the refinement, constraints from residual dipolar couplings do not contribute
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to the energy; Krdc = 0. The second phase of refinement is accomplished by 20
cycles of molecular mechanics calculations at constant temperature. The scale factor
for RDCs is increased from 0.001 to 0.02 over these cycles. Finally, the structure is
subject to 200 cycles of energy minimization, which would include all experimental
constraints as well as bonded and non-bonded interactions.

The structures obtained from this step can be rank ordered in terms of energy and
the lowest 5-10% of the structures serve as trial structures that can be used to detect
possible errors in the experimental constraints or facilitate the inclusion of additional

(200 steps)
Energy Minimization

NO

YES
T<100  K

 50 steps,    T=0.005 ps∆

Set Kvdw = Kvdw x 1.2

Set Kdihedral = 200

T = T − 50 K

Molecular Dynamics

Set Knoe = 50
set Kdihedral = 5
Set Kbond = 1
Set Kangle = 0.0
Set Kvdw = 20
Set Kimpr = 0.0

Molecular Dynamics
T=2000 K

 50 steps,    T=0.003 ps∆

(100 steps)
Energy Minimization

Set Kangle = 1.0

(100 steps)
Energy Minimization

Set Kbond = 0.1
Set Kangle = 0.1
Set Kvdw = 20
Set Kimpr = 0.05

Molecular Dynamics
T=2000 K

 50 steps,    T=0.003 ps∆

Set Kbond = 0.2
Set Kangle = 0.2
Set Kvdw = 20
Set Kimpr = 0.1

Set Kbond = 0.2
Set Kangle = 0.2
Set Kvdw = 0.01
Set Kimpr = 0.2

Molecular Dynamics
T=2000 K

 50 steps,    T=0.003 ps∆

Set Kbond = 0.4
Set Kangle = 0.4
Set Kvdw = 0.003
Set Kimpr = 0.4

Molecular Dynamics
T=2000 K

 50 steps,    T=0.003 ps∆

Set Kbond = 1.0
Set Kangle = 1.0
Set Kvdw = 0.003
Set Kimpr = 1.00

BA

Molecular Dynamics
T=2000 K

 50 steps,    T=0.003 ps∆

Figure 17.11. Protocol for regularization of distance geometry structures. This flowchart is
based on the dgsa.inp protocol given by Brünger [26]. The initial part of the protocol, shown in
part A of the figure, is applied to a structure and its mirror image, with the goal of determining
the correct chirality based on the energy of the structure. First, bad van der Waals contacts
are removed by setting Kvdw = 20. Subsequently the scaling factors for bonds, bond angles,
and improper torsional angles (impr) are slowly increased. The latter term is generally used to
specify chiral centers. The structure with the lowest energy is usually of the correct geometry
at chiral centers. These models are then taken to part B of the protocol, where the temperature
is gradually reduced from 2000 K to a final temperature of 100 K in approximately 20 steps.
In each of these steps the scaling factor for van der Waals is increased from its initial value of
0.0003 to a final value of 4.0 when T=100 K.
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Set Knoe = 50
Set Kdihedral = 200
Set Krdc = 0

Set Kbond = 1
Set Kangle = 1
Set Kvdw = 0.003
Set Kimpr = 1

Set T = 1050 K

Set Kvdw = Kvdw x 1.4

T < 350 K ?

Set Krdc = krdc x 1.4

Set Krdc = 0.001

Krdc > 0.2 ?

Energy Minimization
200 Steps

NO

YES

T = T − 50 K

Molecular Dynamics
∆100 steps,        T=0.0005 ps

YES

NO

Molecular Dynamics: T=300K
∆100 steps,        T=0.0005 ps

Figure 17.12. Final refinement protocol.
This protocol was adapted from Brünger’s
refine.imp [26] with the inclusion of con-
straints from residual dipolar coupling as
suggested by de Alba and Tjandra [48].

experimental data. Depending on the
number of changes in experimental con-
straints it may not be necessary to repeat
the entire structure determination process,
beginning with the generation of new trial
structures. If the number of additional con-
straints is a few percent of the total number,
and they would result in minor modifica-
tions of the structure, then it may be pos-
sible to simply repeat the refinement step
with the additional constraints.

17.4 Illustrative
Example of Protein
Structure Determination

The following section outlines the
process of structure determination for a
130 residue protein, rho130 [25]. This
protein was chosen as an example be-
cause it consists of two sub-domains, an
amino-terminal domain that is largely α-
helical, and a carboxy-terminal domain
that is largely β-sheet (see Fig. 17.13,
Panel D). The number of contacts between
the two domains is very limited, thus it is
difficult to obtain a large number of inter-
proton distances to constrain the structure
of one domain with respect to the other. In
this case the importance of including con-
straints from residual dipolar couplings is
quite apparent, giving a precise definition
of the relative orientation of the two do-
mains with respect to each other.

Four major steps (A-D) in the process
of protein structure determination are de-
picted here. The constraints that were used
at each step are listed in Table 17.1 and
the resultant structures are shown in Fig. 17.13. At the beginning of each step, 200
trial structures were built using distance geometry. These were regularized using the
procedure shown in Fig. 17.11 and further refined by the procedure shown in Fig.
17.12. Four of the lowest energy models that were obtained after the final refinement
protocol are shown in Fig. 17.13.

The initial models (A) were constructed from approximately 900 inter-proton dis-
tances, which were obtained from NOESY crosspeaks involving unambiguously as-
signed resonance. The amide-amide distances were obtained from a 15N separated
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three-dimensional NOESY spectrum. The amide-aliphatic distances were also ob-
tained from this experiment. Since the aliphatic region of the proton spectrum is quite
crowded the assignment of the aliphatic peaks was aided by the CN-NOESY experi-
ment, as described in Fig. 15.25, which gives the carbon shifts of the aliphatic protons
that are close to the amide protons. Distances between aliphatic protons were obtained
using a 13C separated NOESY experiment, similar to the 15N NOESY, except that
nitrogen excitation was replaced by excitation of aliphatic carbons. Inter-proton dis-
tances between aromatic protons were largely obtained from a two-dimension proton-
proton NOESY acquired in D2O, however a small number of such constraints were
obtained by acquiring a three-dimensional 13C separated NOESY with the carbon
transmitter placed on the aromatic carbon region.

A B C D

I NOE HN -HN

Local 147 167 184 184
Long 38 42 53 53

HN -HC

Intra 238 238 308 308
Local 245 247 379 379
Long 53 55 137 137

HC -HC

Intra 163 163 159 159
Local 14 14 52 52
Long 39 39 118 118

NOE:Long/residue 1.0 1.0 2.4 2.4
H-bond 0 36 43 43
φ 30 80 91 91
χ1 0 0 23 23
RDC HN 0 0 0 63

HCα 0 0 0 49

II RMSD (β) 1.3 Å 0.90 Å 0.70 Å 0.39 Å
RMSD (α & β) 7.0 Å 6.75 Å 1.40 Å 0.43 Å

Table 17.1. Constraints used in determining structure of Rho130. The constraints used at each
stage in structure determination (A through D, see Fig. 17.13) of structure determination are
given in section I of this table. The NOE constraints are divided into amide-amide (HN -HN ),
amide-aliphatic (HN -HC ), and aliphatic-aliphatic or aliphatic-aromatic or aromatic-aromatic
(HN -HC ). Each of these categories is further divided into intra-residue, local, and long-range
distances. A local distance constraint involves residues that are within four residues of each
other in the primary sequence. Long range distances involve residues that are more than four
residues from each other. The average number of long range distance constraints/residue are also
given. The number of H-bonds are also listed. The number of torsional constraints constraining
the N-Cα bond (φ) and the Cα-Cβ bond (χ1) are also listed. Finally, the number of HN and
HCα residual dipolar couplings are listed. Section II of this table gives the root-mean-squared-
difference (RMSD) between each of the four low-energy structures. The first entry is the RMSD
for alignment of the β-domain while the second entry is for aligning both domains.
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A B C D

L

Figure 17.13. Stages in the structure determination of Rho130. Each panel shows the superpo-
sition of the four lowest energy structures after final energy minimization. The β-strand domain,
which forms the lower part of the structure in this presentation, was used to define the align-
ment. Panel A shows the set of structural models generated from the initial set of constraints.
Panel B and C show improvement in the structural models by the addition of hydrogen bonds as
well as torsional angle and additional distance constraints. Panel D shows the effect of utilizing
residual dipolar couplings as additional constraints. Note that the relative alignment of the two
sub-domains is not well defined until Panel C and becomes more precise with the addition of
the RDCs.

Hydrogen bond constraints could not be utilized during stage A of structure de-
termination. Although potential hydrogen bond donors had been identified by virtue
of slow amide exchange kinetics, the identification of the acceptors required initial
models. A similar situation also existed for the use of φ torsional angle constraints.
Although most of the coupling constants had been measured for the three bond HN -
Hα coupling, only approximately one-third (30/91) were above 9 Hz and could be
used without concern of conformational averaging of the coupling constant.

Residual dipolar couplings for the H-N and H-Cα bond vectors were obtained from
samples aligned using filamentous bacteriophage. Both couplings were obtained by
measuring the oscillation of peak intensity as a function of time and then fitting the
data to a damped cosine function to determine the value of the coupling constant.
In the case of H-N coupling, pulse sequence B in Fig. 16.14 was used. The C-H
couplings were measured using a modification of the HA(CACO)NH experiment as
described by Hitchens et al [73]. These constraints were not used for refinement until
the final stage, when reasonably accurate structures became available.

The lowest energy model structures that were obtained from step A showed good
agreement within each sub-domain of the protein. The structural similarity can be
characterized by the root-mean-squared deviation RMSD. The RMSD is a measure of
the similarity of one structure to another and is defined as follows:

RMSD =
1
N

N Atoms∑
i=1

√
[(xij − xik)2 + (yij − yik)2 + (zij − zik)2] (17.24)
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where xjk represents the x-coordinate of the kth atom in molecule j and xik is the
x-coordinate of the same atom in molecule i.

The smaller the RMSD, the more similar the structures are to each other. In the
case of the sub-domains, the RMSD is about 1.3 Å (Table 17.1). However, the relative
orientation of the two domains was poorly determined, as indicated by the high RMSD
for aligning the entire protein and the obvious poor alignment of structures in Panel A
of Fig. 17.13.

The set of lowest energy structures from step A were inspected and a small number
of inter-proton distances were added after using these structures to resolve ambiguities
in the assignment of NOE crosspeaks. In addition, a total of 36 hydrogen bond accep-
tors were identified on the basis that the residues were in regular secondary structure.
Finally, most of the φ torsional constraints could be used for the next stage since it was
clear that the residues were in regular secondary structure. The refined structures from
step B are shown in Fig. 17.13. There is a significant improvement in the sub-domain
structure; the RMSD for the β region dropped from 1.3 Å to 0.9 Å. In addition, there
is a modest decrease in the RMSD for overall alignment.

The structures from step B were sufficiently well defined to allow the assignment of
a large number long-range distance constraints: 11 amide-amide, 82 amide-aliphatic,
and 79 aliphatic-aliphatic. In addition, it was possible to identify 7 more hydrogen
bonds and utilize 11 more φ torsional constraints. A number of torsional angle con-
straints, involving the Cα-Cβ (χ1) bond, could also be incorporated at this time.

The resultant structures are shown in Panel C of Fig. 17.13. The lowest energy
structures were very well defined within each sub-domain, with an RMSD of 0.7 Å.
The alignment of the overall protein was poorer showing an RMSD of 1.4 Å. However,
the overall structure was quite acceptable. The increase in the quality of the structures
in step C is due almost entirely to the increase in the number of long-range inter-proton
distances, from 1.0/residue in B to 2.4/residue in stage C.

The difficulty in determining the relative orientation of the two sub-domains is not
surprising given the fact that there are few distance constraints between the domains
and that the information from these NOE derived distances is entirely of a local nature.
The inclusion of constraints from residual dipolar coupling, as shown in D, provided
information on the independent alignment of each sub-domain with respect to the di-
rection of the applied magnetic field. A small number of such constraints are sufficient
to fix the relative orientation of each sub-domain, as shown in panel D of Fig. 17.13.

The inclusion of residual dipolar couplings also increase the precision of the local
geometry. The conformation of an inter-strand loop region of the protein, marked
with an “L” in Panel D of Fig, 17.13, is poorly defined in C because of the lack of
experimentally measured inter-proton distances in this region of the protein. However,
the inclusion of several RDCs from this region causes the structures to converge to a
common configuration. The RDCs also increase the overall precision of the structure,
reducing the RMSD to 0.42 Å.

In summary, with a sufficient number of experimental constraints, it is possible
to obtain structures of proteins in solution that rival structures obtained from high-
resolution X-ray crystallography.



Chapter 18

EXCHANGE PROCESSES

18.1 Introduction
C
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Figure 18.1. Effect of exchange on the envi-
ronment of a Spin. In this illustration the me-
thionine residue exists in two conformations.
Since the environment of the methyl group is
different in each environment, two different
resonance frequency will be observed, ωA and
ωB . In conformation A, the methyl group is
found above an aromatic ring and will expe-
rience a ring current shift. In conformation
B, the methyl group is removed from the aro-
matic ring, resulting in a change in its chemi-
cal shift. Note that the relaxation properties of
the methy group may also differ between the
two environments.

The exchange between two or more
environments can have a profound ef-
fect on the appearance of the resonance
lines of the exchanging species. Under
favorable conditions it may be possible
to obtain information on both the for-
ward and reverse rate-constants for the
exchange reaction as well as the equi-
librium population of each environment
from the changes in the NMR spectrum.

When a spin exchanges between en-
vironments its spectral properties may
change if the chemical shift or relax-
ation properties of the spin are different
in each environment. Figure 18.1 shows
how a conformational change in a pro-
tein can lead to a change in the chemical
shift of the methyl group of a methionine
residue.

Since the exchange phenomenon involves a change in the chemical environment of
a spin, leading to a chemical shift change, it is often referred to as chemical exchange.
Usually, exchange processes are studied when there are non-covalent changes in the
molecule. However, changes in the covalent structure of a molecule can also lead to
chemical exchange.

In this chapter, two general aspects of exchange will be considered. First, we will
discuss the effects of a spin sampling two distinct environments on its spectral proper-
ties. Here the goal is to measure the rate constants for exchange and/or the equilibrium
constant. In the latter part of the chapter we will extend these studies to the investiga-
tion of the kinetics and binding affinity of ligands.
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18.2 Chemical Exchange
The kinetics of the exchange reaction are defined by the following scheme:

A B
1

2

k

k

The kinetic rate constant for the conversion of A to B is k1 and the rate constant for
the reverse reaction is k2, giving an overall equilibrium constant, Keq = k1/k2. The
fraction of the system found in each conformation is:

pA =
k2

k1 + k2
=

1
1 + Keq

pB =
k1

k1 + k2
=

Keq

1 + Keq
(18.1)

To characterize the different time scales of exchange it is useful to define an appar-
ent exchange rate, kex = k1 + k2, and a frequency difference between the two states,
∆ω = ωA − ωB . Table 18.1 illustrates how the relationship between the apparent
exchange rate, kex, and the frequency separation, ∆ω, will affect the observed spec-
trum. Note that the response of the system to chemical exchange depends on the ratio
of the exchange rate to the frequency difference of the spins in each environment, i.e.
kex/∆ω.

The quantitative relationship between the measured spectral parameters and the
exchange rate will be developed in detail in the remainder of this chapter. However,
before developing these expressions it is useful to consider in qualitative fashion two
illustrative cases, fast exchange and slow exchange, to gain an understanding of the
general features of chemical exchange.

Fast Exchange (kex >> ∆ν): Under conditions of fast exchange, a single resonance
line is observed. The averaging of the chemical shift occurs because the spins do not
exist in either environment long enough to establish an associated resonance frequency
(See Fig. 18.2). Consequently, the spin precesses at a population averaged resonance

Exchange Rate α1 Observed Spectrum Experimental Technique
Very slow kex << ∆ν 0 Two Resonances Exchange Spectroscopy
Slow kex < ∆ν <1 Two Broadened Resonances Linewidth Measurements
Intermediate kex ≈ ∆ν 1 Complex Lineshape Lineshape Analysis
Fast kex > ∆ν >1 Single Broadened Resonance Spin-Echo R(τcp)
Very fast kex >> ∆ν 2 Single Resonance Spin-lock R(ωe)
1α is defined in Section 18.5.

Table 18.1. Summary of the effects of exchange on the properties of the NMR spectrum. The
left columns describe the exchange in terms of the relationship between the frequency separa-
tion (∆ν = 1

2π
(ωA − ωB)) and the apparent exchange rate constant (kex = k1 + k2). The

remaining columns describe the effect of exchange on the spectrum and the appropriate exper-
imental technique to characterize the exchange rate. A more comprehensive description of the
methodologies that can be used to measure chemical exchange can be found in [123].
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Figure 18.2. Effects of fast exchange on the environment of a spin. The upper part of the
figure follows a single spin as it precesses during fast exchange. The lower part of the figure
shows two spins, one in conformation A (black) and one in conformation B (gray), precessing in
the absence of chemical exchange. In both cases the coordinate frame is rotating at a frequency
that is midway between ωA and ωB and pA = pB . The left most part of the figure represents the
system before the excitation pulse. Following from left to right, after the 90◦ pulse and a short
period τ , the spins have precessed at a frequency that is representative of their environment. In
the case of fast exchange, the spin that was in environment A is now found in environment B.
Consequently its precessional frequency is now ωB and the spin precesses counter-clockwise
at ωB for the next τ ′ period. At the end of this period the magnetization is found along the
y-axis. Consequently no net precession has occurred and the observed resonance frequency
is 1

2
[ωA + ωB ]. In contrast, the non-exchanging spins (kex = 0) remain in their original

environment and will continue to precess in the same direction for an additional period of τ ′.
Note that τ 
= τ ′ because exchange is a random process, but the average time between exchange
events, τ̄ and τ̄ ′ will be the same if pA = pB .

frequency , ωobs, and exhibits a population averaged spin-spin relaxation rate, T avg
2 :

ωobs = pAωA + pBωB
1

T avg
2

=
pA

TA
2

+
pB

TB
2

(18.2)

where pA and pB are the populations of each environment.

Slow Exchange (kex << ∆ν): Under conditions of slow exchange, the rate of
exchange is slower than the frequency difference, in Hz, of the spin in each environ-
ment. Thus the exchange process is incapable of averaging the chemical shifts while
the spins are precessing. Consequently, two resonance lines are observed, one line
from the fraction of population of the spins that are found in conformation A and one
line from the fraction that are found in conformation B. Since the environment of a
spin determines its absorption frequency two separate resonance lines are observed,
one at ωa and one at ωb. The integrated intensity of each line is equal to the fraction
of spins in conformation A and B, respectively.

Although slow exchange has no effect on the position of the resonance lines, the
exchange process reduces the lifetime of the spin within a particular environment.
Consequently, the resonance linewidth increases by an amount that is proportional to
the rate of exchange. This line broadening can be understood by considering the ef-
fects of exchange on the magnetization as it precesses in the x-y plane after excitation
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(See Fig. 18.3). After excitation, the spins in environment A will precesses in the x-y
plane at a frequency of ωA. However, as time passes, some of these spins will change
their environment and will begin precessing at ωB . This change in environment results
in a loss of coherent magnetization of the spins in conformation A, resulting in a decay
of the transverse magnetization at a rate faster than the intrinsic spin-spin relaxation
rate.

Since the system is at equilibrium, an equal number of spins also convert from
conformation B to conformation A. This magnetization does not contribute to the
magnetization originally associated with ωA since the conversion from B to A occurs
randomly. Consequently, the phase of the magnetization coming from environment B
is incoherent with respect to the phase of the magnetization originally associated with
environment A.

The rate at which the magnetization decays during the exchange process, 1/T2A, is
given by the sum of the intrinsic spin-spin decay rate (1/T oA

2 = RoA
2 ) and the rate at

which conformation A is converted to conformation B (k1). A similar expression can
be written for the spins in environment B:

1
TA

2

=
1

T oA
2

+ k1 = RoA
2 + k1

1
TB

2

=
1

T oB
2

+ k2 = RoB
2 + k2 (18.3)
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Figure 18.3. Effect of slow exchange on the relaxation rate of transverse magnetization. The
top of the figure shows the bulk magnetization of spins in conformation ’A’, undergoing slow
exchange with conformation “B”. The lower part of the figure shows the same spins in the ab-
sence of exchange. In both cases, the coordinate system is rotating at a frequency that is midway
between ωA and ωB . The left-most section of the figure shows the bulk magnetization before
the excitation pulse. The following panels show the spin precessing clockwise at a rate ωA. The
right-most section of the figure shows the observed free induction decay for the spins at ωA. In
the top section of the figure (kex > 0) the spins leave conformation ’A’ and return from confor-
mation ’B’ a random time later. Since the precessional frequencies, ωA and ωB are different,
the phase of the returning magnetization is no longer the same as those spins that remained
in conformation A, causing randomization of the transverse magnetization. This reduces the
signal, as illustrated by the shortening of the arrow that represents the x-y magnetization. This
loss of magnetization increases the rate of decay of the transverse magnetization, shortening the
observed T2. In the absence of exchange, the transverse magnetization decays at the intrinsic
T2, as shown in the lower part of the figure.
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The increase in T2 leads to broadening of the resonance line by each rate constant:

π∆νA
1/2 =

1
T oA

2

+ k1 π∆νB
1/2 =

1
T oB

2

+ k2 (18.4)

18.3 General Theory of Chemical Exchange
The effect of exchange on the NMR lineshape can be analyzed in a number of ways.

The traditional method, attributed to H. M. McConnell [109], utilizes an analysis of the
steady-state magnetization while the measurement frequency is changed (continuous
wave spectroscopy, CW). More recent approaches include the use of Laplace trans-
forms [63], or relaxation matrix analysis [30]. Both of these latter methods determine
the time dependence of MA and MB , from which the NMR spectra can be obtained
by the usual method of Fourier transformation. Although the latter approaches are ele-
gant, the analysis via steady-state magnetization is more straightforward and provides
an simple expression for the lineshape that is suitable for direct fitting of experimental
lineshapes by least-squares methods.

The fundamental equation that describes the effect of chemical exchange on the
magnetization is given by:

dMA

dt
= −k1MA + k2MB

dMB

dt
= +k1MA − k2MB (18.5)

The amount of magnetization in environment “A” is decreased when the system ex-
changes from A to B, but is increased when conformation B returns to conformation
A.

The above time dependent changes in spin populations can be combined with chem-
ical shift precession and relaxation using an analysis based on continuous-wave spec-
troscopy. In CW spectroscopy, the sample is irradiated at a constant frequency and
the energy absorption as a function of the magnetic field strength is recorded. Un-
der the conditions of irradiation along the x-axis, the following equation defines the
time-evolution of the spins in the transverse (x-y) plane:

dM

dt
= −M [

1
T2

+ i(ωs − ω)] + iIzω1 (18.6)

where ω is the independent variable (frequency of irradiation) and ωs is the resonance
frequency of the spin. This equation is identical to that presented for the free preces-
sion of Mx + iMy , at a rate of ωs, after a radio-frequency pulse (see Chapter 1) with
the addition of the iIzω1 term. This term represents the steady-state conversion of
longitudinal (Iz) magnetization by the excitation field (ω1), applied along the x-axis.
The factor of i indicates that this field produces magnetization along the y-axis, which
is defined here to be the real, or absorption, component of the magnetization.

If Eq. 18.5 is combined with Eq. 18.6, then the following two modified Bloch
equations are obtained:



408 PROTEIN NMR SPECTROSCOPY

dMA

dt
= −MA[

1
TA

2

+ i(ωA − ω)] − k1MA + k2MB + ipAω1

dMB

dt
= −MB[

1
TB

2

+ i(ωB − ω)] + k1MA − k2MB + ipBω1 (18.7)

Note that Iz has been replaced by pA and pB , the fraction of the molecules in state A
and state B, respectively. Under steady-state conditions, dMA/dt = dMB/dt = 0,
giving:

MA[
1

TA
2

+ i(ωA − ω) + k1] − k2MB = ipAω1

MA[−k1] + MB[
1

TB
2

+ i(ωB − ω) + k2] = ipBω1 (18.8)

To simplify the manipulations, the following definitions will be used:

γA =
1

TA
2

+ k1 γB =
1

TB
2

+ k2

ΩA = ωA − ω ΩB = ωB − ω

giving,

MA[iΩA + γA] − MBk2 = ipAω1

MA[−k1] + MB [iΩB + γB ] = ipBω1 (18.9)

Solving for MA gives:

MA = iω1
pA(iΩB + γB) + pBk2

(iΩA + γA)(iΩB + γB) − k1k2
(18.10)

MB is obtained by interchanging the A and B labels and k1 and k2, giving the follow-
ing expression for the total magnetization:

MA + MB = iω1
pA(iΩB + γB + k1) + pB(iΩA + γA + k2)

(iΩA + γA)(iΩB + γB) − k1k2
(18.11)

The observed, or absorption mode spectrum, is given by the imaginary part of this
function.

Although Eq. 18.11 is suitable for use in data fitting, it is informative to simplify
this equation to obtain a qualitative understanding of the lineshape. If we assume that
the intrinsic T2 is very long (i.e. 1/T2 = 0, therefore, γA = k1, γB = k2) then:

MA + MB = iω1
pA(iΩB + k2 + k1) + pB(iΩA + k1 + k2)

(iΩA + k1)(iΩB + k2) − k1k2
(18.12)

Using the relationships, pA = k2/(k1 + k2) and pB = k1/(k1 + k2), as well as the
fact the pA = pB = 1

2 , and further assuming that the kinetic rate constants are the
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same for both the forward and reverse reactions (i.e. k1 = k2 = k) the following
result is obtained:

MA + MB = iω1

i
2ΩA + k + i

2ΩB + k

(iΩA + k)(iΩB + k) − k2
(18.13)

Expanding and collecting real and imaginary terms:

MA + MB = iω1

i
2 (ΩA + ΩB) + 2k

(−ΩAΩB) + ik(ΩA + ΩB)
(18.14)

Rationalizing the denominator by multiplying with −(ΩAΩB) − ik(ΩA + ΩB) and
keeping the imaginary term gives:

MA + MB = ω1

1
2k(ΩA − ΩB)2

(ΩAΩB)2 + k2(ΩA + ΩB)2
(18.15)

Note that:

(ΩA − ΩB) = (ωA − ω) − (ωB − ω) = ωA − ωB

(ΩA + ΩB) = (ωA − ω) + (ωB − ω) = 2(ω − ω) (18.16)

where ω = 1
2 (ωA + ωB), or the average chemical shift. The average shift can be

defined to be zero, implying ωA = −ωB . If we define ωA − ωB = ∆ω, then ωA =
+∆ω/2 and ωB = −∆ω/2.

These relationships further simplify the expression for the total lineshape, I(ω):

I(ω) ∝ 1
2
k(∆ω)2

1
(ωA − ω)2(ωB − ω)2 + 4k2ω2

(18.17)

18.3.1 Fast Exchange Limit
Under conditions of fast exchange, k >> ∆ω, the second term in the denominator

of Eq. 18.17 will dominate, giving a single resonance line at ω = 0, half-way between
ωA and ωB (ω = pAωA + pBωB , pA = pB in this example). The linewidth can be
obtained by investigating the behavior of the lineshape near ω = 0. Here, ωA − ω can
be approximated as ωA, a similar approximation can be taken for ωB .

I(ω) ∝ 1
2
k(∆ω)2

1
(ωA)2(ωB)2 + 4k2ω2

∝ 1
2
k(∆ω)2

1
(∆ω/2)2(∆ω/2)2 + 4k2ω2

∝ 1
8k

(∆ω)2
1

1
k2 (∆ω)4( 1

8 )2 + ω2
(18.18)

This gives a rate of decay equal to:

1
T2

=
(∆ω)2

8k
(18.19)
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In the general case, when k1 �= k2 the observed rate of decay of transverse magneti-
zation due to exchange is [155]:

R2 =
1
T2

= pApB(∆ω)2/kex (18.20)

This equation is equivalent to Eq. 18.19, when the two rate constants are equal.

18.3.2 Slow Exchange Limit
Under conditions of slow exchange, k << ∆ω, we anticipate the presence of

two resonance lines, one at ωA and the other at ωB , as predicted from the previous
qualitative analysis in Section 18.2. If the behavior of the general lineshape function
in the vicinity of ωA is considered, then the lineshape function reduces to:

I(ω) ∝ 1
2
k(∆ω)2

1
(ωA − ω)2(ωB − ωA)2 + 4k2ω2

A

∝ 1
2
k(∆ω)2

1
(ωA − ω)2(∆ω)2 + 4k2(∆ω/2)2

∝ 1
2
k

1
(ωA − ω)2 + k2

(18.21)

The above transformations assume that when ω ≈ ωA both (ωB − ω) and ω2 are
slowly varying functions of ω, i.e. we can approximate (ωB − ω) as (ωB − ωA), and
ω2 as ω2

A. On the other hand, (ωA − ω), is a rapidly varying function when ω ≈ ωA

and must be treated exactly.
Recall that the lineshape for a free induction decay that decays with a rate of 1

T2
is:

I(ω) ∝ 1
ω2 + [ 1

T2
]2

(18.22)

Therefore, the contribution of exchange to the decay of the transverse magnetization
is k, i.e.

R2 =
1
T2

= k (18.23)

as predicted from the earlier qualitative analysis.

18.3.3 Intermediate Time Scales
The lineshape for intermediate exchange rates is obtained by evaluation of Eq.

18.11. Numerical simulations are presented in Fig. 18.4. This simulation shows
the predicted transition from two peaks in the case of slow exchange to a single peak
under conditions of fast exchange.

Note that in the intermediate time scale, the resonance lines may be so extensively
broadened such that no peak is observed in the actual spectrum. This situation will
also hold true in a NOESY-type experiment if the dipolar coupled spins are exchanging
between environments.
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Figure 18.4 Effect of chemical ex-
change on lineshape. The lineshape
is shown over a wide range of exchange
rates. In this simulation, the population
of both states were set to 1

2
. The fre-

quency separation between ωA and ωB ,
∆ω, was set to 40 Hz. The exchange
rates vary from 1 sec−1 to 104 sec−1.
Spectrum A corresponds to very slow,
B to slow, C to intermediate, D to fast,
and E to very fast exchange rates, as de-
fined in Table 18.1.

18.4 Measurement of Chemical Exchange
18.4.1 Very Slow Exchange:kex << ∆ν

When the exchange rate is very slow, a resonance line is observed for each confor-
mation and the intensity of each line is proportional to the population of spins occupy-
ing each state. Thus the equilibrium constant for the system can be directly obtained
from the integrated line intensities:

Keq =
IB

IA
(18.24)

If the exchange rate is much less than R2, then the exchange event has little or no
effect on the observed linewidth. Consequently, the individual rate constants cannot
be obtained from an analysis of the lineshape. However, if the exchange rate is faster
than R1, it may be possible to measure the rate constants by detecting the exchange
of longitudinal magnetization between the two environments. Two-dimensional ex-
change spectroscopy is a common method of detecting chemical exchange of longitu-
dinal magnetization [79, 112]. The spin is first frequency labeled with the resonance
frequency of one environment (e.g. ωA), allowed to exchange to the other environ-
ment, and then frequency labeled with the resonance frequency of the new environ-
ment (ωB). The presence of a crosspeak at ωA and ωB shows that exchange has
occurred between the two environments and the time dependence of the intensity of
this exchange peak can be used to determine kex.

A simple homonuclear pulse sequence for the measurement of exchange is shown
in Fig. 18.5. This experiment is identical to the homonuclear NOESY experiment
that detects exchange of magnetization via dipolar coupling. A more detailed product
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operator description of this experiment is provided in Chapter 16. The density matrix
immediately after the second pulse in the sequence is given by:

ρ = Io
zAcos(ωAt1) + Io

zBcos(ωBt1) (18.25)

where Io
zA ∝ pA and Io

zB ∝ pB , representing the equilibrium magnetization. Chem-
ical shift evolution during t1 generates a non-equilibrium state between the two envi-
ronments, permitting the detection of chemical exchange.

The time domain signal will consist of four components,

S(t1, t2) = IAAcos(ωAt1)cos(ωAt2) + IBBcos(ωBt1)cos(ωBt2) +
IABcos(ωAt1)cos(ωBt2) + IBAcos(ωBt1)cos(ωAt2) (18.26)

resulting in two selfpeaks and two crosspeaks. The crosspeaks arise from chemical ex-
change. For example, the peak at (ωA, ωB), with intensity IAB , arises from spins that
were in environment ’A’ during t1, exchanged to environment ’B’ during the exchange
period, and remained in environment ’B’ during detection.

The differential equations that describe the exchange of magnetization between the
two states are:

dIzA(t)
dt

= (−R1A − k1)IzA + k2IzB (18.27)

dIzB(t)
dt

= k1IzA + (−R1B − k2)IzB (18.28)

where R1 is the spin-lattice relaxation rate of the spin in each environment.
These equations can be easily solved using Laplace transforms (see Appendix C).

Assuming that the rate of spin-lattice (R1) relaxation is the same for both environ-

Exchange Time (   )τ

A

B

t
2

t
1

x90x90 −x90

Figure 18.5. Pulse sequence to measure exchange of longitudinal magnetization. During the
t1 period the magnetization of the spins becomes labeled with the frequency appropriate for
their environment. The second pulse returns a component of the magnetization to the z-axis.
During the exchange period, τ , the spins may exchange environments and thus are detected at
the other frequency after returning to the x-y plane by the action of the third pulse. The lower
part of the figure illustrates the fate of two spins that originally existed in environment A (upper
gray box). During t1 both spins will precesses at ωA. However, within the exchange period
one spin (solid arrow) remains in environment A while the other (dotted arrow) exchanges to
environment B. The former spin will contribute to the selfpeak at (ωA, ωA) while the latter will
contribute to the crosspeak at (ωA, ωB).
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Figure 18.6. Line intensities in 2D-exchange spectroscopy. In this simulation the spin-lattice
relaxation rate is 1 sec−1, k1 is 5 sec−1, and k2 is 2.5 sec−1 (pA = 0.33, pB = 0.67). The
time dependence of the intensity of self- and crosspeaks are shown in the lower part of the
spectrum. The ’A’ and ’B’ selfpeaks are illustrated by the solid and dashed lines, respectively,
while the crosspeak intensities are drawn with a dotted line. The upper part of the figure shows
the two-dimensional spectra for t = 0 sec (spectrum A), t = 0.25 sec (B), and t = 1 sec (C).

ments, the intensity of the self- and crosspeaks at time τ are given by:

IAA(τ) = pA

[
pA + pBe−kexτ

]
e−R1τ (18.29)

IBB(τ) = pB

[
pB + pAe−kexτ

]
e−R1τ (18.30)

IBA(τ) = IBA(τ) = pApB

[
1 − e−kexτ

]
e−R1τ (18.31)

The intensity of the selfpeaks decrease at a rate that is the sum of the exchange rate
constants (kex = k1 + k2), while the crosspeaks grow at the same rate. The intensity
of both the self- and crosspeaks decrease at the rate of the spin-lattice relaxation (R1).
Therefore, to detect significant crosspeak intensity it is necessary that kex ≥ R1. Note
that the intensities of the crosspeaks are the same (pApB), regardless of the relative
populations of the two environments.

The time dependence of the self- and crosspeaks are illustrated in Fig. 18.6. This
simulation illustrates the fact that the intensities of the crosspeaks can exceed that of
selfpeaks if kex > R1.

18.4.2 Slow Exchange: kex < ∆ν

In the case of slow exchange it is possible to obtain both the equilibrium constant
as well as the rate constants for the exchange process. The equilibrium association
constant for the exchange process can be obtained from the integrated intensities of
each line, or the ratio of the forward and reverse rate constants:

Keq =
IB

IA
=

k1
k1+k2

k2
k1+k2

=
k1

k2
(18.32)
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and the individual rate constants can be obtained by measuring the increase in the
linewidth due to the exchange process:

π∆νA
1/2 =

1
TA

2

+ k1 π∆νB
1/2 =

1
TB

2

+ k2 (18.33)

Determining the rate constants from the linewidth requires knowledge of the intrin-
sic spin-lattice relaxation rate, T2. This value can be calculated from relaxation the-
ory (see Chapter 19), or estimated from spectra acquired at low temperature when
k1 and/or k2 may become insignificant. If the latter approach is used it is necessary
to take into the account for the effect of temperature on T2, as discussed in Chapter
15. Finally, if the exchange broadening is due to ligand binding, the T2 values in
the absence of exchange can simply be obtained from spectra obtained with a ligand
concentration of zero (see Section 18.6).

18.4.3 Slow to Intermediate Exchange: kex ≈ ∆ν

When the exchange rate is of the same order as the frequency difference between
the two environments it is necessary to calculate the lineshape explicitly using Eq.
18.11 and extract the exchange parameters from the spectra via data fitting.

18.4.4 Fast Exchange: kex > ∆ν

18.4.4.1 Lineshape Analysis
Under conditions of fast exchange a single resonance line is observed at a frequency

that is given by the weighted average of the chemical shifts of the two individual
environments:

ω = pAωA + pBωB (18.34)

The observed spin-spin relaxation rate, Robs
2 (= 1/Tobs

2 ) is given by:

Robs
2 = Ro

2 +
pApB(∆ω)2

kex
(18.35)

where Ro
2 is the spin-spin relaxation rate in the absence of exchange.

It is difficult to obtain any information regarding the kinetic rate processes by analy-
sis of the lineshape since ∆ω, pA, and pB , are usually unknown. If ωA and ωB are
known, which is often the case in ligand binding experiments, the population of each
state can be deduced from the position of the line.

18.4.4.2 Measuring kex: Relaxation Dispersion Experiments
Under conditions of fast exchange the apparent exchange rate constant, kex, can be

obtained from relaxation dispersion experiments, or the change in the relaxation rate
due to a change in the magnetic field strength. In a relaxation dispersion experiment,
the spins are subject to a transverse magnetic field, ωT of varying strength while in
the transverse (x-y) plane. The observed spin-spin relaxation rate depends on both
the chemical exchange rate and the strength of the applied field. Because of this de-
pendence it is possible to determine kex without relying on any other information.
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In practice, the spin-spin relaxation rate, R2, is measured at a number of different
transverse field strengths and the exchange rate is obtained by fitting the measured
dispersion curve, R2(ωT ), to theoretical models.

Two methods are employed to generate magnetic fields of different strengths for
dispersion experiments. The first employs a series of 180◦ pulses, spaced τcp apart, as
illustrated in Fig. 18.7. The initial implementation of this sequence by Carr and Pur-
cell utilized the same phase for the 90◦ excitation and 180◦ refocusing pulses [27]. A
later modification by Meiboom and Gill reduced the effects of imperfect 180◦ pulses
by phase shifting the excitation pulse with respect to the 180◦ pulses [111]. In recog-
nition of the individuals who developed this method, the sequence is usually referred
to as a CPMG sequence. This pulse train refocuses the effects of magnetic field in-
homogeneities on the decay of transverse magnetization and is therefore useful for
measuring T2. The 180◦ pulses in the CPMG sequence generate a spin-echo at a point
half-way between each pulse. The amplitude of this echo decays according to the
spin-spin relaxation rate, as illustrated in Fig. 18.7.

In the absence of exchange the τ − 180o − τ sequence will refocus any precession
due to chemical shift evolution or magnetic field inhomogeneities since the preces-
sional frequency for any given spin is constant over the duration of the experiment.
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Figure 18.7. The generation of a spin-echo by a train of CPMG pulses. The top section shows
the evolution of the transverse magnetization during the CPMG sequence. In this example
the transverse magnetization dephases rapidly due to an inhomogeneous magnetic field. This
dephasing is reversible and is refocused by a 180◦ pulse. The left-most section shows the
magnetization immediately after the 90◦ pulse. During the first time period, τ , spins A and B
precess at different rates due to differences in the the local magnetic field. In this example spin
B precesses faster than spin A in the rotating frame. The 180◦ pulse rotates each spin about the
x-axis. Spin A, which was lagging behind spin B, is placed ahead of spin B by the 180◦ pulse.
In the next time period, the spins precess in the same direction as before, and at the same rate.
After a period τ all of the spins will refocus to the x-axis because spins with slower precessional
rates do not have to precess as far as those with higher rates. The effect of a train of such pulses,
is shown in the lower part of the figure. A series of 180◦ pulses, spaced τcp apart, will generate
a series of echos spaced τcp apart. The amplitude of which will decay according to the intrinsic
spin-spin relaxation rate, R2, as indicated by the dotted line. If chemical exchange occurs the
decay rate will increase and may depend on τcp, depending on the size of kex.
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However, in the case of exchange, the precessional frequency no longer is constant.
Consequently, the height of the spin-echo will decrease with a rate equal to the sum of
the spin-spin relaxation rate and the rate of exchange: R2 = Ro

2 + Rex.
The second method of measuring relaxation dispersion is to apply a continuous B1

field while the spins are transverse. Since this RF-field forces the magnetization to
remain aligned with B1, this method is referred to as spin-locking. This measurement
of relaxation is referred to as T1 relaxation in the rotating frame, or T1ρ. In practice,
T1ρ is measured at different field strengths by simply changing the strength of the
B1 field: ωT = ω1 = γB1. Larger spin-locking fields can be obtained using off-
resonance B1 fields.

Both CPMG methods and T1ρ techniques reduce the contribution of chemical ex-
change to the observed transverse relaxation rate. The degree of attenuation depends
on the relationship between the rate of exchange and the applied field strength. A
qualitative description of the effect of the transverse field strength on the contribution
of chemical exchange to dephasing of the transverse magnetization is illustrated in
Fig. 18.8. This figure shows the effect of increasing the transverse field strength at
a fixed value of kex. In the case of CPMG methods the field strength is defined by
the rate of 180◦ pulses, i.e. the more closely spaced pulses the higher the field. If the
pulses are applied without any inter-pulse delay then a continuous B1 is generated,
which is equivalent to a spin-locking field. Thus field strengths during spin-locking
are generally higher than the fields used in CPMG methods.

18.4.4.3 Quantitative Description of the CPMG Experiment
The evolution of the density matrix during the CPMG experiment has been ana-

lyzed using classical methods. The analysis considers free precession of the magneti-
zation during the τcp between 180◦ pulse followed by a rotation about the x-axis of
180◦ by each pulse. The observed relaxation rate [47, 28] is given in Eq. 18.36.

R2 =
1
2

[R2A + R2B + k1 + k2] − 1
τcp

lnλ+

λ+ = ln
[
(D+cosh2ξ − D−cos2η)1/2 + (D+sinh2ξ − D−sin2η)1/2

]
= (1/2)cosh−1 [D+cosh2ξ − D−cos2η]

(18.36)

where,

D± =
1
2

[
±1 +

ψ + 2(∆ω)2√
ψ2 + ζ2

]
ξ =

τcp√
8

[
+ψ +

√
ψ2 + ζ2

]1/2

η =
τcp√

8

[
−ψ +

√
ψ2 + ζ2

]1/2

ζ = 2∆ω(R2A − R2B + k1 − k2)

ψ = (R2A − R2B + k1 − k2)2 − (∆ω)2 + 4k1k2

Eq. 18.36 is valid for all exchange rates. Due to the complexity of the full expres-
sion it is helpful to gain an understanding of the response of the system by considering
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Figure 18.8. Measurement of exchange with CPMG or spin-lock methods. Panels A and B
illustrate CPMG experiments while Panel C shows a spin-lock experiment. The evolution of
one spin, as it exchanges between two environments, is shown by the black (environment A) or
gray (environment B) arrow. In environment A the spin precesses clockwise in the x-y plane
and while in environment B (gray arrow) the spin precesses counter-clockwise. The rate of
spin-spin relaxation is assumed to be zero in both environments.
Panel A: The central portion of this panel shows the applied CPMG sequence. The upper part
of the figure shows the evolution of a spin that does not undergo chemical exchange (kex = 0).
The y-component of the magnetization is plotted along with the trajectory of the spin in the x-y
plane. The magnetization that is precessing in the x-y plane is refocused by the first 180◦ pulse
to give a maximum signal at τcp. In the presence of exchange (kex > 0), the spin begins in
environment A and exchanges to B prior to the first 180◦ pulse. The change in precessional
frequency interferes with the refocusing effect, causing an attenuation of the signal.
Panel B: The closer spacing of the 180◦ pulses makes it more likely that a spin will exist in
a single environment during any τcp period, thus the refocusing is more effective at reducing
attenuation of the signal due to exchange.
Panel C: A continuous on-resonance B1 field along the y-axis is applied to the spins. In the
rotating frame the field along the z-axis disappears, leaving only the B1 field. The spins remain
aligned, or locked, along B1 in analogy to the alignment along Bo in the laboratory frame.
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the simpler limiting case of fast exchange, which was derived by Luz and Meiboom
[101] and by Allerhand and Thiele [4]:

R2 =
RA

2 + RB
2

2
+

pApB(∆ω)2

kex

[
1 − 2

kexτcp
tanh

kexτcp

2

]
(18.37)

This simplification is remarkably robust in predicting the effect of exchange for ex-
perimentally accessible values of τcp (see Fig. 18.9).

The first part of the fast-exchange formula is just the averaged spin-spin relaxation
rate that would be observed in the presence of very fast exchange. The second term
gives the increase in the relaxation rate that is due to chemical exchange. When the
exchange is very fast, kex >> τcp, the observed increase in the relaxation rate is
equal to that found for free precession in the presence of fast exchange (Eq. 18.20):
pApB(∆ω)2/kex. In contrast, when the rate of the 180◦ pulses becomes much faster
than the exchange rate, the effect of chemical exchange on the linewidth disappears
completely because:

limτCP →0

[
1 − 2

kexτcp
tanh(

kexτcp

2
)
]

= 0

(limx→0
1
x

tanh(x) = 1)
(18.38)

A more complete description of the relationship between the CPMG pulse delay,
the rate of chemical exchange, and the observed relaxation rate is shown in Fig. 18.9.
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Figure 18.9.
CPMG pulses. The relaxation rate, Ro

2, in the absence of exchange, is 10 sec−1. This corre-
sponds to the intersection of the x-axis with the y-axis. The frequency separation between the
two states, ∆ω/2π was 100 Hz and equal populations of both states were assumed (pA = pB).
The solid line shows the relaxation rate calculated with the complete formula (Eq. 18.36), while
the dotted line shows the result from the fast-exchange approximation, Eq. 18.37. The sum of
the exchange rates (kex = k1 + k2), from left to right, are 500 sec−1, 1000 sec−1, 2500 sec−1,
and 5000 sec−1. The shaded area corresponds to τcp values (10 msec, left side; 1 msec, right
side) that are experimentally accessible for proteins in the 20 − 40 kDa range. Note that the
fast-exchange approximation offers a good estimation for the relaxation dispersion within the
range of typical values of τcp.

The dependence of the observed spin-spin relaxation rate on the frequency of
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In general, as the exchange rate increases, the dispersion, or change in R2 versus τcp

decreases. In the case of a relatively slow exchange rate, kex = 500 sec−1, the R2

due to exchange is large for long τcp values and is almost completely attenuated as
τcp is decreased. In contrast, when the exchange rate is much faster than ∆ω (kex =
5000 sec−1, right panel) there is very little effect of τcp on the observed R2. For very
fast exchange, e.g. kex = 100 × ∆ω there is no dispersion and it is not possible to
obtain information on the exchange rate with CPMG techniques.

The range of experimentally feasible τcp times is reduced by limitations on the
pulse rate that can be generated by the instrument and by the intrinsic relaxation prop-
erties of the sample. Although the τcp times shown in Fig. 18.9 range from 31 msec to
0.5 msec, intervals much longer than 10 msec cannot be used with moderately sized
proteins because of the relatively rapid spin-spin relaxation rate causes the transverse
magnetization to decay before a single cycle of the CPMG sequence can be applied.
Longer τcp values, that would extend the shaded area in Fig. 18.9 to the left, can
be obtained for smaller proteins because of their long spin-spin relaxation rates (see
[114]).

Values of τcp much shorter than 1 msec can cause sample heating problems. Fur-
thermore, the analytical expressions shown above do not take into account finite pulse
widths, thus the effect of τcp intervals that are of the same order as the 180◦ pulse
lengths are not well represented by existing theories.

18.4.5 Measurement of Exchange Using CPMG Methods
With the advent of widespread isotopic labeling, most exchange measurements are

performed on 15N or 13C labeled samples using two-dimensional HMQC-like pulse
sequences. The exchange properties of the heteronuclear spin are investigated and
the attached proton is simply used to increase the polarization of the signal and the
resolution of the spectrum.

Two widely used pulse sequences for the measurement relaxation dispersion are
shown in Fig. 18.10. These sequences transfer polarization from the proton to the
nitrogen (segment labeled “Polarization Transfer” in Fig. 18.10), and the nitrogen
magnetization becomes transverse at the beginning of the application of the CPMG
pulses. After the CMPG period, the magnetization is frequency labeled with the nitro-
gen frequency (segment labeled “ωN ” in Fig. 18.10) and then returned to the proton
magnetization for detection using sensitivity enhancement (segments labeled “Sen.
Enh.” and “Coh. Sel.”, in Fig. 18.10).

To measure the relaxation dispersion, a series of time points at different values of
T are collected and the spin-spin relaxation rate, R2 is obtained by fitting the data to a
simple exponential decay,

I(T ) = Ioe
−R2T (18.39)

R2 values are measured for a number of τ values (τcp = 2τ ) to produce the dispersion
curve, i.e. R2 as a function of τcp.

A key problem with the use of heteronuclear sequences to monitor exchange is the
presence of several different states of the magnetization while the spins are transverse.
For example, the transverse magnetization associated with a nitrogen spin, Ny evolves
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Figure 18.10. Two-dimensional nitrogen-proton correlated pulse sequences for the measure-
ment of CPMG relaxation dispersion, R2(τcp) These sequences are described in [114]. Se-
quence A can be used with any value of τ while in sequence B τ is restricted to a multiple
of 1/(2J) (e.g. 5.4 msec, 10.8 msec, etc.). In both cases τcp = 2τ . The total relaxation time,
T, can be multiples of 8τ for sequence A and multiples of 4τ for sequence B. The initial in-
tensity, I(T = 0) is obtained by omitting the sequence in brackets. Both sequences begin by
removing any nitrogen magnetization with a 90◦ nitrogen pulse, followed by a gradient pulse
(G1). This is followed by a polarization transfer period which is a single INEPT in (A) and
refocused INEPT in (B). The CPMG segment, τ − 180o − τ , is repeated an even number of
times. In the case of sequence A, the U-element is placed in the middle of the CPMG sequence
to average the Nx and NyIz relaxation rates. Following the CPMG period, the magnetization
is delivered to the ωN segment for frequency labeling. This is followed by a sensitivity en-
hanced refocusing period that returns the magnetization to the amide proton. The last segment
of the sequence, δ − 180o

H − δ, containing gradient G7, selects the desired coherence level.
Narrow bars represent 90◦ pulses and wide bars represent 180◦ pulses. The delay ∆ is set to
1/(2JNH) = 2.7 msec, δ = 384 µsec. Pulse phases are: φ1 = x,−x, φ2 = 4(x)4(−x),
φ3 = x, x, y, y,−x,−x,−y,−y, φ4 = x,−x, receiver= x, -x, -x, x. Gradients are typically
applied as sine-shaped, with lengths of 1.0, 0.4, 2, 0.5, 1.8, 0.6, and 0.184 msec. Gradient
strengths are G1xyz = 8, G2xyz = 6, G3z = 15, G4xyz = 7, G5xyz = 24, G6z = 21,
G7xyz = 24 G/cm. Selection of N- and P-coherences is accomplished with gradients G5 and
G7. For each value of t1, spectra are acquired with the above pulse phases and gradients. A
second FID is then acquired with the amplitude of G5 and phase φ4 inverted. The spectra are
processed as described in Section 12.4. Note that the ratio of the length of G5 to G7 = γH/γN .
Gradient pairs G2 and G6 serve to remove pulse imperfections of the 180◦ pulses. Gradient G3
is a zz-filter, retaining magnetization in the NzIz state.
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due to proton-nitrogen J-coupling to give NxIz ,

Ny → Nysin(πJT ) − NxIzcos(πJT ) (18.40)

The spin-spin relaxation rates for Ny and NxIz are not equal, thus the observed R2

rates depend on the fraction of the time the spin is in the Ny state and the fraction
of the time in the NxIz state. Therefore the observed relaxation rate will depend
on the length of the CPMG pulse train, T. This leads to an oscillatory variation of
the magnetization during the measurement of R2, making it difficult to fit the data
to a single exponential. Consequently, it is necessary to insure that these different
relaxation rates are averaged during the measure of T2.

In the case of sequence A in Fig. 18.10, the pulse element labeled ’U’, interchanges
the Ny and NxIz states, averaging the relaxation properties over the entire CPMG
sequence. In the case of sequence B, the τ time is chosen to be a multiple of 1/(2J),
e.g. τ = m/(2JNH), therefore over the interval τ − 180◦ − τ , the magnetization is
completely refocused and the spin has spent an equal amount of time in both states.
Note that the construction of sequence ’A’ limits the values of T to multiples of 8τ
while the sequence ’B’ limits the values of T to multiples of 4τ . Therefore, sequence B
should be used to measure R2 for long τcp times since more values of T can be obtained
for any given value of τ , allowing a more reliable determination of the relaxation rate.

18.4.5.1 Measurement of kex with T1ρ Spin-Lock Methods

ω1

ωe

θδω

y

z

x
Figure 18.11. The magnetic fields present dur-
ing a T1ρ measurement. ω1 is the strength of
the B1 field, applied along the y-axis. ∆ω is the
remaining static field along the z-axis and is the
difference between the resonance frequency of
a spin (ωo) and the frequency of the applied B1

field (ω). ωe is the effective field strength. The
angle between the z-axis and the effective field
is θ = tan−1(ω1/δω). θ is 90◦ when the B1

field is on-resonance, and approaches zero as ω
becomes more distant from ωo. δω is the fre-
quency separation between the resonance fre-

M(t) = B1cos(ωt)

=
ω1

γ
cos(ωt) (18.41)

If the strength of this field is larger than
the frequency difference between the
two environments, ∆ω, the spins will
remain aligned, or locked, in the direc-
tion of the effective magnetic field in
the rotating frame.

The fields present in the rotating frame are shown in Fig. 18.11. As dis-
cussed in Section 1.3.2.1, the change in coordinate frame causes the generation of a

The CPMG methods discussed
above are effective for measuring ex-
change rates on the order of 5 to 50
times ∆ω. As shown in Fig. 18.9,

(τcp) becomes independent of τcp

for fast exchange rates, making it dif-
ficult to obtain kex from the dispersion

R2. Higher effective pulse rates can
be obtained by replacing the CPMG se-
quence with a continuous B1 field os-
cillating at frequency ω:

of

quency and the transmitter frequency.

R2
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fictitious field that opposes the static Bo field. If the precessional frequency of a spin
equals that of the B1 field, then the effective field felt by the spin is just B1, along the
direction of the applied RF-field. If the precessional frequency of the spin differs from
the frequency of the B1 field then a z-component of the magnetic field remains be-
cause the fictitious field no longer cancels the static field at the nucleus. The effective
magnetic field strength, in frequency units (ω = γB), is just the vector sum of the two
fields.

Chemical exchange between the two environments causes relaxation of the trans-
verse magnetization due to the rapid fluctuations in the local magnetic field at the
nucleus. Since the relaxation occurs while the magnetization is aligned with the lock-
ing field, which is stationary in the rotating frame, the relaxation time is referred to as
T1ρ, in analogy to spin-lattice relaxation that occurs while the spins are aligned along
the static Bo field.

The exchange rate, kex, is obtained from the dispersion of R1ρ versus B1 in a
manner analogous to varying τcp in CPMG experiments. The strength of the B1 field
is varied by either increasing the applied RF-power (on-resonance methods) or by
moving the frequency away from the resonance frequency of the spin (off-resonance
methods). In the off-resonance case the effective spin-locking field, ωe, is given as the
vector sum of both the spin-lock field (ω1) and the field generated by the resonance
off-set, (δω = ω − ωo),

ωe =
√

ω2
1 + δω2 (18.42)

consequently, much larger spin locking fields can be generated by off-resonance tech-
niques.

The relaxation rate in the rotating frame due to chemical exchange, R1ρ (= 1/T1ρ)
has been derived by Deverell et al [51] for the specific case of pA = pB and more re-
cently for the general case by Davis et al [47]. Under the assumption of fast exchange:

R1ρ = R1cos
2θ + R2sin

2θ + pApB(∆ω2)
kex

k2
ex + ω2

e

sin2θ (18.43)

where R1 and R2 represent the average spin-lattice and spin-spin relaxation rates of
the two states. The angle between the effective magnetic field and the z-axis, θ, is
given by:

θ = tan−1 ω1

δω
(18.44)

where δω refers to the frequency difference between the B1 field and the resonance
frequency of the spin.

If the spin-lock is on resonance (δω = 0) then the above simplifies to:

R1ρ = R2 + pApB(∆ω2)
kex

k2
ex + ω2

1

(18.45)

The largest change in the dispersion curve will occur when kex ≈ ωe. The relation-
ship between R1ρ, kex, and the intensity of the field in the rotation frame is illustrated
in Fig. 18.12 for typical values of ω1 (on-resonance), and for ωe (off-resonance). In the
case of on-resonance methods, the experimentally available field strengths allow char-
acterization of kex rates on the order of 103 sec−1 (see Fig. 18.12), which is slightly
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Figure 18.12. Measurement of exchange with T1ρ. The observed relaxation rate (T1ρ) is
shown for on-resonance (A) and off-resonance (B) spin-locking fields. In the case of on-
resonance spin-locking, the field strength corresponds to the field strength of the applied B1

field, in Hz (ν1 = γB1/2π). In the case of the off-resonance experiment, the effective field
strength is given: νe =

√
∆ν2 + ν2

1 , ν1 = 2000 Hz. The spin-lattice (R1) and spin-spin (R2)
relaxation rates were 1 sec−1 and 10 sec−1, respectively. In both panels, the solid line gives the
expected response in the absence of exchange. Simulations with increased exchange rates are
drawn with increased dash length. For example. in panel A, the dotted line, short dashed, and
long dashed curves correspond to kex = 2500, 5000, and 50000 sec−1, respectively. In panel
B, the exchange rates correspond to 5000 and 50000 sec−1. Note that the two slower exchange
rates in panel A correspond to the two fastest exchange rates used to illustrate measurements
with CPMG methods (Fig. 18.9), illustrating the fact that spin-lock methods are more sensitive
to faster motions.

faster than CPMG methods. At very high exchange rates, kex >> ω1, R1ρ becomes
independent of ω1, thus making it impossible to obtain kex from the essentially flat
dispersion curve. In contrast, much higher field strengths can be obtained with off-
resonance methods, allowing the characterization of exchange rates from 103 sec−1 to
104 sec−1, as illustrated in Fig. 18.12.

18.4.5.2 Measurement of R1ρ

There are a number of published sequences that can be used to measure R1ρ [123,
178]. The sequence by Zinn-Justin et al [178] is shown in Fig. 18.13. The sequence
begins with a refocused INEPT 1 sequence that transfers the proton polarization to the
Nx state just prior to the 90◦ nitrogen pulse with phase φ3. The 90◦ nitrogen pulse

1Formally, an INEPT sequence transfers in-phase (e.g. Ix) magnetization from an sensitive spin (e.g.
protons) to anti-phase magnetization (2IySz) of an insensitive spin, such as nitrogen. A refocused INEPT
transfers in-phase magnetization from the sensitive spin to in-phase magnetization of the insensitive spin,
i.e. Ix → Sx, and vice-versa.



424 PROTEIN NMR SPECTROSCOPY

Figure 18.13. Pulse sequence for the measurement of R1ρ. This sequence is described in more
detail in [178]. A typical spin-lock field is 1800 Hz applied for a period (T) of 10, 20, 30,
50, 70, 100, 150, and 200 msec with typical resonance offsets of 0, -300, -600, -1000, -1400,
-2000, -3000, -4000, and -8000 Hz from the center of the nitrogen spectrum. Typical spectral
widths are 2 kHz and 10 kHz in the nitrogen and proton dimension, acquired with 128 and 512
complex points in t1 and t2, respectively [117]. The wide and narrow bars represent high-power
90◦ and 180◦ pulses, respectively. The two adiabatic pulses, labeled AP, are applied for 3 msec.
Zinn-Justin et al [178] used amplitude modulated pulsed that are trapezoidal in shape. Mulder
et al [117] describes adiabatic pulses that are both phase and amplitude modulated, which are
more difficult to implement but give somewhat better alignment of the spins along the effective
field. The 15N frequency is shifted to the off-resonance position just before the application of
the first adiabatic pulse and returned to the middle of the 15N spectrum after the second. The
delay ∆ is set to 1/(2JNH ). The phase cycle is φ1 = 2(y), 2(-y); φ2 = x, -x; φ3 = 2(y,-y,-y,y),
2(-y,y,y,-y); φ4 = 8(x), 8(-x), 8(y), 8(-y); φ5 = x, -x; φ6 = 4(x), 4(-x); φ7 = 2(y), 2(-y). The
receiver phase is (x,-x,-x,x), 2(-x,x,x,-x), (x,-x,-x,x). Quadrature detection if the 15N dimension
is obtained using the States method applied to φ5. Gradient G1 is a zz-filter, retaining IzNz ,
G2 is a z-filter, retaining Nz , gradients G3 are for water suppression using WATERGATE (see
Section 15.2.2.4). Gradient strengths are 3.5, 4.5, and 12.5 G/cm, respectively.

(φ3) returns the pure nitrogen magnetization to the z-axis, aligned along the static
magnetic field at point a in the sequence. The magnetization is then aligned along the
effective field by the application of an adiabatic pulse2. This sequence uses a simple
adiabatic pulse for alignment of the spins, a more complicated adiabatic pulse is dis-
cussed by Mulder et al [117]. In the sequence discussed here the adiabatic pulse is
simply a ramp in the B1 field over a period of 3 msec. Initially, the effective mag-
netization is along the z-axis (Bo). As the B1 field increases the effective field tips
towards the y-axis. If the rate of B1 increase is slow enough, the magnetization will
remain aligned along the effective field at all times. At the end of the adiabatic pulse,
the magnetization is aligned along the direction of the applied off-resonance spin lock
field. The spin-lock field is applied for a variable time T , and at the end of the spin
lock period the magnetization is returned to the z-axis by another adiabatic pulse. In

2In theory, an adiabatic pulse changes the direction of the magnetization without loss or gain of energy
by the spins. Here, we refer to adiabatic pulses loosely, i.e. any pulse that modifies the direction of the
magnetization by causing the spins to follow the effective field in the rotating frame.
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this case the B1 field is slowly returned to zero, and the the magnetization follows the
effective field back to the z-axis. The remainder of the pulse sequence consists of a
frequency labeling period (ωN ), and a refocused INEPT period to return the magne-
tization back to the amide proton. The last 180◦ proton pulse has been replaced by a
3-9-19 WATERGATE sequence for water suppression (see Section 15.2.2.4).

A series of two dimensional spectra are acquired with different resonance offsets
and a fixed value of ω1, the strength of the B1 field. For each offset value the decay
of the magnetization during the spin-lock period is obtained by systematically varying
the spin-lock time (T) and fitting the peak intensities to the following equation:

I(t) = Ioe
−R1ρT (18.46)

Determination of the exchange rate, kex, requires fitting of the dispersion data to
the following equation:

R1ρ = R1cos
2θ + R2sin

2θ + pApB(∆ω2)
kex

k2
ex + ω2

e

sin2θ (18.47)

Note that the separate populations, pA and pB , or the frequency separation, ∆ω, can-
not be obtained from this data fitting since the product of all three of these terms occurs
in Eq. 18.47.

As indicated in Eq. 18.47, R1ρ depends on θ, R1, R2, pApB∆ω2, kex, and ωe.
Of these, θ, and ωe can be calculated directly since the frequency difference, δω,
between the transmitter and the resonance line is known. The remaining parameters
are unknown. Since R1 is not affected by exchange, it can be measured independently
using the techniques discussed in Chapter 19. Therefore, the remaining parameters
that have to be obtained by data fitting are: kex, pApB∆ω2, and R2.

Instead of determining R1 directly, the T1ρ experiment can be modified to measure
R1 concurrently with the measurement of R1ρ, as described by Palmer and co-workers
[3]. In this case, the fitted parameters become:(R1-R2), kex, and pApB∆ω2.

18.5 Distinguishing Fast from Slow Exchange
The use of Eq. 18.37, to analyze CPMG data, or Eq. 18.43 to analyze T1ρ data,

assumes that the exchange is fast, i.e. kex > ∆ω. Often, the time scale for exchange
can be easily deduced from the NMR spectrum. If two separate resonance lines are
observed for a single spin, then the system is clearly in slow exchange. However, the
converse is not necessarily true, namely the presence of a single resonance line does
not prove that the system is in fast exchange. It is possible that the system is in slow
exchange, but one resonance line is of such low intensity (e.g. pA << pB) that only
one is readily visible in the spectrum. Alternatively, the second resonance line is not
resolved in the spectrum. Therefore, before CPMG and T1ρ measurements are used
to characterize the exchange processes it is important to verify the presence of fast
exchange.

18.5.1 Effect of Temperature
Observing the effect of temperature on the spectrum is the simplest method of de-

termining the time scale of chemical exchange. Exchange rates will increase with
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temperature, with the rate of increase dependent on the activation enthalpy, ∆H†, for
exchange:

kex ∝ e−∆H†/RT (18.48)

In the case of slow exchange, resonance lines will broaden as the temperature is in-
creased, therefore line broadening at elevated temperatures implies that the system
is transitioning from slow exchange at low temperature to intermediate exchange at
higher temperatures.

Unfortunately, line narrowing at higher temperature does not necessarily imply that
the time scale is transitioning from intermediate to fast exchange. Line-narrowing oc-
curs at higher temperatures regardless of chemical exchange because the rotational
correlation time of the protein decreases with temperature, which also causes line
narrowing. Unless the activation enthalpy for exchange is much larger than the tem-
perature dependence of the rotational correlation time, it may be difficult to verify the
existence of fast exchange from the temperature dependence of the linewidth.

18.5.2 Magnetic Field Dependence
Fast exchange can be distinguished from slow exchange by varying the magnetic

field strength. When the exchange is very slow the resonance line will be broadened
by the exchange rate constant, k1,

∆ν =
1

πT2
+ k1 (18.49)

where T2 is the spin-lattice relaxation time in the absence of exchange. The increase
in linewidth due to exchange is clearly independent of the magnetic field strength.

Conversely, when the exchange is very fast, the observed linewidth is:

∆ν =
1

πT2
+

1
π

pApB(∆ω)2

kex
(18.50)

The increase in linewidth due to exchange depends on the square of the magnetic field
strength, due to the ∆ω2 term.

Palmer and co-workers [114] have defined a dimensionless parameter, α, to char-
acterize the time scale of chemical exchange.

α =
dlnRex

dln∆ω
(18.51)

where Rex is the contribution of exchange to the overall spin-spin relaxation rate:
R2=Ro

2+Rex.
An analytical expression for α can be easily obtained from an approximate expres-

sion for Rex that is valid over all time scales, provided pA >> pB [155]:

Rex =
pApBkex

1 + (kex/∆ω)2
(18.52)
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gives3 the following for α:

α =
2/(kex/∆ω)2

1 + (kex/∆ω)2
(18.53)

Therefore α varies from 0 for very slow exchange to 2 for very fast exchange. Inter-
mediate exchange, where kex ≈ ∆ω is characterized by an α value of 1.

Experimentally, α is obtained by measuring Rex at two different static field
strengths, Bo1 and Bo2 and approximating α as: 4

α ≈
[
Bo2 + Bo1

Bo2 − Bo1

] [
Rex2 − Rex1

Rex2 + Rex1

]
(18.54)

An α value of zero (Rex2−Rex1 = 0) indicates that the exchange is not dependent on
the magnetic field and is therefore slow.

18.6 Ligand Binding Kinetics
The binding of a ligand, L, to a protein, P, generally causes a change in the environ-

ment of the nuclear spins on either the protein, the ligand, or both. Since a change in
environment usually results in a change in chemical shift, ligand binding is equivalent
to chemical exchange between two environments. In this case the two states corre-
spond to the bound (PL) or free protein (P). The reaction for ligand binding to a single
site is:

k on

k off
P  +  L               PL

The equilibrium binding constant for this reaction is given by:

Keq =
kon

koff
(18.55)

where kon is the second order rate constant for the binding of the ligand to the protein,
and koff represents the rate at which the ligand leaves the protein.

The kinetic rate equation in this situation is:

d[P ]
dt

= −kon[L][P ] + koff [PL]

d[PL]
dt

= +kon[L][P ] − koff [PL] (18.56)

Note that the only difference between these equations and those given for general
exchange in Eq. 18.11 is that the forward rate constant k1, now becomes kon[L].
Therefore, any of the previous described techniques can be applied to the study of
ligand binding kinetics.

There are two key differences between general exchange and ligand binding:

3Recall dlnu
dx

= 1
u

du
dx

, therefore dlnR
dln∆ω

= dR
R

∆ω
d∆ω

.
4α = dR

R
∆ω
d∆ω

= dR
R

Bo
dBo

.
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Figure 18.14. Effects of Ligand Binding on NMR Lineshapes. This figure illustrates the effect
of slow (A), intermediate (B), or fast (C) exchange on the spectrum of a resonance whose
frequency is changed as a result of ligand binding. All three panels correspond to an equilibrium
binding constant, Keq = kon/koff , of 104 M−1 but differ in the on- and off-rates. The on-
rates were 105 M−1sec−1 (A),107 M−1sec−1 (B), and 109 M−1sec−1(C). The free and bound
resonance positions are separated by 80 Hz (νA = −40 Hz, νB = +40 Hz). Spectra were
simulated with ligand concentrations of 0, 10 µM, 30 µM, 100 µM, 300 µM, 1 mM, and 10 mM,
increasing from front to back. These concentrations give the following fractions of liganded
protein (pB): 0.00, 0.09, 0.23, 0.50, 0.75, 0.91, and 0.99, respectively.

1 The forward rate, k1, can be conveniently changed by the ligand concentration,
since k1 = kon[L]. Thus the time scale of exchange can be controlled, to some
extent, by the varying the ligand concentration.

2 The chemical shifts of the unliganded and fully liganded states can be measured
by acquiring spectra in the absence and presence of ligand. Consequently it is
possible to obtain ∆ω, and in some cases a direct measurement of the equilibrium
constant by acquiring a series of spectra at different ligand concentrations.

Figure 18.14 shows the effect of chemical exchange of the observed spectra. Three
different scenarios are shown, slow (A), intermediate (B), and fast (C) exchange. Ap-
proaches to obtain the kinetic rate constants for each of these time scales are briefly
discussed below.

18.6.1 Slow Exchange
In the case of slow exchange the resonance for the unliganded state simply disap-

pears and a resonance line at the position of the liganded state appears. At any given
ligand concentration the fraction of protein with bound ligand can be calculated from
the integrated intensities of the two lines:

pB =
IB

IA + IB
(18.57)

The dependence of pB on the free ligand concentration follows the ligand binding
equation:

pB =
Keq[L]
1 + Keq

(18.58)
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Keq can be obtained by direct fitting of this function. Alternatively, it can be linearized
with a Scatchard plot,

pB

[L]
= Keq − pBKeq (18.59)

If the binding is non-cooperative and to a single site, then the slope of this line is
−Keq.

The individual rate constants can be obtained by direct measurement of the
linewidth at low ligand concentrations. At low ligand concentrations the lifetime of the
unliganded state is shortened when the protein binds a ligand, therefore the observed
spin-spin relaxation rate becomes:

RA
2 = RoA

2 + kon[L] (18.60)

The relaxation rate, RoA
2 in the absence of exchange is known, therefore a plot of RA

2

versus the free ligand concentration will have a slope of kon.

18.6.2 Intermediate Exchange
In the intermediate exchange time regime the resonance line becomes very broad

as ligand is added and slowly migrates from the unliganded position towards the po-
sition of the fully liganded protein. Under some conditions, the line can disappear
completely during the titration, making it difficult to identify the resonance position
of the fully bound species. Due to the complex nature of lineshape it is necessary
to analyze these data using the complex expression for chemical exchange that was
presented in Section 18.4.3. The only modification to this equation is to replace k1

with kon[L]. Generally, several spectra are acquired over a range of ligand concentra-
tions and values of kon and koff are found that minimize the difference between the
observed lineshape and that predicted from Eq. 18.11.

18.6.3 Fast Exchange
In the case of fast exchange, the exchange is sufficiently fast that the chemical shift

of the observed line, δ, is essentially equal to the weighted average of the initial and
final states:

δ = pAδA + pBδB (18.61)

At any given ligand concentration, the amount of bound protein, pB , is easily found:

pB =
δ − δA

δB − δA
(18.62)

The equilibrium binding constant can be obtained using the methods described above
for slow exchange.

Obtaining the individual rate constants is more difficult in the case of fast exchange.
However, since kex is now dependent on the ligand concentration,

kex = kon[L] + koff (18.63)

it is possible to use non-saturating amounts of ligand such that the exchange rate is in
the range that is suitable for CPMG or T1ρ measurements. Once kex is obtained, then
the rate constants can be obtained using the equilibrium binding constant.
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18.7 Exercises
1. Show that the CPMG sequence will refocus evolution due to chemical shift evolu-

tion or magnetic field inhomogeneities.

2. The Hα proton of a histidine residue in a protein shows a chemical shift of 5.0
ppm when the sidechain is protonated and 4.0 ppm when it is deprotonated. If this
histidine has a pKa of 6.5, what is the chemical shift of the Hα proton at this pH?
State any assumptions that you make.

3. The resonance line from a proton on a small organic ligand has a linewidth of 1 Hz.
The affinity constant for the binding of this ligand to a protein is 106 M−1. The
NMR spectrum of a solution of 10 µM protein and 6 µM ligand is obtained and
the position of the resonance line from the ligand is unchanged, but the linewidth
is increased to 10 Hz. Determine kon for the binding of this ligand.

18.8 Solutions
1. This can easily be seen using a product operator analysis. During the first

τ period evolution due to chemical shift is: Iy → Iycos(ωτ) − Ixsin(ωτ).
The 180◦ pulse along x converts this to −Iycos(ωτ) − Ixsin(ωτ). This mag-
netization evolves for an additional τ period to give: −cos(ωτ)[Iycos(ωτ) −
Ixsin(ωτ)] − sin(ωτ)[Ixcos(ωτ) + Iysin(ωτ)]. This can be simplified as:
−Iy[cos2(ωτ) + sin2(ωτ ] + Ix[cos(ωτ)sin(ωτ) − cos(ωτ)sin(ωτ)] = −Iy.

2. We assume the system is in fast exchange, i.e. the rate of protona-
tion/deprotonation is much faster that the chemical shift difference. Therefore,
the observed chemical shift will be the weighted average of the two states. Since
the pH = pKa, both states are equally populated and the chemical shift will be:

4.5 =
1
2
4.0 +

1
2
5.0 (18.64)

3. Since the position of the line did not move, the system is under slow exchange.
The increase in linewidth of 9 Hz is equal to k1, which is equal to kon[L]. The free
ligand concentration is obtained from the ligand binding equation:

[PL]
[PL] + [P ]

=
KA[L]

1 + KA[L]
(18.65)

where [L] is the concentration of free ligand. In general, this can be found by
solving a standard quadratic equation found in may physical biochemistry texts.
Here, the ligand concentration is such that 50% of the protein has ligand bound
and therefore [L] = 1 µM. Therefore the kinetic on-rate is 9/(∗1 × 10−6) =
9 × 106 sec−1M−1.



Chapter 19

NUCLEAR SPIN RELAXATION AND
MOLECULAR DYNAMICS

19.1 Introduction
The principal goal of NMR relaxation studies is to characterize molecular motion.
Two of the more common applications of these measurements are:

1. Investigate relative motion of domains within a protein. In this case, the rotational
diffusion constant is obtained for each domain. For example, the motion of each
domain in the protein calmodulin has been characterized using relaxation [33].

2. Determining the extent and rate of internal motion at specific sites within a pro-
tein. A comprehensive analysis of the relaxation properties of the amide group
in a number of proteins appeared more than a decade ago [36, 84]. More recent
studies have focused on the relaxation properties of methyl-containing side chains
to characterize the dynamics of hydrophobic regions in proteins [76].

In all of the above applications, the desired information is obtained by comparing mea-
sured relaxation parameters to those calculated from models of the motion. Therefore,
it is important to be able to predict the relaxation of the spins with reasonable accu-
racy. Consequently, the relaxation rates of heteronuclear spins, such as 15N and 13C,
are generally measured because their relaxation is dominated by the dipolar coupling
to the attached proton and by their own chemical shift anisotropy. The effect of both
of these interactions on relaxation can be calculated with a high degree of accuracy.
In contrast, the relaxation properties of a 1H spin will depend on interactions with
multiple surrounding protons. Clearly this situation is very difficult to model without
accurate coordinates of the protons within the proton.

Although the major thrust of relaxation studies is to characterize molecular motion,
knowledge of relaxation rates is also important for defining experimental parameters.
For example, the proton T1 relaxation time usually limits the delay before acquiring
the next FID while the T2 relaxation time of both protons and heteronuclear spins
determines the length of time that free induction decay should be sampled. These
issues are discussed in more detail in Chapter 15.
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19.1.1 Relaxation of Excited States
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Figure 19.1. Relaxation of the excited state. Nuclear
spin relaxation is a consequence of time-dependent fluc-
tuations in the magnetic field. These fluctuations can
cause the net loss of energy from the excited state (part
A) or enhance the rate of spin-spin exchange (part B).
The former contributes to both T1 and T2 relaxation
while the latter only contributes to T2 relaxation.

All excited systems eventu-
ally return to the ground state by
relaxation. In the case of NMR
we will be concerned with spin-
lattice relaxation (T1), which re-
stores thermal equilibrium, and
spin-spin relaxation (T2), which
is the loss of coherent transverse
magnetization. Both of these
processes require transitions be-
tween the excited and ground
states, as illustrated in Fig. 19.1.

In addition to spin-lattice and
spin-spin relaxation times, we will also investigate the relationship between dipolar
coupling and the Nuclear Overhauser Effect. The Nuclear Overhauser Effect (NOE)
measures how perturbation of the ground and excited state populations of one spin af-
fects the populations of another coupled spin. If the two coupled spins are unlike, such
as the 15N-1H group, then this effect is referred to as the heteronuclear NOE (hnNOE).
The hnNOE is used to characterize the motional properties of 15N-H and 13C-H bond
vectors and will be discussed in detail in this chapter. If the two coupled spins are
protons, then the NOE measurement can be used to obtain inter-proton distances for
structure determination (see Chapter 16).

Transition between the excited and ground states can occur by two independent
mechanisms, spontaneous emission and stimulated emission. Spontaneous emission
is due to coupling between the excited state and the blackbody radiation field. The rate
of spontaneous emission is proportional to the third-power of the absorption frequency.
In the case of optical transitions (ν = 415 Hz), spontaneous emission occurs rapidly,
with a rate on the order of 109 sec−1. However, at typical proton NMR resonance fre-
quencies, in the megahertz range, the rate of spontaneous emission is essentially zero.
Therefore, the major source of relaxation for excited NMR spins is from stimulated
emission.

Stimulated emission requires the presence of an oscillating electromagnetic field
whose frequencies are matched to the absorption frequencies of the NMR transitions.
In the case of T1 relaxation, these field fluctuations have to be orthogonal to the Bo

field such that they can return the magnetization to the ground state to restore thermal
equilibrium. In the case of T2 relaxation, there is no net loss of energy by the system,
but simply a dephasing of the transverse magnetization. Consequently, T2 relaxation
is caused by fluctuations in the magnetic field in the z-direction (parallel to Bo). Since
static inhomogeneities in the magnetic field can also cause dephasing of the transverse
magnetization, T2 relaxation can also be caused by motions with frequencies much
lower than the transition energies.

The oscillating fields are created by random rotational motion of the molecule or
by internal motions within the molecule. Such motions can generate a time dependent
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magnetic field by two mechanisms. First, if the electron shielding is anisotropic, then
the effective field at the nucleus will vary depending on the orientation of the electrons
with respect to the external field. Second, if two spins are coupled via dipolar coupling,
then the relative orientation of the spins affects the strength of the dipolar field. If
the temporal changes in the magnetic field strength contain frequencies that match
the resonance frequencies then efficient relaxation can occur. The intensity of the
magnetic field fluctuations as a function of the frequency is represented by the spectral
density function, J(ω). These magnetic field fluctuations cause transitions between the
energy levels at a rate W .

~
i

2Change: D,     , Sτ

ωCalculate J(   ) from

No

Yes

Calculate T  , T  , NOE1

Calculated
T  , T  , and NOE agree1 2

with experiment?

~ 2Define: D,     , Sτ i

2

model of motion.

Internal motion is
iτcharacterized by:     , S2

Figure 19.2. Flow chart for analysis of re-
laxation data. This flow chart indicates
how parameters that describe internal mo-
tion are obtained from relaxation measure-
ments.

The first part of the chapter will de-
velop the connection between molecular
motion and the observed relaxation para-
meters, T1, T2, and hnNOE. The origin of
the magnetic field fluctuations will be de-
scribed using classical models. The fre-
quency components associated with these
motions will be determined by calculat-
ing J(ω). The transition rates for stimu-
lated emission, W, will be obtained from
J(ω) using a simple quantum mechanical
analysis. Once the transition rates are ob-
tained, it is possible to calculate the ex-
pected values for the relaxation parame-
ters, T1, T2, and hnNOE. The relationship
between molecular motion and the experi-
mental data can be summarized as:

Molecular Motion →J(ω) → W →
T1, T2, hnNOE

The second part of the chapter will discuss how the motional parameters are ob-
tained from the experimentally measured relaxation parameters. It is difficult to work
’backwards’ from the measured relaxation parameters to a description of the molecu-
lar motion because the number of unknowns can exceed the number of experimental
measurements. For example, to truly describe the internal motion of a Cα-H bond
vector in a protein you would have to specify the rotational diffusion constant of the
protein as well as the rate and extent of change in the φ and ψ angles of the residue.
This gives a total of five parameters if the protein is spherical and 9 if the protein
tumbles as an asymmetric particle, with three diffusion coefficients1. For a spherical
N -residue protein, the total number of unknowns would be 4N + 1. However, the ex-
perimental data consist of three observations, T1, T2, and the hnNOE for each residue,
giving a total of 3N experimental measurements. In theory, the number of data points

1The complete description of anisotropic diffusion requires specification of the diffusion rates about all
three axis (Dx, Dy , and Dz), and the three Euler angles to orient the coordinate system of the diffusion
tensor in the molecular frame.

Nuclear Spin Relaxation and Molecular Dynamics
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can be increased by performing relaxation measurements at different field strengths.
However, the range of the available field strengths is small, therefore the data is highly
correlated and does not provide a sufficient amount of independent information.

The current approach for the analysis of molecular motion begins with a general
model of internal motion that contains only two or three parameters per residue. These
parameters are obtained from the relaxation data by following the scheme that is dia-
grammed in Fig. 19.2 consisting of the following steps:

1. Collect T1, T2, and hnNOE data at one or more magnetic field strengths.

2. Define a parameterized model for the molecular motion. The parameters are gen-
erally the overall diffusion rate of the protein, D̃, a time constant that characterizes
the rate of internal motion, τi, and a limited range over which the internal motion
can occur, with this range defined by S2 (order parameter). The spectral density
function depends on these parameters, i.e. J(ω) = F(D̃, τi, S2).

3. Select a set of initial guesses for D̃, τi, and S2 and calculate J(ω).

4. Calculate the expected T1,T2, and heteronuclear NOE from J(ω).

5. Compare the measured relaxation parameters to those calculated.

6. Adjust D̃, τi, and S2 until the calculated and measured relaxation rates agree.

In practice, steps 2-6 are performed with the assistance of a computer program, such
as Modelfree [102] or NORMAdyn [126].

19.2 Time Dependent Field Fluctuations
The time dependent magnetic field fluctuations are generated by two principal

mechanisms, the anisotropic chemical shift (chemical shift anisotropy, CSA) asso-
ciated with a single spin and the dipolar coupling between nearby spins. Both of these
mechanism operate simultaneously for all types of spins, however dipolar coupling
is the principal relaxation mechanism for the proton because of its relatively small
chemical shift anisotropy.

19.2.1 Chemical Shift Anisotropy
The external Bo field is reduced at the nucleus by the surrounding electron density,

by a shielding factor σ, giving an observed chemical shift of ωs = γ(1− σ)Bo. If the
electron density is the same in all directions (isotropic) then a change in the orientation
of the spin will have no effect on the shielding of the nucleus, and therefore no effect
on the magnetic field at the nucleus.

If the shielding is anisotropic, then different orientations of the molecule will gen-
erate different magnetic fields at the nucleus. The actual field will depend on the
orientation of the molecule with respect to the external magnetic field. To character-
ize the anisotropic nature of the shielding we will define a chemical shift tensor, σ̃,
which will give the chemical shift for any given orientation of the molecule with re-
spect to the Bo field. The chemical shift tensor is related to the shielding as follows:
δ̃ = (1 − σ̃), where σ̃ is the shielding tensor.
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For arbitrary orientations of the molecule the chemical shift tensor takes the form:

δ̃ =

⎡
⎣ δxx δxy δxz

δyx δyy δyz

δzx δzy δzz

⎤
⎦ (19.1)

In one particular orientation of the molecule with respect to the magnetic field, the
principal axis system (PAS), the chemical shift tensor takes on a simple form:

δ̃PAS =

⎡
⎣ δxx 0 0

0 δyy 0
0 0 δzz

⎤
⎦ (19.2)

The diagonal form of the chemical shift tensor gives directly the chemical shift that
would be observed if the magnetic field were along the x-axis (δxx), y-axis (δyy), or
the z-axis (δzz) of the principal axis system (see Fig. 19.3). Note that the a coordinate
transformation can always be found that produces a diagonal chemical shift tensor.

If the molecule tumbles rapidly and isotropically in solution, then the observed
isotropic shift is simply the average of all three components:

δiso =
1
3
[δxx + δyy + δzz] (19.3)

The asymmetry of the tensor is defined as:

η =
δyy − δxx

δzz
(19.4)

and the chemical shift anisotropy (CSA) is usually defined as:

∆δ = δzz − (δxx + δyy)/2 (19.5)

In many cases the shielding, and therefore the chemical shift, shows axial symmetry,
i.e. two of the three values in Eq. 19.2 are equal. The unique tensor element, which
is parallel to the symmetry axis, is defined as δ‖. The two equivalent elements are
defined as δ⊥. In this case, the CSA is ∆δ = δ‖ − δ⊥ and the asymmetry is zero.

19.2.1.1 Transition Energies
The relationship between the chemical shift tensor and the observed frequency can

be obtained by considering the energy of a particular state using the following Hamil-
tonian:

H = γ �Bδ̃�S (19.6)

If the molecule is oriented such that the z-axis of the PAS is aligned along the magnetic
field, the energy of each state is obtained as follows:

H = γ
[

0 0 Bo

] ⎡
⎣ δxx 0 0

0 δyy 0
0 0 δzz

⎤
⎦

⎡
⎣ Sx

Sy

Sz

⎤
⎦ = γBoδzzSz (19.7)

Nuclear Spin Relaxation and Molecular Dynamics
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Figure 19.3. Effect of orientation on the amide chemical shift. The orientation of the peptide
group affects the observed chemical shift of the amide nitrogen. The chemical shift can be ob-
tained from the chemical shift tensor. This tensor, in the principal axis system is superimposed
on the molecular structure. The z-axis of the PAS lies in the plane of the peptide bond (shaded
gray) and is rotated away from the N-H bond vector by the angle β. The x-axis of the PAS is in
the plane of the peptide bond and the y-axis is perpendicular to the peptide plane. If the tensor
is axially symmetric, δzz = δ‖ and δ⊥ lies in the plane defined by δxx and δyy . In the leftmost
structure the orientation of the amide group is such that δyy is parallel to the static field (Bo).
Therefore the measured chemical shift is δyy , as illustrated in the spectrum in the lower part of
the figure. As the molecule rotates about the x-axis the peak position will move from δyy to δzz ,
as shown in the middle of the diagram. After a 90◦ rotation, the z-component of the chemical
shift tensor becomes parallel to the static field, and the observed chemical shift is δzz .

The energy of the transition is, as usual, given by the energy difference between the
states:

∆E = γBoδzz(
1
2
− −1

2
) = γBoδzz = ωoδzz (19.8)

The units of δ are in ppm relative to a reference compound, giving a transition fre-
quency in rad/sec. Since the contribution of the CSA to relaxation depends on the
range of frequencies sampled as the molecule reorients, the actual chemical shift is
not important.

19.2.1.2 Effect of Molecular Orientation
The rotation of atoms with anisotropic chemical shifts will result in a change in

the observed chemical shift. The effect of molecular rotation on the chemical shift
can be calculated by applying the rotation matrix, R, to the chemical shift tensor:
δ̃′ = RT δ̃R. For example, rotation of the amide group shown in Fig. 19.3 about the
x-axis by an angle θ would have the following effect on the chemical shift tensor:

δ̃′ = RθT
x δ̃Rθ

x (19.9)

=

⎡
⎣ 1 0 0

0 cosθ −sinθ
0 sinθ cosθ

⎤
⎦

⎡
⎣ 100 0 0

0 150 0
0 0 100

⎤
⎦

⎡
⎣ 1 0 0

0 cosθ sinθ
0 −sinθ cosθ

⎤
⎦
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Table 19.1. 15N Amide Chemical Shift Tensors.

Compound δxx δyy δzz ∆δ η

AlaAla 65.3 78.1 215.5 -144 0.06
AcGlyAla 44.6 85.1 229.4 -165 0.16

19.2.1.3 Observed Chemical Shift Tensors

σyy

σzz
σxx

CO
N H

Cα
β

Figure 19.4. Carbonyl
chemical shift tensor. The
orientation of the carbonyl
chemical shift tensor is
shown. δxx and δyy both lie
in the peptide plane while
δzz is perpendicular to the
peptide plane. β is the angle
between the C-N bond and
the δxx component of the
chemical shift tensor.

Amide Nitrogen: The chemical shift tensor for an amide
group in a number of dipeptide model compounds has
been determined from solid-state NMR studies [120] and
the principle axis tensor values are given in Table 19.1.
For calculations of relaxation rates, the tensor is gen-
erally assumed to be axially symmetric (η = 0) with
an average ∆δ value of 165 ppm. Based on the values
presented in Table 19.1 this is clearly an approximation
and highly quantitative studies of relaxation will require
the determination of the CSA tensor at individual sites
within the protein. These values can be obtained by mea-
suring the combined effect of chemical shift anisotropy
and dipolar coupling on relaxation. These experiments
are beyond the scope of this text, details can be found
in [59].

Carbonyl Carbon: The carbonyl carbon also possesses
a large CSA because of its highly asymmetric bonding
environment. The orientation of the tensor is shown in
Fig. 19.4. Tensor values have been determined for a number of compounds [165] and
values for the tensor components in AlaGly are: δxx = 248 ppm, δyy = 173 ppm,
δzz = 91 ppm. Relaxation studies of the carbonyl carbon are generally not performed
because of the lack of an attached proton. However, the large CSA tensor of the car-
bonyl carbon contributes to its relaxation, especially at higher magnetic fields. The
enhanced transverse relaxation rate can reduce the sensitivity of multi-nuclear experi-
ment that utilize the carbonyl carbon for magnetization transfer, such as the HNCO or
HNCOCA experiment (see Chapter 14).

19.2.2 Dipolar Coupling
Dipolar coupling arises when the magnetic field of one nuclear spin affects the local

magnetic field of another spin. The magnetic field generated by the I spin is given by
the classic equation for a dipole field:

Bdipole(t) =
µ

r(t)3
(3cos2θ(t) − 1)

=
γ�

r(t)3
(3cos2θ(t) − 1)

where θ and r are defined in Fig. 19.5.

Nuclear Spin Relaxation and Molecular Dynamics
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Figure 19.5. Dipole-dipole coupling. The
magnetic field generated by the amide ni-
trogen generates an additional field, Bdipole

at the amide proton. The strength of this
field depends on the relative orientation of the
two spins, as illustrated by the gray crescent
shapes. When θ = 0, Bdipole is at a maxi-
mum. The dipole field is zero when θ ≈ 54◦,
and is negative for 0 < |θ| < 54◦. Molecular
tumbling changes the relative orientation of
the two spins, resulting in a change of Bdipole .

The energy associated with this addi-
tional magnetic field is obtained from
E = �ω = �γSBdipole :

H = �
2 γSγI

r(t)3
(3cos2θ(t)−1) (19.10)

The intensity of the dipole field,
Bdipole , depends on both the orienta-
tion of the two spins and the distance
between them. If either of these prop-
erties are time dependent then the mag-
netic field will vary with time.

Most relaxation studies utilize the
relaxation properties of heteronuclear
spins, such as 15N or 13C, to character-
ize molecular motion. The advantages
of using these spins for relaxation stud-
ies are two-fold. First, the relaxation of
the heteronuclear spin is dominated by
the attached proton due to the 1/r3 de-
pendence. Consequently, dipolar fields that are generated by other protons are con-
sidered negligible. Secondly, the distance is fixed to the bond length, consequently
only fluctuations in the angular term contribute to time dependent field fluctuations.
The production of protein samples with isolated 15N-H and 13C-H spin pairs is briefly
discussed in Section 19.6.

19.2.3 Frequency Components from Molecular Rotation
Both chemical shift anisotropy and dipolar coupling generate magnetic field fluctu-

ations at the nucleus. In order for these motions to be effective at stimulating nuclear
transitions the random molecular motion must contain field fluctuations at the appro-
priate frequencies to stimulate transitions. Consequently it is necessary to determine
the frequency spectrum of the fluctuating magnetic fields.

The rate, W , at which a transition occurs is equal to the rate of change of the
probability of finding a system in a particular state. In the following, the transition rate
as a function of frequency, W (ω), will be obtained using a simple quantum mechanical
treatment to illustrate the general features of the calculation. A more detailed treatment
is beyond the scope of this text and the reader is referred to Solomon [152] or Abragam
[1] for a more comprehensive treatment.

Assume a simple one spin system with a wave function:

Φ = cgφg + ceφe (19.11)

and the probability, p, of finding the system in the ground or excited state is c∗gcg or
c∗ece, respectively.
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Under the influence of a time varying magnetic field the rate of change of the pop-
ulation of the ground state, W(ω), would be:

W (ω) =
dpg

dt
= c∗g

dcg

dt
+

dc∗g
dt

cg (19.12)

The time dependent Schrödinger Equation provides a method of calculating W.

i�
dΦ
dt

= HΦ (19.13)

The Hamiltonian contains terms that relate to geometrical properties of the molecule,
e.g. the relative orientation of dipoles, as well as terms that relate to the spin operators.
To simplify the treatment the Hamiltonian will be divided into two terms:

H = A · F (19.14)

where A represents time independent spin operators and F represents geometrical
terms and other known constants. In general, A is defined by the type of interaction
(e.g. dipolar or CSA) while F is defined by the type of motion.

Using the orthonormality relationship, < φg|φg >= 1, < φg|φe >= 0, and assum-
ing that cg = 0 and ce = 1 (i.e. the system is completely in the excited state), gives
the following for dcg/dt:

i�
dcg

dt
=< φg|AF|φe > eiωt (19.15)

This equation can be integrated to give:

cg =
1
i�

∫ t

0

< φg|AF|φe > eiωtdt (19.16)

Therefore the expression for the transition probability, neglecting the second term, is:

W =c∗g
dcg

dt

=
−1
�2

∫ t

o

< φe|AF(t)|φg > e−iωtdt < φg|AF(t′)|φe > eiωt′
(19.17)

Defining τ = t − t′ gives:

W =
1
�2

∫ t

o

< φe|AF(t)|φg >< φg|AF(t − τ)|φe > e−iωτdτ

=
1
�2

< φe|A|φg >< φg|A|φe >

∫ t

o

F(t)F∗(t − τ)e−iωτdτ

=
1
�2

κ2

∫ t

o

F(t)F(t − τ)e−iωτdτ (19.18)

In the above, the time-invariant spin operators have been taken outside the integrals
and κ = < φe|A|φg >.

Nuclear Spin Relaxation and Molecular Dynamics
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Since F(t) is a random variable, F(t − τ) = F(t + τ). It is customary to use
the F(t + τ) form. The function F(t)F∗(t + τ) is an autocorrelation function. The
autocorrelation function measures how rapidly knowledge of a prior orientation is lost
by the reorienting molecule. For random fluctuations the autocorrelation function does
not depend on a specific origin of time, only on the time difference between instances
in time. Consequently, t can be set to zero and the auto-correlation depends only on τ .

For a collection of spins, the average auto-correlation function over all of the spins
is written as:

G(τ) =< F(0)F∗(τ) > (19.19)

where the angled brackets represent the average over all of the spins. The auto-
correlation function can also be written as the product of the normalized autocorre-
lation function, g(τ), and the average value of F2:

G(τ) =< F2(0) > g(τ) (19.20)

To obtain the transition rates at specific frequencies it is necessary to extract the
frequency components from the autocorrelation function by Fourier transformation.
However, it is apparent from Eq. 19.18 that W is the Fourier transform of G(τ),
therefore W already represents that frequency spectrum of the transition rates and no
further manipulation is required.

The Fourier transform of the normalized autocorrelation function is given a spe-
cial name, the spectral density function, J(ω), because it represents the density of
fluctuations at different frequencies. It is defined as follows:

J(ω) =
∫ ∞

0

g(τ)e−iωτdτ (19.21)

Therefore, the complete expression for the transition probabilities is:

W (ω) =
κ2

�2
< F2(0) > J(ω) (19.22)

The F2 term depends on the average value of the geometric terms and κ depends on
the Hamiltonian. Using the amide nitrogen as an example, and assuming an axial
symmetric chemical shift tensor:

κ2/�
2 ∝ �

2γ2
Nγ2

H

r6
for dipolar coupling (19.23)

κ2/�
2 ∝ (γNBo(δ‖ − δ⊥))2 for CSA (19.24)

Equation 19.23 follows directly from Eq. 19.10. Equation 19.24 indicates, as ex-
pected, that the contribution of the CSA to the relaxation rate depends on the total
range of magnetic fields that are sampled by the nucleus as it reorients. A concise
derivation is provided by Luginbuhl and Wüthrich [100].

The relationship between the spectral density function and the type of molecular
motion will be discussed in Section 19.4. For illustrative purposes, the autocorrelation
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Figure 19.6. Magnetic field fluctuations and the spectral density function. The relationship
between random magnetic field fluctuations, the auto-correlation function, and the spectral den-
sity function is shown. An axially symmetric chemical shift tensor with principal values of
δ⊥ = 70 ppm and δ‖ = 215 ppm was used in the simulations. The fluctuations in chemical
shift that occur due to random isotropic rotation of the amide group are shown in Panel A. The
rotational correlation times are 1 nsec (gray line) and 5 nsec (black line). The resultant autocor-
relation functions are shown in Panel B. Panel C shows the spectral density functions calculated
from < g(τ) >. High frequency motions (gray curve) result in smaller values of J(ω) at ω = 0.
However, J(ω) extends to higher frequencies.

and spectral density functions for random isotropic tumbling due to Brownian motion
are given here:

g(τ) = e−τ/τc J(ω) =
τc

1 + ω2τ2
c

(19.25)

where τc is the rotational correlation time. It is the time required for a molecule to
rotate, on average, 1 radian. The rotational correlation time is related to the isotropic
rotational diffusion constant:

τc = 1/6Diso (19.26)

and proportional to the size of the protein and the viscosity of the solution: τc =
4πηa3/3kT , where a is the radius of the protein, and η is the viscosity. It follows that
τc is approximately 1 nsec for each 2.6 kDa of protein mass at T = 300 K.

An illustration of the relationship between rotational motion of the particle, mag-
netic field fluctuations due CSA, and the spectral density is shown in Fig. 19.6. A
small molecule, which has a short correlation time, will experience rapid fluctuations
in the magnetic field (Panel A, gray curve). These fluctuations will rapidly become
uncorrelated, leading to a rapid decrease in the autocorrelation function (Panel B).

Nuclear Spin Relaxation and Molecular Dynamics
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Such rapid fluctuations contain both high and low frequency components, thus the re-
sultant spectral density is broad and extends over a large frequency range (Panel C).
In contrast, a large particle tumbles slowly, experiencing magnetic field fluctuations
of lower frequencies (Panel A, black curve), hence the spectral density function will
have a higher intensity at lower frequencies (Panel C).

19.3 Spin-lattice (T1) and Spin-spin (T2) Relaxation
The above discussion developed the connection between molecular motion and

magnetic field fluctuations at the nucleus. In this section explicit formulas for the ef-
fect of these fluctuations on the measured relaxation parameters (T1, T2, and hnNOE)
of the excited spins will be given.

19.3.1 Spin-lattice Relaxation
19.3.1.1 Isolated Spin

We first treat an isolated spin that is coupled to the lattice. This analysis is not very
useful from a molecular point of view since the details of the interactions between the
spin and the lattice are obscure. However, the discussion is included to show how to
mathematically treat a relaxation process that relaxes to a non-zero equilibrium state.

The lattice acts as a thermal reservoir, accepting energy from the excited spins as
they return to thermal equilibrium. Time dependent changes in the molecular structure
of the lattice generate magnetic field fluctuations that stimulate transitions at a rate of
W. At any given time the longitudinal magnetization is proportional to the population
difference between the ground and excited states:

Iz(t) = Ng(t) − Ne(t) (19.27)

The change in the population of the ground and excited states is described by the
following standard rate equations:

dNg

dt
= −WNg + WNe (19.28)

dNe

dt
= +WNg − WNe (19.29)

These equations, as written, indicate that the population of the ground and the ex-
cited state are equal 2. Since this is clearly not the case it is necessary to alter the
above equation such that they represent relaxation toward the equilibrium values of
the populations:

d(Ng − No
g )

dt
=

dNg

dt
= −W (Ng − No

g ) + W (Ne − No
e ) (19.30)

d(Ne − No
e )

dt
=

dNe

dt
= +W (Ng − No

g ) − W (Ne − No
e ) (19.31)

2At equilibrium, dNg/dt = 0, therefore WNg = WNe, or Ng = Ne.
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The above satisfies the boundary condition; when dNg/dt=0, (Ng − No
g ) = (Ne −

No
e ), which is only true if Ng = No

g and Ne = No
e .

Subtraction of Eq. 19.31 from Eq. 19.30 gives the following for the change in the
longitudinal magnetization.

d(Iz − Io
z )

dt
= −2W (Iz − Io

z ) (19.32)

This expression can be solved using standard methods to give:

Iz(t) = Io
z + Ce−2Wt (19.33)

The constant C is obtained from the initial conditions. Assuming that the initial value
of Iz is 0, i.e. immediately after a 90◦ pulse, then Iz(0) = 0 = Io

z + Ce0, giving
C = −Io

z , and therefore:

Iz(t) = Io
z (1 − e−2Wt) = Io

z (1 − e−t/T1) (19.34)

In conclusion, the spin-lattice relaxation of an isolated spin is characterized by a single
decay time, T1, whose inverse is twice the transition rate, W.

19.3.1.2 Dipolar Coupled Spins
To evaluate the effect of dipolar coupling on the relaxation properties of two cou-

pled spins, I and S, it is necessary to expand the energy level diagram to include
coupling between the spins. Since there are two possible spin states for each spin
(α, β), the energy diagram will require four levels, as shown in Fig. 19.7. In this di-
agram, Wn refers to the rate of single quantum (n = 1), zero quantum (n = 0), and
double quantum (n = 2) transitions. Single quantum transitions connect levels that
differ in the spin state of one spin, zero quantum transitions simply interchange the
spin state of the two coupled spins, and double quantum transitions require that both
spins change their state at the same time. Therefore, single quantum transitions will
be stimulated by fields that fluctuate at the energy difference between states connected
by single quantum transition, e.g. ωI and ωS . Zero quantum transitions will be stim-
ulated by field fluctuations that occur at a frequency that corresponds to the energy
difference between the βα and αβ states, (ωI −ωS). Double quantum transitions will
be stimulated by field fluctuations that generate frequencies of 2ω, or the sum of the
resonance frequencies of both spins (ωI + ωS).

S I

SI

I S

W
0

W
2

W
1

W
1

W
1

W
1

αβ

αα

βα

ββ Figure 19.7 Energy level diagram for two coupled
spins. The lowest energy state corresponds to both
spins being in the α(mz = +1/2) state. The four sin-
gle quantum transitions, labeled with W I

1 or W S
1 , con-

nect states that differ in the spin state of only one spin.
There is one zero quantum transition (W0) and one dou-
ble quantum transition (W2), corresponding to the net
change in the magnetization of both spins by zero or
two units, respectively.
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The rate of change of the longitudinal magnetization for the I and S spins is ob-
tained following the same procedure as discussed above for a single isolated spin. This
approach was first described by Solomon [152] and the final results are often referred
to as the Solomon Equations.

First, the longitudinal magnetization is expressed as differences in populations
across both single quantum transitions:

Iz = (Nαα−Nβα)+(Nαβ−Nββ) Sz = (Nαα−Nαβ)+(Nβα−Nββ) (19.35)

The rate of change of each population is given by standard rate equations, taking into
account relaxation towards equilibrium values, for example:

d(Nαα − No
αα)

dt
= −(W2 + WS

1 + W I
1 )(Nαα − No

αα) + W I
1 (Nβα − No

βα)

+ WS
1 (Nαβ − No

αβ) + W2(Nββ − No
ββ) (19.36)

Separate expressions are obtained for Nαβ , Nβα, and Nββ . The time dependence of
Iz and Sz are obtained by adding together the appropriate expressions for the changes
in populations. A complete derivation is given by Neuhaus and Williamson [118]. The
final result is:

dIz

dt
= −(Wo + 2W I

1 + W2)(Iz − Io
z ) − (W2 − Wo)(Sz − So

z )

dSz

dt
= −(W2 − Wo)(Iz − Io

z ) − (Wo + 2WS
1 + W2)(Sz − So

z ) (19.37)

The term associated with the same spin, Wo + 2W1 + W2, is termed the longitudinal
relaxation rate, ρ, and the term that connects the two different spins, W2 − W0, is
called the cross-relaxation rate, σ. The Solomon Equation can be written in terms of
ρ and σ:

dIz

dt
= −ρI(Iz − Io

z ) − σ(Sz − So
z )

dSz

dt
= −σ(Iz − Io

z ) − ρS(Sz − So
z ) (19.38)

The individual transition rates are obtained by evaluation of Eq. 19.22:

W0 = d2 1
10

J(ωI − ωS) W I
1 = d2 3

20
J(ωI)

WS
1 = d2 3

20
J(ωS) W2 = d2 6

10
J(ωI + ωS)

(19.39)

where d2 = (�2γ2
I γ2

S/r6). The derivation is beyond the scope of this text. A complete
description is provided by Solomon [152].

As anticipated from Eq. 19.23, these rates depend on the size of the field fluc-
tuations (d2) and the magnitude of the spectral density function at the transition fre-
quency, J(ωn). The numerical factors, such as (1/10), arise from < F(0)2 >.



445

19.3.2 Spin-lattice Relaxation of Like Spins
Proton-proton relaxation is a common example of relaxation of like spins. In this

case ρI = ρS = ρ and ωI = ωS = ωH . Since the CSA of the proton is quite small,
the relaxation can be described by just considering dipolar coupling. The solution to
the Solomon equations is given in Appendix C, and the result is:

Iz(t)−Mo =
e−(ρ+σ)t

2
[Iz(0) + Sz(0) − 2Mo]+

e−(ρ−σ)t

2
[Iz(0) − Sz(0)] (19.40)

The above equation shows that the relaxation of a spin is, in general, multi-
exponential. However, if both spins are inverted at the beginning of the measurement
(Iz(0) = Sz(0) = −Mo), the time dependence of Iz and Sz simplifies to:

Iz(t) = Mo(1 − 2e−(ρ+σ)t) Sz(t) = Mo(1 − 2e−(ρ+σ)t) (19.41)

and the longitudinal magnetization relaxes with a single time constant:

1
T1

= σ + ρ = (W2 − W0) + (W0 + 2W1 + W2) = 2(W1 + W2)

=
6
20

d2 [J(ωH) + 4J(2ωH)] (19.42)

19.3.3 Spin-lattice Relaxation of Unlike Spins
The relaxation of 15N and 13Cα nuclei (S spins) by their attached protons (I spins)

is a common example of relaxation of unlike spins. In general, the relaxation proper-
ties of the heteronuclear spins will also be multi-exponential. However, if the proton
is saturated during the recovery of the heteronuclear magnetization, a single relaxation
rate is found. The solution to the Solomon equations in this case is given in Appendix
C, and the result is:

Sz(t) =
[
So

z +
σ

ρs
Io

]
(1 − eρst) (19.43)

Therefore, the spin-lattice relaxation (T1) due to dipolar coupling is given by:

1

TDipole
1

= Wo + 2WS
1 + W2

= d2 1
10

[J(ωI − ωS) + 3J(ωS) + 6J(ωI + ωS)] (19.44)

In the case of nuclei with significant CSA , it is necessary to add the contribution of
the CSA to the spin-lattice relaxation [100]:

1
TCSA

1

=
2
15

ω2
S∆σ2J(ωS) (19.45)

The factor (2/15) arises from < F(0)2 >, ∆σ is the CSA, and ωS is the resonance
frequency of the S spin. J(ωS) appears because field fluctuations that can cause single
quantum transition of the heteronuclear spin provide a mechanism for the excited state
to release energy and return to the ground state.

Nuclear Spin Relaxation and Molecular Dynamics



446 PROTEIN NMR SPECTROSCOPY

The overall spin-lattice relaxation rate (R1) is the sum of the rate due to dipolar
coupling and CSA. Using the amide group as an example:

R1 =
d2

10
[J(ωH − ωN ) + 3J(ωN ) + 6J(ωH + ωN )] +

2
15

ω2
S∆σ2J(ωN ) (19.46)

19.3.4 Spin-spin Relaxation
Spin-spin relaxation involves the loss of coherent transverse magnetization. This

can occur by the conversion of transverse magnetization to longitudinal magnetization
and by the loss of coherence of the initially coherent population of spins. Therefore,
the decay of transverse magnetization is caused by zero, single, and double quan-
tum transitions. Single and double quantum transitions cause the conversion of trans-
verse magnetization to longitudinal magnetization. Zero quantum transitions cause
two spins to interchange their spin-states (e.g. αβ → βα), altering their precessional
frequencies, which leads to dephasing of the transverse magnetization.

The relationship between the spin-spin relaxation rate and the spectral density func-
tions is more difficult to derive than the equivalent formula for spin-lattice relaxation.
However, the overall approach is the same. A four level diagram is used to describe
the possible states of the system. In this case the levels correspond to transverse mag-
netization instead of populations. The transition rates that connect each level become
more complicated because it is necessary to represent each of the states as a linear sum
of the basis vectors associated with longitudinal magnetization. The final results will
be presented here, the derivation for dipolar coupling can be found in Solomon [152]
and for chemical shift anisotropy in [100].

19.3.4.1 Spin-spin Relaxation of Like Spins
In contrast to spin-lattice relaxation, the relaxation of transverse magnetization is

always mono-exponential. In the case of the protons, the CSA can be safely ignored.
However, as discussed in Chapter 18, the spin-spin relaxation rate can be affected by
chemical exchange. Therefore the complete equation for the relaxation rate is:

R2 =
3
20

d2 [3J(0) + 5J(ωH) + 2J(2ωH)] + Rex (19.47)

The spin-spin relaxation rate is generally larger than the spin-lattice relaxation rate
because of the J(0) term. However, under conditions of fast motion the spin-spin and
spin-lattice relaxation rates due to dipolar coupling become equal. The equivalence of
T1 and T2 under these conditions is often referred to as the fast motion, or extreme
narrowing, limit.

The equivalence of the relaxation rates occurs because J(0) = J(ω) = J(2ω)
when ωτc << 1, causing the spectral density to become independent of ω. Setting
all spectral densities to the same value, J , and calculating R1 and R2, shows the two
relaxation rates to be equal:

R1 =
6
20

d2 [1J + 5J ] =
3
2
d2J

R2 =
3
20

d2 [2J + 5J + 2J ] =
3
2
d2J (19.48)
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19.3.4.2 Spin-spin Relaxation of Unlike Spins
The spin-spin relaxation rate of a heteronuclear spin is affected by dipolar coupling

to the attached proton [152], chemical shift anisotropy [100], as well as chemical
exchange (see Chapter 18). Using the amide group as an example (S=15N, I=1H):

R2 =
d2

20
[4J(0) + J(ωH − ωN ) + 3J(ωN ) + 6J(ωH) + 6J(ωH + ωN )]

+
1
45

ω2
N∆σ2 [4J(0) + 3J(ωN )] + Rex (19.49)

where d2 = γ2
Hγ2

N�
2/r6.

The J(0) term, which is present for both the dipolar coupling and CSA terms,
represents the dephasing of the transverse magnetization by an inhomogeneous lo-
cal magnetic field. The J(ωN ) and J(ωN + ωH) terms represent relaxation to the
ground state which also destroys the transverse magnetization. The J(ωH − ωN )
term represents zero-quantum mutual proton-nitrogen spin flips, which cause dephas-
ing of the nitrogen magnetization. Finally, the presence of the J(ωH) term indicates
that transitions of the coupled proton affects the coherence of the transverse nitrogen
magnetization.

19.3.5 Heteronuclear NOE
The heteronuclear NOE is a measure of the change in the steady state populations

of the heteronuclear, or S-spin, when the attached proton (I-spin) is saturated. The
relationship between the transition rates, Wn, and the heteronuclear NOE (hnNOE) is
easily derived from the time dependence of Sz(t):

Sz(t) =
[
So

z +
σ

ρs
Io
z

]
(1 − eρst) (19.50)

under steady-state conditions (t → ∞), this reduces to:

Sz =
[
So

z +
σ

ρs
Io
z

]
(19.51)

The equilibrium population of the I spins, Io
z , can be converted to So

z using the ratio
of the gyromagnetic ratios:

Sz =
[
So

z +
σ

ρs

γI

γS
So

z

]
(19.52)

Usually the ratio of the signal intensity, which is proportional to SZ , in the presence
and absence of saturating the I spin transitions is defined as the heteronuclear NOE
enhancement. Using the amide group as an example:

Sz

So
z

= 1 +
σ

ρN

γH

γN

= 1 +
γH

γN
d2 1

10
[6J(ωH + ωN ) − J(ωH − ωN )]TN

1 (19.53)
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Note that TN
1 includes the contribution of the CSA to the spin-lattice relaxation. Also

of interest is that the hnNOE enhancement for 15N is less than 1 because of the nega-
tive value for γN .

19.4 Motion and the Spectral Density Function
The actual form of the spectral density function depends on the nature of the mole-

cular motion. A number of different models have been used to represent internal
motion. These are described in some detail by Luginbuhl and Wüthrich [100] and the
references contained within. As the complexity of the model increases, so does the
number of parameters that have to be determined from the rather limited experimental
data. Consequently, the discussion here will be restricted to simple models of internal
motion that are coupled to two simple models of overall rotation.

The overall rotation of the protein is assumed to be uncorrelated with the internal
motion. Thus, the autocorrelation function can be written as a product of the autocor-
relation function for overall rotation, grot(τ) and that for internal motion, gi(τ):

g(τ) = grot(τ) × gi(τ) (19.54)

The derivation of the auto-correlation functions is beyond the scope of this text, the
reader is referred to Luginbuhl and Wüthrich [100] for more details.

19.4.1 Random Isotropic Motion
The autocorrelation and spectral density function for isotropic random rotation was

discussed above in Section 19.2.3. In summary, the rate of random Brownian rota-
tional motion is characterized with a single diffusion coefficient, Diso, giving a rota-
tional correlation time of: τc = 1

6D . The autocorrelation function for random isotropic
motion is:

grot(τ) = e−τ/τc (19.55)

The spectral density function is the Fourier transform of the above, giving3:

J(ω) =
∫ ∞

0

g(τ)e−iωτdτ =
τc

1 + ω2τ2
c

(19.56)

19.4.2 Anisotropic Motion - Non-spherical Protein
If the protein is non-spherical, then the rate of rotational diffusion will differ in

each direction. The relationship between the shape of a molecule and its rotational
diffusion can be expressed as a tensor relationship. As with the chemical shift tensor,
there will be one orientation of the molecule in which the diffusion tensor has only
diagonal elements: ⎡

⎣Dx 0 0
0 Dy 0
0 0 Dz

⎤
⎦ (19.57)

3In many treatments a factor of 2/5 is included in the spectral density function. Here, this factor is absorbed
into < F2(0) >.
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If the protein is axially symmetric, then two of the above will be equal. Usually the
z-axis is defined to be the symmetry axis, and the above diffusion tensor becomes:⎡

⎣D⊥ 0 0
0 D⊥ 0
0 0 D‖

⎤
⎦ (19.58)

Note that a total of four parameters are required to define this tensor, the values of
each component, D⊥ and D‖, as well as the two angles that rotate the molecule into
the coordinate frame in which the tensor is diagonal.

The autocorrelation function for axially symmetric diffusion is given by [169]:

grot(τ) =
1
4
(3cos2β−1)2e−τ/τ1+3sin2β cos2β e−τ/τ2+

3
4
sin4β e−τ/τ3 (19.59)

where τ1 = 1/(6D⊥), τ2 = 1/(5D⊥ +D‖), τ3 = 1/(2D⊥ +4D‖) and β is the angle
between the bond vector (e.g. N-H) and the axis of symmetry (see Fig. 19.8).

19.4.3 Constrained Internal Motion
Internal motion of a portion of the molecule can also cause magnetic field fluc-

tuations and therefore contribute to the relaxation of the spins. The contribution of
the frequency and extent of internal motion to the autocorrelation function have been
characterized for a number of different types of motions (see Luginbuhl and Wüthrich
[100]). We will discuss one widely used method, the model-free approach, initially
defined by Lipari and Szabo [97] and extended by Clore, et al. [37]. In this treatment
the details of the motion are not considered, rather it is assumed that rapid internal
motion will lead to a decay of the autocorrelation function by an amount equal to the
generalized order parameter, S2 and a time constant for internal motion of τi.

19.4.3.1 Simple Model-Free Analysis (SMF)
In this model, internal motion is described by a single correlation time, τf and order

parameter S2
f . The motion is assumed to be much faster than the overall rotation of

Dx

Dz

Dy

x

z

y τ i

α

β

Figure 19.8 Framework for the analysis of internal
motion. The rotational diffusion of the entire protein
(large oval) is characterized by three rotational diffu-
sion constants, Dx, Dy , and Dz . In the case of a spher-
ical molecule these are all equal and τc = 1/6Diso.
For a molecule with axial symmetry, as illustrated here,
D‖ = Dz and D⊥ = Dx = Dy . The cone protrud-
ing off of the protein represents internal motion of the
bond. The extent of internal motion is characterized by
the semi-angle of the cone, α, and the rate that the N-
H group diffuses within this cone is characterized by τi,
the correlation time for internal motion. The orientation
of the bond with respect to the z-axis is given by β.
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the protein. The autocorrelation function for internal motion is:

gi(τ) = S2
f + (1 − S2

f )e−τ/τf (19.60)

If the motion is assumed to consist of random motion on the surface of a cone, then
the order parameter is given by:

S2
f =

[
<

1
2
(3cos2α − 1) >

]2

(19.61)

where the angled brackets represent the average over all molecules and α is the semi-
angle of the cone. If the motion is assumed to consist of random motion within a cone
of semi-angle α, then the order parameter, S2, is approximated by [100]:

S2
f =

[
1
2
(1 + cosα)cosα

]2

(19.62)

Regardless of the particular model used, it is clear that as the bond-vector becomes
more restricted, i.e. as α decreases, the order parameter approaches 1. In contrast, as
the motion on the cone becomes less restricted, α increases and for completely random
motion, the order parameter approaches zero. In summary:

S2 = 1 No internal motion S2 = 0 Random internal motion.

19.4.3.2 Extended Model-Free Analysis (EMF)
It was noted in the earlier analysis of relaxation data that the simple model-free

formalism could not account for the relaxation data for a subset of residues in a protein
[37]. The systematic discrepancy between measured and calculated relaxation data
was thought to be due to the presence of an additional slow internal motion, with its
own correlation time, τs, and amplitude, S2

s . The rate of slow motion, is assumed to
be faster than the overall rotation of the molecule, i.e. τf < τs << τc, such that the
internal motion remains uncorrelated with the overall rotational motion.

Due to the presence of slower motion, the autocorrelation now decays with two
time constants:

gi(τ) = S2
fS2

S + (1 − S2
f )e−τ/τf + S2

f (1 − S2
S)e−τ/τS (19.63)

This equation shows that the correlation function decays rapidly to a value of (1−S2
f )

and then undergoes a slower decay to a level of S2
f (1−S2

S). If there is no slow motion
(S2

S = 1), the extended formalism reverts back to the simple formalism.
Note that the representation of internal motion is now defined by four parameters.

Since it is likely that the number of parameters will exceed the number of experi-
mental observations it will be impossible to determine with statistical tests whether
the additional parameters have improved the fit of the data. Therefore, the extended
model-free formalism should only be considered if relaxation data is available at multi-
ple field strengths. Even so, the presence of slow motion should be viewed with some
skepticism because it can be erroneously generated by a failure to account for the
anisotropic diffusion properties of the molecule, as discussed by Schurr et al. [143].
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19.4.4 Combining Internal and External Motion
Assuming that the internal motion is not correlated with the overall rotational mo-

tion, the correlation function is simply the product of the correlation function of inter-
nal and external motion. This assumption is valid if the rate of internal motion is at
least 10 fold faster than the rotational correlation time.

In the case of isotropic tumbling and the simple model-free formalism:

g(τ) = e−τ/τc

[
S2 + (1 − S2)e−τ/τi

]
= (1 − S2)e−τ/τmix + S2e−τ/τc

J(ω) = (1 − S2)
τmix

1 + ω2τ2
mix

+ S2 τc

1 + ω2τ2
(19.64)

τmix = τiτc/(τi + τc) (19.65)

In the case of tumbling of an axially symmetric molecule with the simple model-free
formalism:

g(τ) =

[
3∑

k=1

Ake−τ/τk

] [
S2 + (1 − S2)e−τ/τi

]

= S2

[
3∑

k=1

Ake−τ/τk

]
+ (1 − S2)

[
3∑

k=1

Ake−τ/τ ′
k

]
(19.66)

J(ω) = S2

[
3∑

k=1

Akτk

1 + ω2τ2
k

]
+ (1 − S2)

[
Akτ ′

k

1 + ω2(τ ′
k)2

]
(19.67)

the Ak, τk, are defined as follows:

k Ak τk

1 1
4
(3cos2β − 1)2 1/6D⊥

2 3sin2β cos2β 1/(5D⊥ + D‖)
3 3

4
sin4β 1/(2D⊥ + 4D‖)

and τ ′
k = τkτi/(τk + τi). Both of the above equations are easily modified to include

the extended model-free formalism.

19.5 Effect of Internal Motion on Relaxation
The effect of internal motion on the T1, T2, and the heteronuclear NOE are shown

in Fig. 19.9. Panels A and B illustrate the effect of changing τi (A) and S2 (B) on
T1 and T2. Panels C and D show the effect of these changes on the heteronuclear
NOE. General trends are listed below along with explanations that are based on the
relationship between J(ω), τi, and S2, as illustrated in Fig. 19.10.

1. The T1 and T2 are not sensitive to changes in τi (Panel A, Fig. 19.9). This occurs
because J(ωN ) dominates T1 relaxation and J(0) dominates T2 relaxation. Nei-
ther of these are appreciably changed when τi is changed at a fixed value of S2, as
shown in Fig. 19.10.
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2. Changes in S2 cause an increase in both T1 and T2 by a similar amount; the ratio of
T1 to T2 remains essentially constant (Panel B, Fig. 19.9). Decreasing S2 lowers
the value of the spectral density at J(0) and J(ωN ), as illustrated in Fig. 19.10.
This decrease is proportional to S2 and roughly the same at both ω = 0 and ωN .
Consequently, the overall rotation of the molecule is less effective at enhancing
T1 and T2 relaxation. Although J(ω) associated with internal motion increases as
S2 increases, it is less effective at relaxation because its maximum value, which
occurs at ω = 0, is approximately τi, which is smaller than τc.

3. The heteronuclear NOE is very sensitive to changes in τi (Panel C, Fig. 19.9). The
heteronuclear NOE depends on J(ωN + ωH) − J(ωH − ωN ). This difference is
affected by the spectral density associated with the internal motion, especially if
the inflection point for J(ω) is close to these two frequencies.

4. The heteronuclear NOE is also sensitive to changes in the order parameter (Panel
D, Fig. 19.9). In this case the change in NOE is largely due to changes in T1 since
the NOE ∝ [J(ωN + ωH) − J(ωH − ωN )] × T1.
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Figure 19.9. Effect of internal motion on 15N relaxation. The effect of internal motion on T1

and T2 (panels A and B) and on the heteronuclear NOE (panels C and D). Panels C and D are
given on the following page. In each plot the gray box indicates the range of overall correlation
time (τc) that are typically studied, spanning protein sizes from 10 kDa to 60 kDa. In panels A
and C, the order parameter, S2, was set to 0.8 and the correlation time for internal motion, τi

was 1 (solid), 10 (dotted), 30 (dashed), or 80 psec (long dash). In the case of T2, the different
curves are indistinguishable. In panels B and D, the correlation time for internal motion was
fixed at 30 psec and the order parameter was 1.0 (solid), 0.7 (dotted), and 0.5 (dashed). The
horizontal line marked 0.65 indicates a cut-off value that is used to determine whether a residue
can be used for determining the rotational diffusion tensor, see Section 19.7.1.
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Fig. 19.9, continued.
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Figure 19.10. Effect of internal motion on the autocorrelation and spectral density functions.
Panel A shows the autocorrelation function and Panel B shows the resultant spectral density
functions. Two different order parameters were used, S2 = 0.7 (gray curves) and S2 = 0.5
(black curves). In both cases the overall rotational correlation time, τc, was 4 nsec and the
correlation time for internal motion was 400 psec. In Panel A the solid lines show the correla-
tion function attributed to overall motion and the dashed lines show the correlation function for
internal motion. The dotted line shows the sum of both functions. In Panel B the same repre-
sentation is used, but the sum of the two spectral densities is not shown. The spectral density
function associated with internal motions (dashed lines) have been scaled up by a factor of 5.
The frequencies ωN , ωH +ωN , ωH , and ωH −ωN are indicated by the vertical bars, assuming
ωH = 2π × 500 MHz. In general, changing the order parameter changes the height of J(ω),
while changing the internal correlation time changes the location of the inflection point in J(ω),
as indicated by the double arrows (← →).
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19.5.1 Anisotropic Rotational Diffusion
If the protein is non-spherical, then its rate of rotational motion will depend on the

axis of rotation. In the case of an axially symmetric ellipsoid, as illustrated in Fig.
19.8, rotation about the D‖ axis (z-axis) will occur more rapidly than rotation about
the x- or y-axis. Consequently, the rotational correlation time about the z-axis will
be shorter than the rotational time associated with rotation about any other axis (τc =
1/6D). An N-H bond that is aligned with the z-axis can only change its orientation by
rotation of the protein around the x- or y-axis. Consequently, those amide groups will
experience a longer effective correlation time. In contrast, those amide groups that are
perpendicular to the z-axis will experience a shorter rotational correlation time due to
the more rapid rotational diffusion rate about the z-axis. When the angle of the N-H
bond vector is approximately equal to 54.7◦, the rotational correlation time will be the
same as the isotropic rate, Diso = (1/3)(Dx + Dy + Dx).

The effect of the bond orientation on the T1 and T2 for axially symmetric diffusion
is illustrated in Fig. 19.11. Panel A shows that the T1 is longer for amide bond vectors
aligned along the principle axis (D‖) and shorter for those perpendicular to principle
axis. The opposite occurs for T2, shorter values are found for N-H bonds aligned with
D‖. This is simply due to the different dependence of T1 and T2 on J(ω). For N-H
bond vectors with β< 54.7◦ the rotational correlation time is longer, therefore, the
spectral density function is increased at ω = 0 and decreased for higher frequencies.
Since T2 relaxation is dominated by J(0), the spin-spin relaxation rate is enhanced
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Figure 19.11. Effect of anisotropic diffusion on T1 and T2. In this simulation, the isotropic dif-
fusion constant was set to 4.37×107 sec−1, giving an isotropic rotational correlation time, τ iso

c ,
of 3.81 nsec. This correlation time is appropriate for a ≈ 55 residue protein. The anisotropy of
the diffusion tensor, R = D‖/D⊥, was set to 1.0, 1.1, 1.2, and 1.4 and is indicated next to each
curve. An angle of 0◦ indicates that the N-H bond vector is parallel to the principal (D‖) axis
while an angle of 90◦ indicates that the N-H bond vector is perpendicular to the principal axis.
For residues with β < 54.7◦, the apparent τc is longer than τ iso

c , while for residue with β >
54.7◦, the apparent τc is shorter than τ iso

c . The T1, T2, and ratio of T1/T2, as a function of β
are shown in panels A, B, and C, respectively.
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and T2 shortens. Conversely, the decrease in the spectral density function for ω > 0
reduces the efficiency of spin-lattice relaxation and the T1 lengthens.

The ratio of T1/T2 is shown in Panel C in Fig. 19.11. Note that this ratio is constant
for a spherically symmetric protein (R = 1.0) and depends on β for a non-spherical
protein. Consequently, this ratio can be used to indicate the presence of non-spherical
symmetry and allow the determination of the diffusion constants, D‖ and D⊥.

19.6 Measurement and Analysis of Relaxation Data
In this section the process of data acquisition and analysis will be described using

the model-free formalism that was outlined in Fig 19.2. The overall process consists
of the following steps:

1. Acquire T1, T2, and heteronuclear NOE data, preferably at multiple field strengths.

2. Obtain an estimate of the diffusion constants for the protein from the ratio of T1

to T2. Utilize statistical tests to determine if non-isotropic diffusion models are
necessary to account for the observed data.

3. For each residue in the protein, determine the parameters for internal motion, this
would include the order parameter, internal correlation time, as well as a contri-
bution from chemical exchange. Statistical tests are used to determine how many
parameters are required to account for the observed relaxation data.

The following text focuses on the application of the above steps to the measurement
of the relaxation properties of the amide nitrogen. In this case the protein is prepared
in the absence of a 13C enriched carbon source such that dipolar coupling between the
amide nitrogen and the α- and carbonyl-carbon cannot occur.

The same approach to characterizing molecular motion could also be used to char-
acterize the relaxation of isolated 13C-H groups. However, if the protein is uniformly
labeled with 13C it would be necessary to incorporated the additional carbon-carbon
dipole-dipole couplings into the analysis. Similarly, the relaxation properties of CH2

and CH3 groups are complicated by multiple carbon-proton couplings as well as
carbon-carbon couplings. One approach to solve this problem is to prepare the sam-
ple using 13C-methyl labeled pyruvate, and to select out the 13CHD2 isotopomer for
relaxation studies (see [77]).

19.6.1 Pulse Sequences
Pulse sequences that can be used to measure the amide nitrogen T1, T2, and het-

eronuclear NOE are shown in figs. 19.12, 19.13, and 19.14. These sequences utilize
coherence selection to generate quadrature detection and they employ sensitivity en-
hancement to increase the signal to noise. In addition, they are designed to avoid
saturation of the water magnetization in order to reduce the saturation of the amide
protons that would arise from exchange with the water protons. Additional details
regarding the measurement of 15N relaxation data can be found in Skelton et al [149].

There are two concepts that are common to all of the experiments, the removal of
cross correlation and the effects of water saturation on the intensities of the amide
resonance peaks. Hence, both of these will discussed prior to the discussion of the
individual pulse sequences.

Nuclear Spin Relaxation and Molecular Dynamics
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19.6.1.1 Correlation between Dipolar and CSA Field Fluctuations
During the relaxation delay period, T, the nitrogen spins will relax due to dipolar

coupling and CSA. The contribution of the dipolar field from the amide proton to field
fluctuations at the nitrogen nucleus will depend on the spin state of the attached proton.
In one case, the dipolar field will augment field fluctuations from the CSA while in the
other case attenuation will occur. The relaxation effects of dipolar coupling and the
CSA are said to be cross-correlated. A consequence of this cross-correlation is that
one-half of the nitrogen spins will relax faster than the other half, depending on the
spin state of their coupled proton. To insure that all nitrogen spins relax at the same
rate, the proton spin state is inverted during the measurement of the nitrogen T1 and
T2 by a series of 180◦ pulses applied to the amide protons. These are indicated in Fig.
19.12 by the Gaussian shaped pulses in the relaxation delay period, T.

19.6.1.2 Radiation Damping & Preventing Saturation of the Water
Saturation of the water protons will lead to a decrease in the intensity of the amide

protons due to chemical exchange between the amide proton and saturated water pro-
tons. In most experiments, proton exchange simply leads to a decrease in signal in-
tensity. However, in relaxation measurements, water saturation can lead to incorrect
measurements of relaxation parameters [54, 69]. In the case of T1 and T2 measure-
ments, the level of water saturation increases as the relaxation delay period, T, in-
creases because the proton pulses present during this period can saturate the water.
Consequently, the intensity of the amide peaks will decrease as T is lengthened, caus-
ing an apparent decrease in the amount of magnetization. Therefore, the magnetiza-
tion will ’decay’ faster than it should and the measured relaxation times will be shorter
than their true values. In the case of heteronuclear NOE experiment, the intensity of
the resonances in the control experiment, which is performed without saturation of the
attached amides protons, will be effected by transfer of saturation from the water.

To prevent saturation of the water it is important to keep the water magnetization
orientated along the plus z-axis as much as possible during the measurement. It can
be difficult to control the direction of the water magnetization during the experiment
because of radiation damping. Radiation damping is the self -relaxation of transverse
magnetization by an oscillating magnetic field in the receiver coil. This oscillating
field is induced by the precession of bulk magnetization in the transverse plane. Con-
sequently, the field fluctuations are exactly the correct frequency to stimulate emission.
Radiation damping is very efficient at relaxing water because of the high concentration
of protons. Consequently, once the water resonance is placed in the x-y plane, it will
rapidly relax back to the z-axis due to radiation damping.

Radiation damping can be reduced by actively dephasing the water magnetization
with magnetic field gradients. More efficient suppression of radiation damping occurs
if the following two rules are followed:

1. In the case of a spin echo sequence: P90 − τ − P180 − τ , the first gradient pulse
should be applied immediately after the first 90◦ pulse. The second gradient pulse,
which will refocus the water, should be placed immediately before the end of the
second τ period. Consequently the water will remain dephased throughout the
entire period.
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2. When water is placed on the minus z-axis by a pulse, the pulse should be followed
by a gradient to dephase any residual transverse magnetization generated by pulse
imperfections.

As an example of the application of the above principles, we will follow the water
magnetization through the T1 experiment (see Fig. 19.12). The first 90◦ pulse places
the water on the −y-axis. The immediate application of gradient G2 prevents radia-
tion damping. The water is flipped to the +y-axis by the proton 180◦ pulse, and is
refocused by the second G2 gradient pulse immediately before the proton 90◦ pulse
with a phase of y. The subsequent selective pulse along −x places the water along the
−z-axis. The gradient G3 will dephase any traces of water magnetization that may
remain in the x-y plane. The subsequent proton 180◦ pulse places the water on the
+z-axis. During the relaxation delay period, T, the selective pulses do not excite the
water resonance. The proton 180◦ pulse just prior to G6 inverts the water magnetiza-
tion. Gradient G6 will dephase any residual transverse water magnetization. The first
90◦ pulse of the sensitivity enhancement period will place water along the +y-axis.
The final proton 90◦ pulse places the water on the −z-axis and the final 180◦ pulse
returns the water to the +z-axis, as desired.

19.6.2 Measuring Heteronuclear T1

The sequence for measuring T1 is shown in Fig 19.12. In this experiment the po-
larization of the pure nitrogen longitudinal magnetization, Nz , is increased by transfer
of the more intense proton polarization to the nitrogen spins via two INEPT periods4.
During the relaxation delay time, T, the nitrogen magnetization will return to the level
appropriate for the equilibrium state of the nitrogen magnetization, proportional to
γN . Values for the relaxation recovery period (T) range from 0 to ≈1 sec, depending
on the expected T1. Typically, data are acquired for 4 to 5 different values of T, with
one or two duplicate points to assess the error in the fitted T1 time.

For the purposes of data fitting, it is more convenient to have the magnetization
relax to zero, rather than the equilibrium nitrogen polarization. In this case it is only
necessary to fit two parameters, the initial amplitude and T1. If the magnetization that
enters the relaxation delay time is inverted on alternate scans, and the receiver phase
is also inverted, then the resultant signal from adding both of these scans together will
produce a curve that decays to zero as T→ ∞. To demonstrate that this is the case,
we first show that inverting the phase of φ1 inverts the signal. Following the density
matrix from a to b in the sequence (see Fig. 19.12):

γHIzNz
φ1=x−→ −γHIzNy → γHNx → −γHNz

φ1=−x−→ +γHIzNy → −γHNx → +γHNz

4Formally, an INEPT sequence refers to transfer of polarization from a more sensitive spin to an insensitive
spin. Here, the term is used to describe a pulse sequence element that inter-converts in-phase and anti-phase
magnetization, i.e. Iy → −2IxSz or 2IzSy → −Sx.

Nuclear Spin Relaxation and Molecular Dynamics
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Figure 19.12. Pulse sequence for the measurement of 15N T1. In this experiment the relax-
ation of the longitudinal nitrogen magnetization occurs during the period labeled ’T’.

Orientation of Water Magnetization: This is indicated in the box above the pulse sequence.

Pulses: Narrow solid bars are 90◦ pulses along the x-axis, unless indicated otherwise. Proton
and nitrogen 90◦ pulses are of duration PH

90 and PN
90, respectively. Wide solid bars are 180◦

pulses. The non-rectangular gray pulses are selective pulses. The first is a selective 90◦ pulse,
such as a 1 msec Gaussian pulse, applied with the transmitter frequency on water. This pulse
places the water on the −z-axis. The second selective pulse, applied an even number of times
(2N) during the T period, is a 550 µsec square pulse that is applied 2 kHz away from the water
resonance. Since the null excitation point for this pulse is 2 kHz away from the transmitter fre-
quency the water line is not inverted. Decoupling of nitrogen during t2 is accomplished using
WALTZ-16 with a field strength, γB1 of ≈ 1 kHz. This decouples over a bandwidth of 1.8
kHz, or 36 ppm, assuming a 500 MHz (νH ) spectrometer.

Delays: The delay τa is set to less than 1/(4JNH ) (e.g. 2.25 msec) to reduce signal loss due to
relaxation. The τb delays are set to exactly 1/(4JNH ), or 2.75 msec. The delay τ ′

b = τb + 2P H
90

and accounts for evolution of the nitrogen magnetization during the proton 180◦ pulse during
the t1 time evolution period. The delay δ is 2.5 msec and the delay τc is sufficiently long to
apply G9 and allow for recovery of the gradient, ≈ 0.4 msec.

Phase Cycling and Coherence Selection: The phase cycle is: φ1 = x, -x; φ2 = y; φ3 = 2(x),
2(y), 2(-x), 2(-y); φ4 = x. The receiver phase is: φrec =x, -x, -x, x. Quadrature detection in ω1

is obtained by coherence selection using gradients G6 and G9. Two FIDs are acquired for each
t1 period and the second FID is acquired with φ4 = -x and inverting the sign of G6. Axial peaks
are shifted to the edge of the spectrum by shifting the phase of φ2 and φrec by 180◦ for each
increment in t1.

Gradients: Values used by Farrow et al. [54] are G1 (1 msec, 5 G/cm), G2 (0.5 msec, 4 G/cm),
G3 (1 msec, 10 G/cm), G4 (0.5 msec, 8 G/cm), G5 (1 msec, 5 G/cm), G6 (1.25 msec, 30 G/cm),
G7 (0.5 msec, 4 G/cm), G8 (0.5 msec, 4 G/cm), G9 (0.125 msec, 27.8 G/cm). Note that the ratio
of G6/G9 must be ∝ γN/γH . G1 purges any nitrogen magnetization, gradients G2, G4, G7, and
G8 remove imperfections from the 180◦ pulses, G3 is a zz-filter, retaining only IzNz , Gradient
G5 is a z-filter, and insures that only nitrogen magnetization along the z-axis is returned to the
amide proton for detection.
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For each of these cases the nitrogen magnetization relaxes as follows:

Iφ1=x(t) = (−γH − γN )e−t/T1 + γN (19.68)

Iφ1=−x(t) = (γH − γN )e−t/T1 + γN (19.69)

After two scans, with inversion of the receiver during the second scan, the sum of these
two signals is:

I(t) = Iφ1=x(t) − Iφ1=−x(t)

= [(−γH − γN )e−t/T1 + γN ] − [(γH − γN )e−t/T1 + γN ]
= −2 γHe−t/T1 (19.70)

19.6.3 Measuring Heteronuclear T2

Spin-spin relaxation times can be measured using two different experimental ap-
proaches, T1ρ and CPMG methods. Methods that utilize CPMG sequences are more
widely used because they yield T2 directly while T1ρ requires knowledge of the T1 in
order to obtain T2 (see below). In addition, CPMG methods generally place smaller
demands on the hardware.

CPMG versus T1ρ - A word of warning: CPMG methods require the application of
180◦ nitrogen pulses at regular intervals while the transverse magnetization relaxes.
As discussed in more detail below, these pulses remove artifacts associated with the
measurement of T2. Unfortunately, because the CPMG sequence utilizes multiple
180◦ pulse it is very sensitive to resonance offset effects. This is particularly true
when the carbon T2 is measured because of the larger frequency range, ∆ν, compared
to the amide nitrogen. The error introduced by off-set effects depends on a number of
factors, including the magnetic field strength, which affects ∆ν, the length of the 180◦

pulses, which affects the bandwidth of the pulse, and the spacing between the pulses.
Due to the complexity of relationship between the error in T2 and the experimental
parameters the reader is referred to the articles by Ross et al. [138] and by Korzhnev
et al. [88] for a detailed description. In some cases these errors can be substantial,
as large as 10% in the case of measuring 15N T2 and as large as 20% in the case of
13C T2 measurements. The errors in T2 are propagated to the estimation of the order
parameter, S2, and the correlation time for internal motion, τi, as discussed by Ross
et al. [138].

If CPMG methods are to be used for measuring T2 then the following points should
be kept in mind:

1. Perform the measurement at low magnetic fields, i.e. 500 MHz spectrometer, to
reduce the frequency offset.

2. Use the shortest 180◦ pulse length as possible, to increase the bandwidth.

3. Consider acquiring the data for two different transmitter frequencies, positioned at
1/3 and 2/3 the width of the spectrum.

Even if the above precautions are taken, it would be useful to calculate the error intro-
duced by the offset, and if significant, correct the measured rates accordingly.

Nuclear Spin Relaxation and Molecular Dynamics
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19.6.3.1 Measuring 15N T2 with CPMG Methods
A pulse sequence to measure T2 is shown in Fig. 19.13. In this experiment the

relaxation of the transverse nitrogen magnetization, Nx, is measured during the re-
laxation delay period T. Typical values of T range from 0 to 150 msec, depending on
the average T2 of the protein under study. The decay of the transverse magnetization
depends on several factors, its intrinsic decay rate due to dipolar coupling and CSA,
dephasing due to chemical exchange, and the presence of an inhomogeneous magnetic
field:

R2 = (1/T2) = Rdipole
2 + RCSA

2 + Rex
2 + R∆Bo

2 (19.71)

The contribution of an inhomogeneous field, ∆Bo, to the T2 is completely removed
by the use of the CPMG sequence during the relaxation delay period, as indicated
in Fig. 18.7. In addition, if the rate of chemical exchange is slower than rate of the
180◦ pulses (e.g. kex << 1/τCPMG), then the CPMG sequence will also refocus any
dephasing due to chemical exchange. Consequently, the observed relaxation rate is
the sum of three terms:

R2 = Rdipole
2 + RCSA

2 + Rex
2 (19.72)

where Rex
2 is the contribution of fast-exchange processes to R2.

Suppression of Water Saturation: The T2 experiment utilizes similar schemes to avoid
saturation of the water magnetization. The water magnetization is maintained along
the +z-axis during the relaxation delay time (T) by inverting the phases of the pair of
180◦ proton pulses within each CPMG segment. Consequently, there is no net rotation
of the water magnetization. Note that it is not possible to apply a gradient pulse after
the first proton 180◦ pulse because the nitrogen magnetization is transverse and would
be dephased by the gradient.

19.6.3.2 Measuring 15N T2 with T1ρ

In this case, the transverse magnetization relaxes in the rotating frame while aligned
along the applied B1, or ’spin-lock’ field. Resonances whose frequency is not equal to
the transmitter frequency experience an effective field of:

Beff =
ωe

γ
=

√
ω2

1 + δω2

γ
(19.73)

where δω is the frequency difference between the position of a resonance line and the
transmitter frequency.

Although T1ρ measurements suffer greatly from off resonance effects, the relax-
ation measurement is much easier to correct than with CPMG techniques. Peng et al.
[127] give a clear and detailed analysis of relaxation in the rotation frame. The end
result is that the observed relaxation is approximately equal to5:

1
T1ρ

=
1
T1

cos2θ +
1
T2

sin2θ (19.74)

5In the case of T1ρ measurements, the frequency arguments to J(ω) are altered by ωe, i.e. J(ωN ) is
replaced by J(ωN + ωe). Since ωe is in the kHz range, ωN + ωe ≈ ωN .
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where θ is the angle between the effective magnetic field and the z-axis and is given
by:

θ = tan−1 ω1

δω
(19.75)

T1ρ can be measured using the same pulse sequence as described for measuring
T2 (Fig. 19.13) with the CPMG sequence replaced by a ≈ 1-2 kHz B1 field. This
approach will cause a reduction in the amplitude of the signals that are off-resonance

Figure 19.13. Pulse Sequence to Measure Heteronuclear T2. A two-dimensional pulse se-
quence to measure 15N spin-spin relaxation is shown [54]. This sequence uses a CPMG pulse
train to remove the effect of magnetic field inhomogeneity on the T2. Unless otherwise stated,
the parameters are the same as for the T1 experiment shown in Fig. 19.12.

CPMG Sequence: The relaxation of the transverse nitrogen magnetization is measured during
the application of the CPMG sequence. The closely spaced nitrogen 180◦ pulses remove the
contribution of magnet field inhomogeneities on the relaxation rate (see text). The pair of proton
pulses within each CPMG block are required to remove dipole-CSA cross-correlation effects.

Delays: Delay τa is set to < 1/(4JNH) and τb is set to be equal to 1/(4JNH). The delay τ ′′
b

is set to τb + 2 × P N
90/π. This adjustment accounts for evolution of the nitrogen magnetization

during the 90◦ nitrogen pulse (φ1) ensuring that the τb−180◦−τ ′′
b period completely refocuses

the nitrogen magnetization such that it is aligned along the x-axis at the beginning of the CPMG
pulse train. The delay τb”’= τb +2P H

90 +2×P N
90/π. This adjustment accounts for contribution

of the proton 180◦ pulse length and the nitrogen 90◦ pulse (phase φ3) to the evolution of the
nitrogen magnetization. The delay δ, during the CPMG pulse train, is set to ≈ 500 µsec. The
delay δ′ = δ − P H

90 , accounts for the contribution of the proton 180◦ pulse to the 2δ delay.

Phase Cycle and Coherence Selection: φ1 = x,−x; φ2 = 2(x), 2(y), 2(−x), 2(−y); φ3 = x.
The receiver phase is: φrec = x,−x,−x, x. For quadrature detection, two FIDs are acquired
for each t1 point and the phase of φ3 and the amplitude of G5 were inverted for the second FID.
Axial peaks are suppressed by incrementing φ1 and the receiver phase by 180◦ for each t1 pt.

Gradients: Values suggested by Farrow et al. [54] are: G1(1 msec, 5 G/cm), G2(0.5 msec, 4
G/cm), G3(1 msec, 10 G/cm), G4(0.5 msec, 8 G/cm), G5(1.25 msec, 30 G/cm), G6(0.5 msec, 4
G/cm), G7(0.5 msec, 4 G/cm), G8(0.125 msec, 27.8 G/cm). G5 and G8 are used for quadrature
detection. G1 purges any nitrogen magnetization prior to the experiment, G2, G4, G6, and G7
gradient pairs remove artifacts from the 180◦ pulses. G3 is a zz-filter, retaining IzNz .

Nuclear Spin Relaxation and Molecular Dynamics
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because they are not aligned along the effective field when the spin-lock is applied.
Only the component of the magnetization along the effective field will remain coherent
during the T delay. Any magnetization that is perpendicular to Beff is dephased within
1-2 msec by the relatively inhomogeneous B1 field of the pulse. Consequently, it is
better to use methods, such as adiabatic pulses, that align the magnetization along the
effective field, as discussed in Section 18.4.5.2.

19.6.3.3 Measuring the Heteronuclear NOE
The pulse sequence to measure the heteronuclear NOE is shown in Fig. 19.14. The

experiment is performed twice, first with no proton saturation, and then with proton
saturation, giving So

z and Sz , respectively. It is important that all parameters, including
the number of scans and the receiver gain, are identical in both experiments. It is best
to interleave the two experiments, i.e. collect a t1 time point (FID) without proton
saturation, followed by collection of the same time point with proton saturation.

It is also useful to keep in mind that in this experiment the magnetization does not
originate on the amide proton, thus the sensitivity is considerably lower than the T1

and T2 experiments. In addition, the hnNOE for the N-H pair is less than one, further
reducing the signal. Consequently, more scans should be acquired to reduce the error
in the peak intensities.

Figure 19.14. Pulse sequence for the measurement of the heteronuclear NOE. This sequence
is described in more detail in [54]. Experimental parameters are the same as the T1 experiment
in Fig. 19.12. Saturation of the amide protons is accomplished by applying a series of 120◦

pulses spaced 5 msec apart for 3 sec prior to the first proton pulse [108]. The water saturation
pulses are preceded by a 2 sec relaxation delay. For the control experiment with no proton
saturation, the 120◦ proton pulses are not applied and the total relaxation delay is 5 sec.
Delays: The delay τ ′

b = τb + 2P H
90 and accounts for the evolution of the nitrogen spins during

the 180◦ proton pulse (φ3). τa and τb are defined in Fig. 19.12.
Phase Cycle and Coherence Selection: φ1 = y, φ2 = x, y,−x,−y, φ3 = x, φrec = x,−x.
Quadrature detection was accomplished by inverting the phase of φ3 and the amplitude of G1
for the second FID acquired at each t1 point. Axial peaks are shifted to the edge of the spectrum
by shifting the phase of φ1 and the receiver by 180◦ for each new t1 value.
Gradients: G1(1.25 msec, 30 G/cm), G2(0.5 msec, 4 G/cm), G3(0.5 msec, 4 G/cm), G4(0.125
msec, 27.8 G/cm). Gradient pairs G2 and G3 remove any artifacts associated with imperfect
180◦ pulses.
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19.7 Data Analysis and Model Fitting
The relaxation data will be used to determine the motional properties of the amide

groups in the protein. As a reminder, this process involves the following steps:

1. Measuring the amplitude, or volume, of peaks in the spectra from T1, T2, and
hnNOE spectra.

2. In the case of T1 or T2 measurements, the relaxation rate is obtained by fitting the
data to the following equation:

I = Ioe
−T/T1,2

Duplicate measurements are used to determine the error in the relaxation rate by
Monte Carlo methods, as illustrated in Fig. 19.17. In the case of the hnNOE
measurement, the NOE is obtained by simply dividing the peak intensity obtained
during saturation of the protons by the intensity obtained without saturation.

3. Defining a model that describes the global motion of the protein as well as internal
motion of individual bond vectors. The parameters of this model include informa-
tion on the rotation of the molecule (Dx, Dy , Dz), the extent (S2) and rate (τi) of
internal motion.

4. Calculate J(ω), and then T1, T2, and the hnNOE.

5. Adjust the parameters of the model until the difference between the experimental
and calculated relaxation parameters is minimized.

There are a number of programs for the fitting of relaxation data [102, 126]. Conse-
quently, the emphasis of this section is on the general approach to data analysis and the
following section will discuss in detail the use of statistical tests in the data analysis.

19.7.1 Defining Rotational Diffusion
The first goal is to define the rotational diffusion properties of the molecule. If an

incorrect model is used then systematic errors will occur in determining the order pa-
rameter(s) and internal correlation time(s). A comprehensive discussion of the errors
that can occur when an axially symmetric protein is assumed to be spherical has been
given by Schurr et al. [143]. In this study, the authors generated synthetic data using
the simple model-free formalism with axially symmetric diffusion. These data were
then used to obtain motional parameters from either the simple model-free formalism
or the extended model-free formalism, assuming a spherical protein. To summarize
their findings:

1. If the simple model-free formalism (τi, S2) is used with noise-free data then the
fitted parameters are in close agreement to the true parameters. The inclusion of
typical noise in the T1, T2, and hnNOE measurement results in a modest error in
S2 (≈5%) and more extensive errors in τi (≈ 40%).

2. If the extended model-free formalism (τi, τf , S2
f , S2

s ) is used to fit the relaxation
data, then spurious slow motions are obtained, even though none existed in the
initial model.

Nuclear Spin Relaxation and Molecular Dynamics
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The rotational diffusion coefficient(s) are generally obtained from the ratio of the T1

to T2 because this ratio is relatively insensitive to internal motion [84]. Inspection
of Fig. 19.9 shows that T2 is completely insensitive to the internal correlation time
while T1 decreases slightly as the correlation time for internal motion increases (Panel
A, Fig. 19.9). Both T1 and T2 are affected by the order parameter, however both
relaxation times increase by similar amounts as S2 decreases (Panel B), therefore their
ratio remains essentially constant. The ratio of T1 to T2 is sensitive to the shape of the
particle, as illustrated in Fig. 19.11, thus providing data that can be used to determine
the diffusion properties of the molecule.

In the case of a non-symmetric molecule, it is necessary to determine both the
orientation of the molecule and the size of the diagonal components of the diffusion
tensor because this information is required in the calculations of J(ω). The process of
determining the diffusion tensor is most easily understood using an axially symmetric
(i.e. cylindrical) molecule as an example.

A sub-set of residues are selected for the process of determining the diffusion ten-
sor. The selection criteria is given below, in Section 19.7.1.1. The structure of the
protein is required in order to calculate β, the angle between the N-H bond vector and
the principle rotation axis. However, the orientation of the principle axis with respect
to the protein is unknown. The available coordinate file of the molecule, such as the
PDB file, can have the molecule in any arbitrary orientation; the molecule need not
have its long axis oriented in the direction of the z-axis. Therefore, prior to calculating
T1 and T2 it is necessary to apply the appropriate rotation to the structure such that it
becomes oriented with its long axis along the z-axis.

Because of axial symmetry, only two rotation angles are required to complete this
rotation, as illustrated in Fig. 19.15. Therefore a total of four parameters are required
to describe the rotational diffusion properties of an axially symmetric protein, the two
rotation angles (θ, φ) that re-orient the molecule into its principle axis system, and the
two diffusion constants, D‖ and D⊥.

In practice, a grid search is performed, varying θ, φ, D‖, and D⊥. For each of
these values the T1 and T2 are calculated from the known structure and the calculated
ratio is compared to the observed ratio. The values of θ, φ, D‖, and D⊥ that minimize
this difference define the rotational diffusion properties of the molecule. Accurate
initial guesses regarding the diffusion coefficient can accelerate this process. The
hydrodynamic properties of a molecule can be calculated from the structure using
the program HYDROPRO [60], and these values can be used for initial guesses to
facilitate the search for the best parameters.

19.7.1.1 Selection of Residues for Determining Diffusion Tensor

Although the T1/T2 ratio is relatively insensitive to internal motion, the presence
of significant amounts of internal motion will distort the ratio, leading to errors in
the determination of the diffusion properties. In addition, the presence of chemical
exchange will also lead to a decrease in T2, again distorting the T1/T2 ratio. Therefore,
the collection of residues that are used to determine the diffusion properties of the
entire molecule should be essentially rigid; residues that are mobile or show exchange
broadening should not be used in the determination of the diffusion tensor.
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Figure 19.15. Determining the orientation of the diffusion tensor. The process of determining
the orientation of the diffusion tensor is illustrated with a simple α-helical protein. The orien-
tation of the molecule in the molecular frame is illustrated in the left part of the figure. The
molecular frame is the internal x, y, and z-coordinates of the molecule, such as those contained
in a protein database (pdb) file. The diffusion tensor is not diagonal for this particular orienta-
tion. This molecule is axially symmetric, thus only four parameters are required to define its
hydrodynamic properties: two rotation angles (θ, φ) and two diffusion coefficients (D‖, D⊥).
In this example the orientation shown in the left figure is transformed to the orientation shown
in the right figure by a rotation of φ = 45◦ about the z-axis in the laboratory frame, followed
by a θ = 40◦ rotation about the new x-axis. A total of six parameters are required to describe
the hydrodynamic properties of an asymmetric molecule, three rotation angles (θ, φ, γ) and Dx,
Dy , and Dz .

Several ’data filters’ have been described [126, 158] for the exclusion of residues.
The approach by Pawley [126] will be described in detail below.
1. Residues with 15N hnNOE smaller than 0.65, are discarded. These residues obvi-

ously possess considerable internal motion. Note that this selection criteria should
take into consideration the size of the protein. Fig. 19.9 shows the relationship be-
tween internal motion and the correlation time of the protein. In general, smaller
proteins, with shorter correlation times, will show increased hnNOE values. In
this case, higher values should be used as the cut-off.

2. Residues with T2 times shorter than one standard deviation from the average T2

(e.g. T2 < T̄2 − σ) are discarded. A short T2 may indicate a contribution of
chemical exchange to the T2. However, since a short T2 also occurs if the N-H
bond vector is less than ≈ 54◦ from the z-axis (see Fig. 19.11), if the residue also
has a longer than normal T1 it should be retained.6

3. Once the diffusion properties are defined from the initial set of residues, the
motional parameters of these residues are obtained from the model-free formal-
ism and residues that do not fit the simple model, or show slow internal motion
(τf > 600 psec), are removed from the set and the diffusion constants are ob-
tained from the remaining residues.

6This description is true for a prolate ellipsoid, the opposite trend will be observed for an oblate ellipsoid
[126].

Nuclear Spin Relaxation and Molecular Dynamics
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19.7.2 Determining Internal Rotation
The final step is to determine parameters that describe the internal motion. In this

process, it is assumed that the diffusion coefficient(s) of the protein have been obtained
as described above and are therefore fixed.

The number of parameters that are required to represent the relaxation data will de-
pend on the model for internal motion. In addition to these parameters, T2 relaxation
may also contain a contribution from chemical exchange, Rex. Therefore it is neces-
sary to include this term when fitting the data. Consequently, in the simple model-free
formalism a total of three parameters are required per residue (τf , S2

f , Rex) while a
total of five are required for the extended model-free formalism, the two additional
parameters are τS , and S2

S .
Since the number of fitted parameters are often equal to, or even exceed, the num-

ber of experimental data points it may be possible to only fit a sub-set of the above
parameters. Mandel, Akke, and Palmer [102] have suggested a hierarchical route,
fitting increasingly more complicated models to the data (see Table 19.2).

The suitability of models 1-3 for describing the relaxation data can be tested us-
ing the χ2 goodness-of-fit test. In addition, the partial F-test can be used to determine
whether the inclusion of additional parameters, such as τf (model 2) or Rex (model 3),
improves the fit to the data. If data is acquired at only one magnetic field strength, then
statistical tests cannot be applied to models 4 and 5. In this case, the model that gives
the smallest χ2 value is presumed to be correct. The hierarchical process of model se-
lection has been semi-automated in the software package called MODELFREE, which
is available from A. Palmer.

More recently, alternative methods of model selection have been applied to relax-
ation data [46, 34]. These newer methods are based on Akaike’s information criteria
[2] and Bayesian information criteria [144]. These methods provide a more straight-

Table 19.2. Model-free parameter fitting.

Model Fitted Degrees of Freedoma Comments
Number Parameter ν = N − m

1 S2 2 Simple model-free formalism, the correla-
tion time for internal motion is assumed to
be very fast, i.e. τf = 0 and there is no
chemical exchange (Rex = 0).

2 S2, τf 1 Simple model-free formalism with no
chemical exchange (Rex = 0).

3 S2, Rex 1 Simple model-free formalism, the correla-
tion time for internal motion is assumed to
be very fast, i.e. τf = 0.

4 S2, τf , Rex 0 Simple model-free formalism, complete de-
scription.

5 S2
f , S2

S , τS 0 Extended model-free formalism, τf = 0
and no chemical exchange.

aAssuming measurement of T1, T2 and hnNOE at a single field, N = 3, m = number of parameters.
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forward method of model selection and generally provide a more accurate description
of internal rotational correlation times [34].

19.7.3 Systematic Errors in Model Fitting
A number of assumptions and/or approximations are taken when calculating relax-

ation parameters. If incorrect assumptions are made, then systematic errors will be
introduced into the determined order parameters and correlation times. The errors that
are introduced by the inadequate description of the rotational diffusion properties of
the protein have been discussed previously. These errors can be minimized by either
direct determination or calculation of the diffusion constants.

A more serious source of error is the assumption of the value of the chemical shift
anisotropy. Average values ranging from -165 to -170 ppm are commonly used in
model fitting. However, it is apparent that the CSA varies from residue-to-residue due
to residue specific variations in the electronic environment of the 15N nucleus. In the
case of the small protein, ubiquitin, the CSA values were shown to range from -120
ppm to over -200 ppm with 68.3% of the residues showing a CSA between -140 and
-180 ppm [59]. The measured CSA for a number of residues in Ribonuclease H1 is
shown in Fig. 19.16. Systematic errors in the order parameter (S2) and the internal
correlation time (τi) will occur if the incorrect CSA value are used in calculating the
relaxation parameters. In general, the errors are largest for the order parameter, and

Figure 19.16. Variation of CSA for Ribonuclease H1. The distribution of CSA values in
Ribonuclease H1 from E. coli are shown in Panel A [89]. The CSA values range from -129
ppm to -213 ppm. The mean CSA is -173 ppm and the distribution of CSA values can be
approximated as a normal distribution with a standard deviation of 13 ppm. Panel B shows
the effect of an incorrect CSA value on the order parameter. Two magnetic field strengths are
shown, 400 MHz (solid black line) and 600 MHz (dashed line). Synthetic data was generated
assuming S2 = 0.85 (indicated by the horizontal gray line) and CSA values ranging from -120
to -200 ppm. The order parameter that was obtained by fitting the data to the simple model-free
formalism is plotted, assuming that the CSA was equal to -160 ppm. If the true CSA is smaller
then -160 ppm the order parameter will be underestimated, while a CSA higher than the -160
will give an over-estimate of the order parameter. This error depends on the magnetic field
strength. Adapted from Fushman and Cowburn [58].
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increase as the magnetic field strength increases, as illustrated in Panel B of Fig. 19.16.
In general, the range of CSA values is sufficiently small as to not cause significant
problems at magnetic field strengths ≤ 600 MHz. However, at higher field strengths,
≥ 800 MHz, it will be necessary to take this effect into account for a quantitative
determination of the order parameter [89].

19.8 Statistical Tests
During the fitting of relaxation data, two key questions arise:

1. Does the model really predict the experimental data? The χ2 test can be used to
assess the suitability of the model.

2. If an additional parameter is added to the model, is there a significant improvement
in the ability of the model to predict the experimental data? The partial F-test can
be used to determine if the additional parameter is significant.

Unfortunately, the statistical tests do not provide absolute answers to these questions,
but they can provide some indication of whether an observation is highly likely to be
true, or can simply be explained by the noise in the data.

19.8.1 χ2 Test for Goodness-of-fit
This test is used to assess the validity of the model that is used to represent the data.

The χ2 is given by:

χ2 =
N∑

i=1

[
1
σ2

i

[yi − y(�p)]2
]

(19.76)

where σ2 is the variance (error) associated with the data, yi is the experimentally
observed values, and y(�p) is the value calculated from the model, using n, parameters
�p = p1, p2, ..., pn.

The value of χ2 will always increase as more data is used in the fitting because
of random error in the data. In addition, the χ2 will always decrease as the number
of parameters is increased. For example, if three points are fit to a straight line (two
parameter fit: slope and intercept), the χ2 will be greater than zero. However if an
additional parameter is added, for example by fitting the data to a parabolic equation,
the χ2 will decrease to zero. To account for the influence of the number of data points
and parameters on the χ2, the χ2 is normalized by dividing by ν, the number of degrees
of freedom, to give the reduced χ2:

χ2
ν = χ2/ν (19.77)

Where the number of degrees of freedom, ν = N − n, is the number of data points
(N ) minus the number of parameters (n) in the model.

19.8.1.1 Fitting Relaxation Data
T1 and T2 Data: In the case of fitting the raw T1 or T2 relaxation data to a single ex-
ponential two parameters are required, the amplitude (p1 = Io) and the time constant
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(p2 = T ). The reduced χ2 is:

χ2
ν =

1
N − 2

N∑
i=i

[
1
σ2

i

[Ii − Ioe
−ti/T1 ]2

]
(19.78)

where, Ii is the measured intensity of the peak at time ti, and N is the total number of
T values used in the experiment.

Diffusion Constants: The ratio, T1/T2, is sensitive to anisotropic rotational diffusion
of the molecule. For the case of an axially symmetric molecule there are a total of
four parameters that have to be obtained from the relaxation data: D‖, D⊥, and the
rotational angles, θ and φ, to specify the orientation of the the ‖ and ⊥ axis with
respect to the protein structure. The χ2

ν in this case is:

χ2 =
N res∑
i=1

1
Nres − 4

[
((T1/T2)obs − (T1/T2)calc)2

σ2
i

]
(19.79)

where Nres are the number of residues that are used in the fitting.

Internal Motion In the case of defining the motion of a single residue, a typical para-
meter set would be the order parameter (p1 = S2), and the correlation time for internal
motion (p2 = τi). The χ2 is calculated as:

χ2
ν =

1
3N − 2

N∑
i=1

[
(T obs

1 − T calc
1 )2

σ2
T1

+
(T obs

2 − T calc
2 )2

σ2
T2

+
(NOEobs − NOEcalc)2

σ2
NOE

]
(19.80)

where N is the number of magnetic field strengths. This assumes that that hydrody-
namic properties of the molecule have already been defined.

19.8.1.2 Interpretation of χ2
ν

The χ2 is simply the ratio of the difference between the experimental measurement
and the model (yi − y(�p)) divided by the error in the measurements, σ. If the model
accounts for the data, then the expectation is that χ2 will be close to 1.0 because the
differences between the data and the model should be the same as the error in the data.
If the model does not account for the experimental observations, the χ2 will be larger
than one. Alternatively, if the error in the data is significantly over-estimated, then χ2

can be significantly less than one.
The χ2 can be used to assess how well the model fits the experimental data by

comparing the actual χ2 to expected χ2 values. The expected χ2 values are obtained
from the integral of the χ2 distribution and selected values of this integral are shown
in Table 19.3. The reader should consult Bevington [17] for more information and
any statistics text for a more extensive probability table. The probabilities listed in
Table 19.3 are the probabilities that the model can account for the data, given random
variation of the experimental data. Consider the following example.

Nuclear Spin Relaxation and Molecular Dynamics
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Table 19.3. The χ2 distribution is shown for different probabilities, P, and degrees of freedom,
ν.

P 0.95 0.80 0.50 0.30 0.10 0.01 0.001

ν=1 0.004 0.064 0.455 1.074 2.706 6.635 10.83
ν=2 0.052 0.223 0.693 1.204 2.303 4.605 6.91
ν=3 0.117 0.335 0.789 1.222 2.084 3.780 5.42
ν=4 0.178 0.412 0.839 1.220 1.945 3.319 4.61
ν=5 0.229 0.469 0.870 1.213 1.847 3.017 4.10
ν=6 0.273 0.512 0.891 1.205 1.774 2.802 3.74
ν=8 0.342 0.574 0.918 1.191 1.670 2.511 3.27
ν=10 0.395 0.618 0.934 1.178 1.599 2.321 2.96
ν=15 0.484 0.687 0.959 1.115 1.487 2.039 2.51
ν=20 0.543 0.729 0.967 1.139 1.421 1.878 2.27

Example Problem: Five data points are used to fit a T1 decay curve. The resultant
reduced χ2

ν is found to be 4.0. Determine the probability that this χ2
ν occurred

randomly.

Answer. In this case the number of degrees of freedom, ν, is 3 and the observed
χ2

ν is found between the P = 0.01 (χ2
ν = 3.78) and P = 0.001 (χ2

ν = 5.42).
Based on these probabilities one could state that the chances that this poor of a fit
could occur randomly is between 1.0 and 0.1%. Since the event is very unlikely,
the model is probably incorrect. Alternatively, the actual error in the data, σ, has
been under-estimated.

19.8.2 Test for Inclusion of Additional Parameters
In many cases the model that is being used to fit the data can be extended by one

or more additional parameters. For example, the model for isotropic diffusion can be
extended to an axially symmetric molecule, replacing one parameter (Diso) with four
(D‖, D⊥, θ, φ). Extension to a fully asymmetric molecule will require 6 parameters.
In the case of fitting models for internal motion, initially the data are fit using only the
order parameter, S2, and then extended by addition of either the internal correlation
time τi, or a chemical exchange term, Rex (see Table 19.2).

In all cases the inclusion of an additional parameter will always decrease the χ2
ν .

If the additional parameter(s) decrease the χ2
ν by more than what would be expected

from the random error in the data, then the inclusion of the additional parameter is
justified.

The test for the inclusion of additional parameters is called the partial F-test. It is
related to the F-test, which is used to determine if variances in two data sets are equal.
In the case of the partial F-test, the F statistic is given by:

F(m−n),N−n =
(χ2

m − χ2
n)/(n − m)

χ2
n/(N − n)

(19.81)
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Table 19.4. The F distribution is shown for a probability of 5% as a function of the two degrees
of freedom, ν1 = m − n, and ν2 = N − n.

ν1 = m − n 1 2 3 4 5

ν2 = N − n 161.4 199.5 215.7 224.6 230.2
ν2=2 18.5 19.0 19.2 19.3 19.3
ν2=3 10.1 9.6 9.1 9.1 9.0
ν2=4 7.7 6.9 6.4 6.3 6.2
ν2=5 6.6 5.8 5.4 5.2 5.1
ν2=6 6.0 5.1 4.8 4.5 4.4
ν2=7 5.6 4.7 4.3 4.1 4.0
ν2=8 5.3 4.5 4.1 3.8 3.7
ν2=10 5.0 4.1 3.7 3.5 3.3
ν2=15 4.5 3.7 3.3 3.1 2.9

for the case where N data points are initially fit to m parameters and then subsequently
fit to n parameters. For example, m = 1 for isotropic diffusion and n = 4 for axially
symmetric diffusion. This statistic is essentially the ratio of the difference in the re-
duced χ2 values (corrected for the change in degrees of freedom) to the new reduced
χ2.

We expect the reduced F statistic to be large if additional parameters improved the
fit because this indicates that the drop in χ2 is much larger than the average devia-
tion of the data from the new model. The F-distribution is given in Table 19.4 for a
number of different degrees of freedom. This table is given for a probability of 5%,
therefore, if the calculated F statistic is larger than the values, then the probably that
the improvement in the model occurred by chance is less than 5%, i.e. there is a good
chance that the improvement is legitimate. The following provides an example of how
to use Table 19.4.

Example Problem: Ten residues have been selected to evaluated the rotational
diffusion properties of a protein. The data are fit to the isotropic, axially symmetric,
and anisotropic models and the following χ2 (non-reduced) were obtained:

Model # χ2 F(a,b)

Para. Isotropic Axial
Isotropic 1 9.0 -
Axial 4 1.5 F(3,6)=(7.5/3)/(1.5/6)= 10.0 -
Aniso. 6 0.8 F(5,4)=(8.2/5)/(0.8/4)= 8.2 F(2,4)=(0.7/2)/(0.8/4)=1.75

Which model of rotational diffusion is best described by the data?

Answer: The partial F-value for comparing each model to the others is given in the
above table. For the comparison of axial to isotropic rotation, F3,6 = 10.0. Comparing
the anisotropic model to the isotropic model gives F5,4 = 8.2 and to axially symmetric
model gives F2,4 = 1.75. The F statistics for 5% probability are obtained from Table
19.4. In the case of axial versus isotropic, the F statistic is 4.8 for ν1 = 3 and ν2 = 6.
Since the observed value of 10.0 is greater than 4.8, there is less than a 5% change that
this occurred randomly. Similarily, the anisotropic model also provides a statistically

Nuclear Spin Relaxation and Molecular Dynamics
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significant improvement in the model. In comparing the anisotropic to the axially
symmetric model, the calculated F statistic of 1.75, is less than the F2,4 value of 6.9 in
Table 19.4, therefore the chance that the improvement occurred by random is greater
than 5%, consequently the more complicated asymmetric model should be adopted
with caution.

19.8.2.1 Error Estimation of Raw Data
To calculate the χ2 it is necessary to estimate the variance of the data σi. In the

case of fitting to raw data, such as in the T1, T2 and heteronuclear NOE experiments
the error should be estimated from N measurements at a single relaxation time (T) and
calculated as:

σ2 =
1

N − 1

N∑
i=1

(yi − ȳ)2 (19.82)

where the degrees of freedom, ν, is N-1, one degree of freedom was used for deter-
mining the mean value, ȳ. Alternatively, the average noise in the spectrum can be used
as an estimate of σ.

Since the hnNOE is the ratio of two measurements, its error, σnoe, is given the

σ2
noe

[NOE]2
=

σ2

(So)2
+

σ2

(SZ)2
(19.83)

where σ is the error in the raw data, So is the intensity of the 15N magnetization in the
absence of proton saturation, S is the intensity in the presences of proton saturation,
and NOE is S/So.

19.8.3 Alternative Methods of Model Selection
As discussed by Chen et al [34] the χ2 and F-test may fail to select the correct

model. Alternative tests for model selection are Akaike’s information criteria (AIC)
[2] and Bayesian information criteria (BIC) [144]. To compare models using these
techniques, one calculates either the AIC or BIC for all models and then selects the

AIC = χ2 + 2k (19.84)

BIC = χ2 + klnM (19.85)

where k is the number of independent parameters and M is the number of independent
relaxation measurements. Studies by Chen et al [34] with simulated data suggest that
the BIC method provides a more accurate method of model selection.

19.8.4 Error Propagation
It is necessary to propagate the uncertainties in the raw relaxation data to the fitted

parameters. In the case of the T1, T2, and hnNOE measurements, these errors are
required for calculating χ2 values when fitting the diffusion constants and parameters
associated with internal motion. Error propagation to the final fitted parameters, such

following [17]:

model with the lowest values. The AIC and BIC are defined as follows (see [34]):
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Figure 19.17. Error estimate of T2 by Monte Carlo Methods.
Panel A: The peak intensity was measured as a function of the relaxation delay and the observed
values are indicated by the gray dots. The values of the initial intensity, Io, and the decay time,
T2, that give the smallest χ2 for the observed data are obtained by standard methods. These
values define the solid curve.
A Gaussian probability distribution is sketched at each data point. The width of this distribution
is defined by the error in the data, σ, and defines the probability of selecting values for the
construction of fictitious data sets. One such data set is indicated by the black filled circles.
Panel B: The distribution of T2 values that were obtained after fitting 50 fictitious data sets is
shown. The error in T2 is obtained from the standard deviation of this distribution.

as the diffusion constants (D‖, D⊥) and the parameters that characterize internal mo-
tion (S2, τi) is also important in order to determine if the differences in parameters are
statistically significant.

The best way to propagate errors in fitting non-linear models is by Monte Carlo
methods. As the name suggests, this method generates a large number of random data
sets to estimate the error in the final fitted parameters. The fictitious data are obtained
by selecting data values at random, such that the selected values reflect a normal prob-
ability distribution with a mean equal to the observed value and the standard error
equal to the estimated error in the data, σ. In the fictitious data sets the most probable
values will be close to the observed value, and values that are more distant from the
observed value are less likely to appear. Each one of these fictitious data sets are fit to
the model and the distribution of the fitted parameters is used to obtain an estimate of
the error of each parameter. This process is illustrated in Fig.19.17 for obtaining the
error in T2.

19.9 Exercises
1. The chemical shift tensor for an amide nitrogen in the principal axis system is

given by:

⎡
⎣ 100 0 0

0 150 0
0 0 100

⎤
⎦
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Calculate the chemical shift tensor for a rotation of 90◦ about the x-axis and give
the chemical shift for this orientation of nitrogen, assuming the magnetic field is
along the z-axis.

19.10 Solutions
1. The transformation is described by Eq. 19.9:

δ̃′ =

⎡
⎣ 1 0 0

0 0 −1
0 1 0

⎤
⎦
⎡
⎣ 100 0 0

0 150 0
0 0 100

⎤
⎦
⎡
⎣ 1 0 0

0 0 1
0 −1 0

⎤
⎦=

⎡
⎣ 100 0 0

0 100 0
0 0 150

⎤
⎦

Rotation about the x-axis by 90◦ has interchanged the z- and y-values of the chem-
ical shift tensor. The observed chemical shift will be 150 ppm.



Appendix A
Fourier Transforms

A Fourier transformation is a mathematical technique that determines the amplitude and
frequencies of oscillatory signals contained within a time dependent function. In the case of
NMR, the Fourier transform is used to converts the time domain NMR signal, or FID, to a
frequency domain signal, otherwise known as the NMR spectrum. For example, if the time
dependent signal is given by the following equation,

f(t) = Acos(ωt) (A.1)

then the Fourier transform of this signal will provide both the frequency of the oscillation, (ω),
as well as the amplitude of the component at that frequency (A).

The Fourier transformation algorithm that is used in most NMR processing software is the
fast Fourier transform, or FFT [44]. From the perspective of this text, the most important feature
of this technique is the requirement for 2N data points in the time domain data.

A.1 Fourier Series
The Fourier series is a useful starting point to understand some concepts of Fourier trans-

forms. The Fourier series describes any time dependent periodic function, f(t), in terms of
discrete frequency components: ω, 2ω, 3ω . . .. If a function has a period of 2π then it can be
represented by the following sum, or Fourier series representation of f(t):

f(t) =
ao

2
+

∞∑
n=1

ancos(nt) + bnsin(nt) (A.2)

The above indicates that we can represent an arbitrary function as a linear combination of a
series of basis functions (cosine and sine), just as we might write an arbitrary vector in terms
of its x-, y-, and z-components. As with any other set of basis functions, these functions are
orthogonal:∫ π

−π

sin(mt)sin(nt)dt = πδmn

∫ π

−π

cos(mt)cos(nt)dt = πδmn∫ π

−π

sin(mt)cos(nt)dt = 0

(A.3)

δmn = 1 if m = n, otherwise, δmn = 0.
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Figure A.1 Fourier components of a
square wave. The coefficients, bn

are plotted as a function of frequency,
ωn. The strongest frequency com-
ponent corresponds to ω, the second
strongest is 3ω, etc. Note that only dis-
crete values of ω are allowed since a
square wave is a periodic function.

These orthogonal relationships can be used to calculate the coefficients of the Fourier series
representation of f(t):

an =
1

π

∫ π

−π

f(t)cos(nt)dt (A.4)

bn =
1

π

∫ π

−π

f(t)sin(nt)dt (A.5)

an and bn are the amplitudes of the various frequency components that sum to give f(t). Note
that bo is always zero since sin(0) = 0.

For well behaved functions, as n gets larger both an and bn approach zero. For example,
coefficients for the Fourier series representation of a square wave are given in Fig. A.1 and
the Fourier representation of the square wave is given in Fig. A.2. How well a Fourier series
represents its function depends on the nature of the function. In general, functions with sharp
edges (i.e. square wave) require a large number of terms to adequately represent the function,
as illustrated in Fig. A.2.

A.2 Non-periodic Functions - The Fourier Transform
Once the function becomes non-periodic it is necessary to utilize a continuous transform,

called the Fourier transform:

F (ω) =
1√
2π

∫ ∞

−∞
f(t)eiωtdt (A.6)

In this case, the non-periodic time domain signal f(t) is represented by a continuous function
in the frequency domain, F (ω). F (ω) gives the amplitude of the frequency components which

  0   2   4 -2
Time

  0   2   4 -2
Time

A B

Figure A.2 Fourier series of
a square wave. The Fourier
series that represents a square
wave is shown as the sum of
the first 3 terms of the se-
ries (panel A) and as the sum
of the first 7 terms of the se-
ries (panel B). Note that the
representation of the square
wave becomes more accurate
as the number of terms in-
creases. The square wave is
drawn with a dotted line while
the Fourier sums are shown as
a continuous line.



APPENDIX A: Fourier Transforms 477

are present in the time domain signal. If F (ω) exists, then it is possible to calculate the inverse
Fourier transform of a function:

f(t) =
1√
2π

∫ ∞

−∞
F (ω)e−iωtdw (A.7)

A.2.1 Examples of Fourier Transforms
A.2.1.1 Cosine and Sine

These two functions describe the time evolution of the detected magnetization from the
magnetic dipoles in the x-y plane as they precess about Bo. The Fourier transforms of these
two functions are shown in Fig. A.3

Cosine.
f(t) = cos(ωot) (A.8)

F (ω) =

∫ ∞

−∞
cos(ωot)e

iωtdt

=

∫ ∞

−∞
cos(ωot)[cos(ωt) + isin(ωt)]dt (A.9)

The complex term is zero since sin is an odd function, its integral from −∞ to +∞ is zero.
Therefore:

F (ω) =

∫ ∞

−∞
cos(ωot)cos(ωt)dt (A.10)

this integral can be evaluated by taking the limits to be from −a to +a:

F (ω) =

∫ +a

−a

cos(ωot)cos(ωt)dt

=
1

2

∫ +a

−a

[cos([ωo − ω]t) + cos([ωo + ω]t)] dt

=
sin(ωo − ω)a

(ωo − ω)
+

sin(ωo + ω)a

(ωo + ω)
(A.11)

This function becomes large when ω = ±ωo. In the limit, as a → ∞, it consists of two δ
functions, one at +ωo and a second at −ωo

1.
This result can also be obtained by expressing cos(ωt) as a sum of complex exponentials:

F (ω) =

∫ ∞

−∞
cos(ωot)e

iωtdt

=
1

2

∫ ∞

−∞

[
eiωot + e−iωot

]
eiωtdt

=
1

2
[δ(ω − ωo) + δ(ω + ωo)] (A.12)

1A delta function is a special function that is infinitely narrow and infinitely high at a single point. For
example, such a peak at x = 2 would be written as δ(x − 2); the delta function is found at the value of x
that makes the argument, x − 2, zero, i.e. δ(0) = ∞.
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A B
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Figure A.3. Fourier transform of cos(ωt) and sin(ωt). Fourier transform of cos(ωt) (Panel
A) and sin(ωt) (Panel B). All of these peaks are delta functions. Also note that the Fourier
transform of sin(ωt) is imaginary.

Sine. The Fourier transform of sine is very similar to that of a cosine:

F (ω) =

∫ ∞

−∞
sin(ωot)e

iωtdt

=
1

2i

∫ ∞

−∞

[
eiωot − e−iωot

]
eiωtdt

=
1

2i
[δ(ω − ωo) − δ(ω + ωo)] (A.13)

Note that this function is imaginary.

A.2.1.2 Square-Wave

 -10   -8   -6   -4   -2    0    2    4    6    8   10
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  3

  4

Frequency [rad/sec]

Figure A.4. Effect of pulse width on Sinc func-
tion. Sinc functions for two different values
of a are shown. The solid line corresponds to
a = 2 and the dotted line to a = 5.0.

A single pulse that is centered about zero
with a width of 2a has the following Fourier
transform:2

F (ω) =
1√
2π

∫ a

−a

1eiωtdt

=
eiωa

iω
√

2π
− e−iωa

iω
√

2π

=

√
2sin(ωa)

ω
√

π
(A.14)

This function is called a sinc function and
its shape is shown in Fig. A.4. The width of
this function, measured as the distance be-
tween the first zero-crossing points, is:

∆ω =
2π

a
(A.15)

The position of the first zero-crossing point
is π

a
in rad/sec or 1

2a
in Hz3. Note that as

2
∫

eaxdx = eax

a
.

3Frequencies are given in two common units, rad/sec and Hz. The former is usually associated with the
symbol ω while the latter is associated with the symbol ν or f . The two are related as follows: ω = 2πν.
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the value of a decreases (the square pulse becomes narrower) the width of the sinc function
increases. This inverse relationship between a function and its Fourier transform is quite general
and of importance in both NMR spectroscopy and X-ray diffraction.

A.2.1.3 Exponential Decay
NMR signals decay exponentially: e−at. The Fourier transform of this function is:

F (ω) =

∫ ∞

0

e−ateiωtdt

=

∫ ∞

0

e−(a−iω)tdt

=
1

a − iω

=
a + iω

(a − iω)(a + iω)

=
a + iω

(a2 + ω2)
(A.16)

F (ω) =
T2

1 + T 2
2 ω2

(A.17)

A B
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Figure A.5. The Lorentzian lineshape. The real, or absorption, lineshape is shown in panel A
and the dispersion, or imaginary, lineshape is shown in panel B. The solid line corresponds to
a = 0.5 (T2 = 2 sec) and the dotted line corresponds to a = 2, or a T2 of 0.5 sec. The increase
in linewidth for the shorter T2 results in a decrease in peak height, however the total area on the
peak remains the same.

This function is called a Lorentzian line shape, with a real and an imaginary, or dispersion
component, as shown in Fig. A.5. Since modern NMR spectrometers record data in complex
form, it is possible to observe both of these components. In fact, most raw spectra are a lin-
ear combination of the real and imaginary functions. Phase correction of the NMR spectrum
can convert this mixed form to a pure lineshape. Because the real component has a narrower

plotted n pectra.i s
In the case of NMR, a = 1/T2, where T2 is the spin-spin relaxation time. This gives for the

real part:

linewidth and has a Maximum at the Resonance frequency, it is usually the component that is
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Note the dependence of the linewidth on the T2. The smaller (shorter) T2 is, the broader the
line. In fact, the full width of this line at half-height is:

∆ν =
1

πT2
(A.18)

A.2.1.4 Fourier Transform of a Comb Function
A comb function is just an infinite series of equally spaced delta functions, similar to the teeth

of the comb. Comb functions occur in both the time domain and the frequency domains in NMR
spectroscopy. The digital NMR signal, or free induction decay (FID) is simply the product of a
comb function, with teeth spaced τdw apart, and the continuous signal from the probe. Similarly,
the spectrum is simply a convolution of the NMR spectrum and a comb function, with the teeth
spaced 1/τdw apart. Convolution functions are explained in more detail in Section A.2.3. The
Fourier transform of a comb function in the time domain is:

F (ω) =

∫ ∞

o

f(t)eiωtdt

=

∫ k=+∞∑
k=−∞

δ(t − kτdw) eiωtdt

=

k=+∞∑
k=−∞

∫
δ(t − kτdw) eiωtdt (A.19)

The integral of a product of a delta function with another function is simply the value of that
function at the position of the delta function, i.e.:∫

δ(t − kτdw) eiωtdt = eiω(kτdw) (A.20)

Therefore the Fourier transform is:

F (ω) =

k=+∞∑
k=−∞

eiω(kτdw) (A.21)

The above is an infinite sum of complex functions eiωkτdw . This function can be represented as
cosine and sine functions4:

F (ω) =

k=+∞∑
k=−∞

[cos(ωkτdw) + i sin(ωkτdw)] (A.22)

Now, summation of cos(ωkτdw) for values of k ranging from −∞ to +∞ will in general be
zero because for every positive value of cos(ωkτdw), there exists a negative value to cancel it.
The exception to this is when cos(ωkτdw) is always one, regardless of the value of k. This
occurs when:

ωkτdw = 0, 2π, 4π... = 2nπ (A.23)

Thus, ωτdw must be restricted to even multiples of π, such that the product of ωkτdw is always a
multiple of 2π. This restriction forces the complex part of the sum to zero, since sin(2nπ) = 0.
Therefore:

ω = 2lπ/τdw l ∈ I (A.24)

4Recall eiθ = cosθ + isinθ.
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or in Hz (ω = 2πν):

ν = l/τdw l ∈ I (A.25)

Equation A.25 defines another comb function, with teeth spaced 1/τdw apart. Note the recip-
rocal relationship between the teeth spacing. The Fourier transform of a comb function in time,
with teeth spaced τ apart, will generate a comb function in frequency, with the teeth spaced 1/τ
apart.

A.2.2 Linearity
If the Fourier transform of two functions, g(t) and h(t) are known, then the Fourier trans-

form of any linear combination of these two functions is just the sum, or combination, of their
individual transforms:

G(ω) =
1√
2π

∫ ∞

−∞
g(t)eiωtdt (A.26)

H(ω) =
1√
2π

∫ ∞

−∞
h(t)eiωtdt (A.27)

aG(ω) + bH(ω) = a
1√
2π

∫ ∞

−∞
g(t)eiωtdt + b

1√
2π

∫ ∞

−∞
h(t)eiωtdt (A.28)

A.2.3 Convolutions: Fourier Transform of the Product of
Two Functions

A common task is to calculate the Fourier transform of a product of two functions. If the
Fourier transform of each of the individual functions is known then the Fourier transform of the
product is the convolution of the two individual Fourier transforms.

F ⊗ G(ω) =
1√
2π

∫ ∞

−∞
G(ω′)F (ω − ω′)dω′ (A.29)

The convolution of two functions can be difficult to visualized. Consider the example shown in
Fig. A.6, where g(x) is some complex shape (a cat) located at the origin and h(x) is a delta
function located at x = 2, i.e. h(x) = δ(x − 2). The convolution of g and h is particularly
straight-forward since h(x) is a delta function. Evaluating g ⊗ h at x=2:

g ⊗ h(x = 2) =

∫ ∞

−∞
g(x′)h(2 − x′)dx′

g ⊗ h(x = 2) =

∫ ∞

−∞
g(x′)δ([2 − x′] − 2)dx′

g ⊗ h(x = 2) =

∫
g(x′)δ(−x′)dx′

= g(0) (A.30)

The last step used the fact that δ(−x′) is only non-zero when x′ = 0. Therefore, the convolution
of g(x) with h(x) has essentially moved the shape (g(x)) from the origin to the position of the
delta function (h(x)).
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−2 −1 1 2

−2 −1 1 2

−2 −1 1 2

g(x)

h(x)

h(x)g(x)

0

0

0

Figure A.6. Convolution of two functions. The convolution of one function, a cat at the origin
(g(x)), with a delta function at x = 2 (h(x)), moves the first function such that it is centered at
x = 2.

As another example, consider the tail of the cat, which is located at x = 0.25 in g(x) and at
x = 2.25 in g ⊗ h:

g ⊗ h(x = 2.25) =

∫ ∞

−∞
g(x′)h(2.25 − x′)dx′

g ⊗ h(x = 2.25) =

∫ ∞

−∞
g(x′)δ(2.25 − x′ − 2)dx′

g ⊗ h(x = 2.25) =

∫ ∞

−∞
g(x′)δ(0.25 − x′)dx′ (A.31)

The last integral is only non-zero for x′ = 0.25, therefore:

g ⊗ h(x = 2.25) = g(0.25) (A.32)

A.2.3.1 Convolution with a Lattice Function
In the above example, h(x), was a single δ function. A particularly useful extension of this

example occurs when h(x) is a series of equal spaced δ functions (a comb function). In this
case the convolution of g and h places an image of g at each position of the delta functions of h
(see Fig. A.7).
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=
−2 −1 1 2

g(x) h(x)

−1 1 2

g(x) h(x)
−2

00

0

Figure A.7. Convolution with a comb function. The convolution of a function, g(x), with a
comb function, h(x), produces an image of g(x) at every tooth of the comb.

A.2.3.2 Application of Convolution in NMR Spectroscopy
The detected NMR signal is:

cos(ωot)e
−t/T2 (A.33)

where ωo is the resonance frequency and T2 is the spin-spin relaxation time,or the time constant
for decay of the FID.

To calculate the Fourier transform of the FID the following steps are taken:

1 The Fourier transform of a cosine function, or pure harmonic wave, is:

f(t) = cos(ωot)

G(ω) = δ(ω − ωo) + δ(ω + ωo) (A.34)

G(ω) consists of two delta functions, one at ω = +ωo and the other at ω = −ωo.

2 The Fourier transform of the second function is (real part only):

f(t) = e
−t
T2

H(ω) =
T2

1 + T2
2ω2

(A.35)

3 The convolution of these functions produces a Lorentzian line positioned at δ(ω − ωo) and
δ(ω + ωo), as shown in Fig. A.8.

=
−2 −1 1 2 −2 −1 1 2

G(w) H(w) G(w) H(w)
0 0 0

Figure A.8. Fourier transform of cos(ωot)e
−t/T2 . The Fourier transform of the product of

cos(ωot) and e−t/T2 is given by the convolution of their respective transforms.
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Complex Variables, Scalars, Vectors, and Tensors

B.1 Complex Numbers
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Figure B.1. Representation of pulses with
complex variables. Two excitation pulses
are shown. Both pulses have the same fre-
quency, but differ in phase. The solid line has a
phase shift of 0◦, while the dotted line is shifted
−120◦. Both of these pulses can be represented
by eiωt+φ, where φ = 0 and −120◦, respec-
tively.

Complex numbers are widely used in
NMR theory as a convenient method of
keeping track of the frequency and phases
of pulses and signals. For example, suppose
an excitation pulse consisted of one of the
two signals shown in Fig. B.1. These are
both oscillatory functions, but with differ-
ent starting points, or phase shifts. Com-
plex numbers can be used to represent both
the frequency as well as any phase shift
associated with the signal. For example,
the solid line can be represented as eiωt

while the dotted line can be represented as
ei(ωt−120◦).

The symbol i is defined as i =
√−1. A

complex number is of the form z = a + ib,
where a and b are real numbers. There
are various ways to represent complex num-
bers. one of the most useful is a Argand di-
agram, shown in Fig. B.2. In the Argand
diagram the real (a) and imaginary (b) com-
ponents of the complex number define the
position of the point in a Cartesian system
with the real and imaginary axis as the two basis, or coordinate axis. It is also possible to repre-
sent complex numbers in polar coordinates. The two representations are, of course, equivalent.
The latter representation is more useful in NMR because the phase of the NMR signal can be
obtained directly from the size of θ.

The representation of the complex number in polar coordinates gives the following defini-
tion:

z = r(cosθ + isinθ) (B.1)
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which leads directly to Euler’s identity:

eiθ = cosθ + isinθ (B.2)

This can be seen from the series expansion of eiθ , cosθ, and sinθ.

cosθ = 1 − θ2

2!
+

θ4

4!
− . . . sinθ =

θ

1!
− θ3

3!
+

θ5

5!
. . . (B.3)

eiθ = 1 +
iθ

1!
+

(iθ)2

2!
+

(iθ)3

3!
+

(iθ)4

4!
+ . . .

= 1 +
iθ

1!
+

i2θ2

2!
+

i3θ3

3!
+

i4θ4

4!
+ . . .

= 1 +
iθ

1!
+

−θ2

2!
+

−iθ3

3!
+

θ4

4!
+ . . .

=

[
1 +

−θ2

2!
+

θ4

4!
+ . . .

]
+

[
iθ

1!
+

−iθ3

3!
+ . . .

]
= cosθ + isinθ

B.2 Representation of Signals with Complex Numbers
An electrical signal, whether it is a pulse or the induced current from the probe, consists of

a time dependent oscillation of voltage. This oscillation can be characterized by an amplitude
(A), frequency(ω), and phase (φ). Complex numbers provide a way of representing all three of
these parameters in a concise manner:

S(t) = Aei(ωt+φ) (B.4)

This function can be imagined as a vector that rotates in the Argand plane with a frequency ω.
In terms of the observable signal, only the real component of the complex function exists. Its
imaginary component simply provides a way of incorporating the phase shift of the signal.

Phase Shifts. Application of a phase shift, ψ, to the above signal can be evaluated by
simply taking the product of the signal and eiψ:

ei(ωt+φ+ψ) = eiψeiωt+φ (B.5)

θ

i

r

r
i

r

Figure B.2. Representation of complex numbers with an Argand diagram. An Argand di-
agram is shown on the left and the representation in polar coordinates is shown on the right.
The real and imaginary axis are labeled with r and i, respectively. In polar coordinates,
r =

√
a2 + b2 and θ = atan(b/a), where a is the real coordinate and b is the imaginary

coordinate. Note that this ’r’ refers to the length of the vector from the origin to the position of
the point, not the real axis. In this particular example, a = 1, b = 3, r =

√
10, and θ = 71.56◦.
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A sine function is simply a cosine function that has been shifted by 90◦:

cos(ωt) = Re[eiωt]

sin(ωt) = Re[ei(ωt+π/2)] (B.6)

where Re[a + ib] indicates the real value of the complex number, or a.
Linear combinations of eiωt and e−iωt can also be used to define signals that are represented

by cos(ωt) and sin(ωt):

cosθ =
eiθ + e−iθ

2

eiθ − e−iθ

2i
(B.7)

The linear combination of the two complex numbers simply serves to cancel the complex part of
the number, leaving only the real part. Nevertheless, it can be useful to think of cos(ωt) signal
as the addition of two complex vectors, one that rotates counter clockwise (eiωt) and the other
that rotates clockwise (e−iωt). Similarly, sin(ωt) can be thought of as the difference between
these same two vectors, except that the difference is multiplied by 1

i
which interchanges the real

and imaginary axis.

B.3 Scalars, Vectors, and Tensors
B.3.1 Scalars

Scalars are numbers whose values are independent of a rotation of the coordinate systems.
They are often a physical property of a system, such as the total energy. For example, the energy
of a magnetic dipole in a magnet field is a scalar and is given by:

E = �µ · �B (B.8)

This equation represents the projection of �µ on �B and will always be invariant to rotation of the
coordinate system.

The invariance of scalars to rotations can be easily shown. If the magnetic dipole, �µ, and the
magnetic field, �B are subject to a rotation, using the rotation operator R, their representation
after the rotation is as follows (see following section for transformation laws of vectors):

�µ′ =R�µ

�B′ =R �B

The energy of the system is given as:

E =�µ′ · �B′

=(R�µ) · (R �B)

=RR−1�µ · �B

�

(B.9)

B.3.2 Vectors
Vectors, of course, describe the size and direction of a physical entity, for example, the

applied magnetic field is defined by three components, Bx, By , and Bz , each of which give
the projection of the magnetic field in the x-, y-, and z-axis, respectively. The appearance of a

sinθ =

=µ� · B

Recall that V T · R = R−1 · V , where V is a vector, and that the rotation operator is unitary,
RR−1 = 1.
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vector is changed by a rotation of the coordinate system. For example, if the magnetic field is
defined to be along the z-axis in one coordinate frame: �B = |B|(0, 0, 1), then a rotation of the
coordinate system about the x-axis by 90◦will cause the magnetic field to be aligned along the
y-axis in the new coordinate frame, with component �B = |B|(0, 1, 0). Note that vector itself
has not changed, simply its representation by the coordinate system.

The transformation of a vector from one coordinate frame to another can be written as:

′ = RV (B.10)

where V is the vector in the original frame, R is a rotation matrix, and V ′ is the representation
of the vector in the new coordinate frame.

B.3.3 Tensors
Tensors are mathematical entities that are useful for describing the anisotropic properties of

physical systems. Recall that J-coupling arises from an alteration in the local magnetic field
of one spin due to the magnetic dipole of the coupled spin. This effect is transmitted through
the intervening electrons that join the two atoms. Since the electron distribution is, in general,
anisotropic, the coupling should depend on the relative orientation of the two spins with respect
to the electron distribution. This orientational information is conveniently represented by a
tensor. This tensor is written as a 3 × 3 array:

J̃ =

⎡
⎣Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

⎤
⎦ (B.11)

Tensors that describe physical interactions are symmetric, i.e. Jyx = Jxy , Jzx = Jxz , and
Jyz = Jzy , therefore there are only six independent components that define a tensor.

The Hamiltonian, or energy, due to the J- or scalar-coupling between two spins, I and S, is
given as:

H = �I · J̃ · �S (B.12)

The two terms of the right, J̃ · �S represent the local magnetic field at the I spin due to the S
spin:

�Bloc = J̃ · �S

=

⎡
⎣Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

⎤
⎦

⎡
⎣Sx

Sy

Sz

⎤
⎦

=

⎡
⎣JxxSx + JxySy + JxzSz

JyxSx + JyySy + JyzSz

JzxSx + JzySy + JzzSz

⎤
⎦ (B.13)

The energy of interaction between the I spin and this local magnetic field is �I · Bloc .

B.3.3.1 Transformation properties of Tensors
The rotation of the coordinate system transforms a tensor as follows, using the example of

the coupling tensor:
J ′ = R · J · R−1 (B.14)

where J ′ is the form of the tensor in the new coordinate systems.
The transformation law for tensors can be proven using the above expression for the coupling

energy, H = �I · J̃ · �S. Since the energy is a scalar, it must be invariant to rotations. Beginning

V
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with the transformed spin angular momentum vectors and the tensor, it is possible to show that
this is equal to the same expression written with the untransformed vectors and tensors:

H = �I ′ J̃ ′ �S′

= [R �I] [R J̃ R−1] [R �S]

= R �I R J̃ �S

= R R−1 �I J̃ �S

= �I J̃ �S (B.15)

If a tensor is symmetric, then there is a coordinate transformation that will produce a diagonal
form of the tensor. The orientation of the coordinate system in which the tensor is diagonal is
often called the principal axis system, or PAS. The J-coupling tensor in the coordinate system
is:

JPAS =

⎡
⎣Jxx 0 0

0 Jyy 0
0 0 Jzz

⎤
⎦ (B.16)

Note that six components are still required to specify this form of the tensor, Jxx, Jyy, Jzz , and
the three angles that describe the orientation of the principle axis system.

O

z

x

y C N

π

σ

π

Figure B.3. Effect of molecular
orbitals on J-coupling. The effect
of the anisotropic distribution of
molecular orbitals on the J-coupling
tensor is illustrated using the cou-
pling between the nitrogen and car-
bonyl carbon.

As an example, consider the coupling between the
carbonyl carbon and the amide nitrogen. The coupling
between the nuclear spins is due to the electrons in the
σ bond as well as in the π orbital that is formed from
the individual pz orbitals (see Fig. B.3). The later bond
gives the peptide bond its partial double bond character.

If the coordinate system was defined such that the y-
axis was along the C-N bond and the z-axis was in the
direction of the pz orbitals, then the J-coupling tensor
would have the following form:

JNC =

⎡
⎣0 0 0

0 Jyy 0
0 0 Jzz

⎤
⎦ (B.17)

where Jyy would be related to the electron density in the
σ bond and Jzz would be related to the electron density
in the π bond. Since the bonding σ and π orbitals are
in the y- and z-direction, these components of the J-
coupling tensor would be larger than the x-component,
which has been set to zero in this simple example.



Appendix C
Solving Simultaneous Differential Equations:
Laplace Transforms

Simultaneous linear differential equations often describe the time dependence of systems.
For example, in the case of chemical exchange between two sites the following equations de-
scribe the time dependence of the concentrations of A and B:

dA

dt
= −k1[A] + k2[B]

dB

dt
= +k2[A] − k2[B] (C.1)

Examples of exchange reactions in NMR include chemical exchange (Chapter 18) and exchange
of magnetization by dipolar coupling (Chapters 16 and 19).

C.1 Laplace Transforms
A straight forward method of solving simultaneous differential equations is by the use of

Laplace transforms. This method automatically allows the inclusion of initial conditions and
generally yields solutions in closed form that are suitable for simulations or data fitting. The
Laplace transform, L, of a function, F (t), is:

L[F (t)] = f(s) =

∫ ∞

o

e−stF (t)dt (C.2)

Table C.1. Inverse Laplace transforms.

f(s) F (t)

1
s−a

eat

1
(s−a)(s−b)

1
a−b

(eat − ebt)

s
(s−a)(s−b)

1
a−b

(aeat − bebt)
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The Laplace transform of the derivative of a function is:

L[F ′(t)] = sf(s) − F (o) (C.3)

where F (0) is the value of F at t = 0. Differential equations are solved by first obtaining the
Laplace transform of the equations, solve for f(s) and then obtain the solution, F (t) from the
inverse transform. A few useful inverse transforms are shown in Table C.1.

C.1.1 Example Calculation
As a simple example, consider the following equation:

dF (t)

dt
= −a F (t)

sf − Fo = −af

f(s + a) = Fo

f =
Fo

s + a

Using the inverse transform given in Table C.1 gives the final solution:

F (t) = Foe
−at

Returning to the general case of two simultaneous equations:

dU

dt
= a11U + a12V (C.4)

dV

dt
= a21U + a22V (C.5)

Taking the Laplace transform of both gives:

s u − Uo = a11u + a12v (C.6)

s v − Vo = a21u + a22v (C.7)

Eliminating v gives:

−Uo(a22 − s) + Voa12 = u [(a11 − s)(a22 − s) − a21a12]

Solving for u:

u =
−Uo(a22 − s) + Voa12

[a11a22 − a11s − a22s + s2 − a21a12]
(C.8)

The denominator is a quadratic function with two roots, λ1, and λ2:

λ1 =
(a11 + a22) ±

√
(a11 + a22)2 − 4(a11a22 − a21a12)

2

λ2 =
(a11 + a22) ±

√
(a11 − a22)2 + 4a21a12

2
(C.9)

Note: (a11 + a22)
2 − 4a11a22 = (a11 − a22)

2.

Therefore,

u = −Uoa22
1

(s − λ1)(s − λ2)
+ Uo

s

(s − λ1)(s − λ2)
+ Voa12

1

(s − λ1)(s − λ2)
(C.10)



Taking the inverse transform gives:

U(t) = Uo

[
−a22

eλ1t − eλ2t

λ1 − λ2
+

λ1e
λ1t − λ2e

λ2t

λ1 − λ2

]
+ Voa12

eλ1t − eλ2t

λ1 − λ2
(C.11)

The equation for V(t) is obtained by simply interchanging U and V as well as the indices on aij :

V (t) = Vo

[
−a11

eλ1t − eλ2t

λ1 − λ2
+

λ1e
λ1t − λ2e

λ2t

λ1 − λ2

]
+ Uoa21

eλ1t − eλ2t

λ1 − λ2
(C.12)

C.1.2 Application to Chemical Exchange
The correspondence between the general coefficients, aij , and the kinetic rate constants is

as follows:

a11 = −RA − k1 a12 = +k2

a21 = +k1 a22 = −RB − k2
(C.13)

The intensity of the two selfpeaks (IAA, IBB) and the two crosspeaks (IAB , IBA) can be
obtained if we define the magnetization associated with the ’A’ environment as U(t) and that
associated with the ’B’ environment as V(t).

If the spin-lattice relaxation rates of both environments is the same, then:

λ1 = −kex − R (C.14)

λ2 = −R (C.15)

λ1 − λ2 = −kex (C.16)

The magnetization that gives rise to the selfpeak at (ωA, ωA) begins in environment ’A’ and
remains in the same environment after the mixing time:

IAA(t) = Io
A(k2 + R)

e(−kex−R)t − e−Rt

−kex
+

(−kex − R)e(−kex−R)t − (−R)e−Rt

−kex

= Io
A

[
k2 + (kex − k2)e

−kext
]
e−Rt

kex

= Io
A(fA + fBe−kext) e−Rt (C.17)

The intensity of the crosspeak, IBA, representing magnetization that began in environment
B, but was transferred to environment A, is:

IBA(τ) = Io
Ba12

e−λ1t − e−λ2t

λ1 − λ2

= Io
B

k2

−kex

[
e−kexte−Rt − e−Rt

]
= Io

B
k2

−kex

[
e−kext − 1

]
e−Rt

= Io
BfA

[
1 − e−kext

]
e−Rt (C.18)
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The equation for the other self- and crosspeak are obtained by exchanging A and B. Substituting
fA for Io

B and fB for Io
B , gives the complete solution for all four peaks:

IAA(t) = fA

[
fA + fBe−kext

]
e−Rt (C.19)

IBB(t) = fB

[
fB + fAe−kext

]
e−Rt (C.20)

IBA(t) = fBfA

[
1 − e−kext

]
e−Rt (C.21)

IBA(t) = fAfB

[
1 − e−kext

]
e−Rt (C.22)

C.1.3 Application to Spin-lattice Relaxation
C.1.3.1 Two Identical Spins
The Solomon equations for two coupled identical spins (ρI = ρS) are:

dIz

dt
= −ρ(Iz − Io

z ) − σ(Sz − So
z ) (C.23)

dSz

dt
= −σ(Iz − Io

z ) − ρ(Sz − So
z ) (C.24)

Making the substitution, U(t) = Iz(t) − Io
z and V (t) = Sz(t) − So

z gives:

dU

dt
= −ρU − σV

dV

dt
= −σU − ρV (C.25)

Therefore,

a11 = −ρ a12 = −σ (C.26)

a21 = −σ a22 = −ρ (C.27)

The two roots are:
λ1 = −(ρ + σ) λ2 = −(ρ − σ) (C.28)

and λ1 − λ2 = −2σ.
The time dependence of U(t) is:

U(t) = Uo

[
−a22

eλ1t − eλ2t

λ1 − λ2
+

λ1e
λ1t − λ2e

λ2t

λ1 − λ2

]
+ Voa12

eλ1t − eλ2t

λ1 − λ2

=
eλ1t

λ1 − λ2
[Uo(λ1 − a22) + Voa12] +

eλ2t

λ1 − λ2
[Uo(a22 − λ2) − Voa12]

=
eλ1t

−2σ
[Uo(−σ) + Vo(−σ)] +

eλ2t

−2σ
[Uo(−σ) − Vo(−σ)]

=
eλ1t

2
[Uo + Vo] +

eλ2t

2
[Uo − Vo] (C.29)

Substituting U(t) = Iz(t)−Io
z , V (t) = Sz(t)−So

z , and setting the equilibrium values (Io
z , So

z )
to Mo gives:

Iz(t) − Mo =
e−(ρ+σ)t

2
[Iz(0) + Sz(0) − 2Mo] +

e−(ρ−σ)t

2
[Iz(0) − Sz(0)] (C.30)
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The above equation shows that the relaxation of the spin is, in general, multi-exponential. How-
ever, if both spins inverted at the begining of the measurement (Iz(0) = Sz(o) = −Mo), the
time dependence of Iz and Sz are:

Iz(t) = Mo(1 − 2e−(ρ+σ)t) Sz(t) = Mo(1 − 2e−(ρ+σ)t) (C.31)

and the longitudinal magnetization relaxes with a single time constant:

1

T1
= σ + ρ = (W2 − W0) + (W0 + 2W1 + W2) = 2(W1 + W2) (C.32)

C.1.4 Spin-lattice Relaxation of Two Different Spins
In general the spin-lattice relaxation of a heteronuclear spin that is coupled to a proton is also
multi-exponential. However, if the attached proton is saturated while the longitudinal magneti-
zation is changing, the relaxation becomes a single exponential, with a rate constant of ρS . This
result is conveniently obtained using Laplace transforms.

If the protons are saturated, Iz = 0 and dIz/dt=0. Therefore the Solomon equation be-
comes:

dSz

dt
= −σIo

z − ρs(Sz − So
z ) (C.33)

Substituting V (t) = Sz(t) − So
z gives:

dV

dt
= −σIo

z − ρsV (C.34)

The Laplace transform of this is:

sv − Vo =
−σIo

z

s
− ρs v (C.35)

Solving for v:

v =
−Vo

(s + ρs)
+ σIo

1

s(s + ρ)
(C.36)

Taking the inverse transform, and substituting Sz(t) − So
Z , gives

Sz(t) − So
z = e−ρSt

[
Sz(0) − So

Z − σ

ρs
Io

]
+

σ

ρs
Io (C.37)

The usual initial condition for the relaxation measurement is to begin with Sz(0) = 0, giving:

Sz(t) = e−ρSt

[
−So

z − σ

ρs
Io

]
+ So

z +
σ

ρs
Io

=

[
So

z +
σ

ρs
Io

]
(1 − eρst) (C.38)



Appendix D
Building Blocks of Pulse Sequences

Chapters 13 and 14 contain a number of complex pulse sequences. These sequences are
generally constructed from small segments, with each segment performing a specific function.
Consequently, the easiest way to understand many of these experiments is to first recognize
each segment within the sequence and then consider the effect of each these segments on
the flow of magnetization through the entire sequence. This appendix offers a brief review
of the product operator treatment of the density matrix and provides a summary of the most
common segments that are found in pulse sequences.

D.1 Product operators
D.1.1 Pulses

x

y

z

y

x

I
I

I

B1

β

−I
−I

Figure D.1. Effect of a β = 90◦

y-pulse on Iz .

Pulses transform magnetization by a rotation of the
magnetization by an angle of β about the axis of the
applied magnetization. Usually the right-handed rule is
adopted, i.e. the direction of the change of magnetization
follows the curvature of the fingers when the pulse is ap-
plied along the direction of the thumb. For example:

Iz

Pβx→ Izcos(β) − Iysin(β) is a pulse of flip angle β, along the x-axis, applied to Iz

Iz

Pβy→ Izcos(β) + Ixsin(β) is a pulse of flip angle β, along the y-axis, applied to Iz

D.1.2 Evolution by J-coupling

Jtπ

y z
x

x

y z

z

−I

2I  S
I

−2I  S

Figure D.2. Effect of scalar
coupling on the evolution of the
density matrix Ix.

A spin, I , that is transverse and coupled to another
spin, S, will oscillate between in-phase (e.g. Ix) and anti-
phase magnetization (2IySz) as follows (see Fig. D.2):

Ix
J→ Ixcos(πJt) + 2IySzsin(πJt)

Iy
J→ Iycos(πJt) − 2IxSzsin(πJt)

(D.1)

Note that a density matrix corresponding to the product of
two-transverse operators does not evolve under J-coupling,
for example:

2IxSy
J→ 2IxSy (D.2)
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D.1.3 Evolution by Chemical Shift

xI
yI

z

ω t

Figure D.3. Effect of chemical
shift on the evolution of the den-
sity matrix.

Only transverse magnetization will evolve due to chem-
ical shift. The evolution is equivalent to a rotation about
the z-axis by an angle ωt, as illustrated in Fig. D.3. For
example:

Ix → Ixcos(ωIt) + Iysin(ωIt) (D.3)

Anti-phase terms evolve according to the chemical shift of
the transverse spin:

2IxSz → 2IxSzcos(ωIt) + 2IySzsin(ωIt) (D.4)

D.2 Common Elements of Pulse Sequences
The following discusses a number of common elements that are found in a variety of het-

eronuclear and 15N separated homonuclear sequences. In the following figures the narrow bars
represent 90◦ pulses and the wider bars 180◦ pulses. All pulses are along the x-axis unless
otherwise noted.

D.2.1 INEPT Polarization Transfer

∆ ∆

S

I

y

∆ =1/(4J)

Figure D.4. INEPT
polarization transfer.

The INEPT element, shown in Fig. D.4, transfers polarization
from spin I to S and vice-versa. In the process in-phase magnetiza-
tion is converted to anti-phase or the reverse. The delay ∆ is set to
1/(4J), however shorter values are often used to reduce signal loss
due to relaxation. The 180◦ pulses are applied to both types of spins
therefore the J-coupling is active during the entire 2∆ period and
the transfer of magnetization is represented by:

−Iy
2∆−→ −Iycos(πJ2

1

4J
) + 2IxSzsin(πJ2

1

4J
)

= −Iycos(π/2) + 2IxSzsin(π/2)

= 2IxSz

P90I,S−→ 2IzSy (D.5)

Note that chemical shift evolution of the transverse spin (e.g. I) is
refocused by the centered 180◦ pulse:

−Iy
∆→ −Iycos(ω∆) + Ixsin(ω∆)

180x→ +Iycos(ω∆) + Ixsin(ω∆)

∆→ cos(ω∆)[Iycos(ω∆) − Ixsin(ω∆)]

+ sin(ω∆)[Ixcos(ω∆) + Iysin(ω∆)]

= Ix[−cos(ω∆)sin(ω∆) + cos(ω∆)sin(ω∆)]

+ Iy[cos2(ω∆) + sin2(ω∆)]

= Iy

(D.6)
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D.2.2 HMQC Polarization Transfer

Figure D.5. HMQC
polarization transfer.

The HMQC (heteronuclear multiple quantum) segment also
transfers polarization, however the resultant magnetization is rep-
resented by a multiple quantum term because of the absence of the
90◦ pulse on the I-spins:

−Iy
∆−→ 2IxSz

P90S−→ 2IxSy. (D.7)

the delay ∆ is set to 1/(2J). Note that the chemical shift evolution of
the I spins is not refocused by this segment. However, a 180◦ pulse
is usually placed at a later time in the sequence, such as in the middle
of the indirect time evolution domain, to refocus this chemical shift
evolution.

D.2.3 Constant Time Evolution

Figure D.6. Constant
time evolution.

A constant time segment permits the density matrix to evolve
according to chemical shift, but during a fixed time period, 2T. The
180◦ pulse, which is initially centered in the 2T period is system-
atically moved in one direction by an amount t/2, generating a net
time increment of t for chemical shift evolution. Evolution due to J-
coupling would be prevented by the application of decoupling to the
S-spins. The chemical shift evolution can be calculated in two ways,
by a tedious product operator analysis or by simply keeping track of
the phase change of the magnetization. The product operator analy-
sis proceeds as follows, beginning from transverse magnetization1:

Iy
T−t/2→ Iycos(ω[T − t

2
]) − Ixsin(ω[T − t

2
])

P180x→ −Iycos(ω[T − t

2
]) − Ixsin(ω[T − t

2
]) (D.8)

T+t/2→ −cos(ω[T − t

2
])

[
Iycos(ω[T +

t

2
]) − Ixsin(ω[T +

t

2
])

]

−sin(ω[T − t

2
])

[
Ixcos(ω[T +

t

2
]) + Iysin(ω[T +

t

2
])

]

= Iy

[
−cos(ω[T − t

2
])cos(ω[T +

t

2
]) − sin(ω[T − t

2
])sin(ω[T +

t

2
])

]

+Ix

[
cos(ω[T − t

2
])sin(ω[T +

t

2
]) − sin(ω[T − t

2
])cos(ω[T +

t

2
])

]
= −Iycos(ωt) + Ixsin(ωt) (D.9)

this is the same evolution that would be obtained by precession during a delay of 2 t
2

: Iy →
Iycos(ωt) − Ixsin(ωt), with a simple inversion of sign.

1The final step uses the following trigonometric identities: cos(α−β) = cosαcosβ+sinαsinβ, sin(α−
β) = sinαcosβ − cosβsinβ.
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The above evolution of the magnetization can be obtained in a more straight-forward manner
by considering the phase of the magnetization. This approach is illustrated in Fig. D.7 and the
relevant equations are given below.

Iy
T−t/2→ Iyeiθ1 : θ1 = ω [T − t/2]

Iyeiθ1 P180x−→ Iyei(π−θ1)

Iyeiθ1 T+t/2−→ Iyei(π−θ1+θ2) : θ2 = ω [T + t/2] (D.10)

The π term in the final phase angle can be ignored since it simply reflects an inversion of the
signal, therefore the total phase angle is: −θ1 + θ2 = ω [−(T − t/2) + (T + t/2)] = ωt.

2
tT−

2
tT+P180

x

x

y

x

y

x

y

x

y
θ1

π−θ1 π−θ  +θ1 2

θ2

Figure D.7. Analysis of constant time evolution using phase angles. The use of phase angles
to quickly analyze constant time evolution is illustrated. During the first delay, T − t/2, the
magnetization precesses by an angle θ1, the 180◦ pulse essentially negates this phase angle, and
the following T + t/2 period adds θ2 to the phase, giving a net rotation of −θ1 + θ2 = ωt,
neglecting the constant phase shift of π.

D.2.4 Constant Time Evolution with J-coupling

−T
t
2

+T
t
2

2T

C

N

Figure D.8. Constant
time with J-coupling
evolution.

This pulse sequence element simultaneously permits chemical
shift evolution to occur for a period equal to t and J-coupling to
evolve for a period of 2T . A typical application is to record the
nitrogen (N -spin) chemical shift while generating anti-phase mag-
netization between the nitrogen and the carbonyl-carbon (C-spin),
such as in the HNCO experiment.

The analysis of the evolution of the chemical shift of the nitro-
gen is identical to that discussed above since the 180◦ pulse on the
carbons cannot affect the nitrogen-spin. The evolution of the system
due to J-coupling can be analyzed using the following two rules:

1. A single 180◦ pulse will reverse the direction of evolution due
to J-coupling since it flips the spin-state of one of the coupled
partners.

2. 180◦ pulses, when applied to both spins, do not change the evolution of the J-coupling.
Thus, evolution due to J-coupling is active for the entire period of 2T .

The second rule applies here, so the total evolution period for J-coupling is 2T . Therefore the
total evolution of the density matrix is:

Ny
ωN→ Nycos(ωN t) − Nxsin(ωN t)

JNC→ −2NxCzcos(ωN t) − 2NyCzsin(ωN t)

assuming 2T = 1/(2JNC). Note that the same result is obtained if evolution according to
J-coupling is considered first.
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D.2.5 Sequential Chemical Shift & J-coupling Evolution

2
∆

2
t

2
∆

2
tH

C

Figure D.9. Sequential chemi-
cal shift and J-coupling evolu-
tion.

Constant time evolution with J-coupling is an effi-
cient way of simultaneously allowing evolution due to
J-coupling and chemical shift. However, the period 2T
is often too short for the desired time for chemical shift
evolution. This is particularly true for CH groups, due
to the strong J-coupling of 140 Hz, which gives an upper
limit on the evolution time of 3.5 msec. Consequently, the
chemical shift evolution of the protons is done separately
from the J-coupling in a sequential fashion. The net result
of the sequence shown to the right is:

Iz
P90H→ −Iy

ωH ,JCH−→ 2IxCzcos(ωHt) + 2IyCzsin(ωHt) (D.11)

assuming ∆ = 1/(2J).
This result can be readily obtained by following the phase changes due to evolution by

chemical shift and J-coupling. The total evolution of proton magnetization by chemical shift is
(neglecting the phase change of π, see Section D.2.3):

ΘCS = −θ1 + θ2

= −ωH

[
t

2
+

∆

2
+

t

2

]
+ ωH

[
∆

2

]
= −ωHt (D.12)

Evolution due to J-coupling is obtained in the same fashion, using the two rules described above
in Section D.2.4. The phase will evolve in one direction prior to the 180◦ carbon-pulse. The
180◦ carbon-pulse, because it is applied to only one of the coupled spins, will reverse the sense
of evolution for the period t/2. The 180◦ proton pulse reverses this change in direction during
the last time period, ∆/2, giving a total phase evolution of:

ΘJ = θ1 − θ2 + θ3

= πJ

[
t

2
+

∆

2
− t

2
+

∆

2

]
= πJ∆ (D.13)

If ∆ = 1/(2J), then −Iy
J→ Iycos(π/2) + 2IxCzsin(π/2) = 2IxCz . Of course, both

chemical shift evolution and J-coupling occur at the same time, giving the final result shown in
Eq. D.11.

The sequential evolution of chemical shift and J-coupling can reduce the overall sensitivity
of the experiment because the proton magnetization is transverse for a total time of t + ∆.
Since the proton spin-spin relaxation rate (R2) is usually fast, the extended time period can lead
to signal loss due to relaxation. The amount of time the proton spends in the x-y plane can be
reduced by the use of semi-constant time methods, as discussed below.

above, evolution of chemical shift for a time t and evolution of J-coupling for a time ∆. The key
difference is that the longest time the proton is transverse is equal to t, instead of t + 1/(2J).

D.2.6 Semi-constant Time Evolution of Chemical Shift
& J-coupling

The semi-constant time evolution [70] has the same outcome as the sequential evolution described



502 PROTEIN NMR SPECTROSCOPY

ta tctb ta tb tc
H

C

ii
H

C

i Figure D.10 Semi-constant
time evolution. Two differ-
ent ways of implementing this
building block are shown (i
and ii).

This is accomplished by incorporating the time required for evolution of J-coupling into the
time allotted for chemical shift evolution.

Two versions of this pulse segment are used, and both are shown in Fig. D.10. Version i
differs from ii in the order of the 180◦ pulses. The initial values (t0) and the increments (δt) for
each delay are given in Table D.1.

Considering the first version (i), the value of the delays for the nth data point are:

where ∆t is the dwell time. Note that ta and tb increase with each data point while tc decreases
to zero length at the last data point of the FID (N ).

The total evolution of the density matrix from chemical shift is:

ΘCS = [θa + θb − θc] ωH

=

[
∆

2
+ n

∆t

2
+ n

∆t

2
− n

∆

2

1

N
− ∆

2
+ n

∆

2

1

N

]
ωH

= n∆tωH (D.15)

Similarly, the total phase due to evolution via J-coupling is:

ΘJ = θa − θb + θc

=
∆

2
+ n

∆t

2
− n

∆t

2
+ n

∆

2

1

N
+

∆

2
− n

∆

2

1

N
= ∆ (D.16)

Therefore the total evolution of the density matrix is:

Ix
JCH−→ 2IyCz

ωH−→ 2Cz [IycosωHt − IxsinωHt] (D.17)

The derivation of the delays and increments is straight-forward. For example, with version
i, the following constraints hold for the initial time point:

ΘCS(t = 0) = t0a + t0b − t0c = 0

ΘJ(t = 0) = t0a − t0b + t0c = ∆ (D.18)

Table D.1. Delays for semi-constant time evolution.

Version ta tb tc

i t0a = ∆
2

t0b = 0 t0c = ∆
2

δta = ∆t
2

δtb = ∆t
2

− ∆
2

1
N

δtc = −∆
2

1
N

ii t0a = ∆
2

t0b = 0 t0c = ∆
2

δta = −∆
2

1
N

δtb = ∆t
2

− ∆
2

1
N

δtc = ∆t
2

∆ = 1/2J , ∆t = dwell time, N=index of last data point.

ta = t0a + nδta tb = t0b + nδtb tc = t0c + nδtc

= ∆
2

+ n∆t
2

= 0 = ∆
2
− n∆

2
1
N

(D.14)
[
∆t

2
− ∆

2

1

N

]

+ n
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Adding these two equations together gives t0a = ∆/2 and defining t0b = 0 gives t0c = ∆/2.
The increment in ΘCS must be equal to the dwell time (∆t) and the increment in ΘJ must

be zero.

∆ΘCS = δta + δtb − δtc = ∆t

∆ΘJ = δta − δtb + δtc = 0 (D.19)

Adding these two equations together gives δta = ∆t/2. To fix the value of δtb, the increment
in tc is set to -∆/(2N), such that the delay tc goes to zero at the last point (n = N ) to minimize
the total time of the segment. This gives δtb = ∆t/2 − ∆/(2N).
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α-helix
JHN Hα , 138
NOE, 255

α-ketobutyrate, for labeling of methyl groups,
301

α-ketoisovalerate, for labeling of methyl
groups, 301

β-strand/sheet
JHN Hα , 138
NOE, 255

χ1 torsional angle, measurement from scalar
coupling, 389

1H chemical shifts, 21
13C chemical shifts, 21
15N

chemical shifts, 21
homonuclear techniques, 253
isotopic labeling, 4
spectrum, referencing, 86

180◦ pulse
semi-selective, 283

180◦ pulse
coherence changes, 233
composite, 132
CPMG, 415
decoupling, 145
elimination of artifacts with gradients,

224
selective, 297
selective, excitation profile, 297
spin-echo, 203
TOCSY experiment, 188

2D
chemical exchange, 411
for measuring T1ρ, 424
measurement of chemical exchange, 420

90◦ pulse, 10, 13
calibration, 46
coherence changes, 226
selective, 294

selective excitation, 45
selective, excitation profile, 296

AB system, 142
Absorption lineshape, 45
Acquisition parameters

T1, 328
T2, 328

Acquisition time, 54
delayed, 82
direct, 8
indirect, 172

Active coupling, 185
Adiabatic pulse, 424
Adjoint

Hermitian operator, 97
operator, 95

Aliasing, 48, 340
carbon spectrum, 344

Alignment tensor
axial component, 374

Amide exchange, 315
rates, used to identify hydrogen bonds,

389
pH effect, 315

Amide nitrogen
chemical shift tensor, 437

Amide proton
chemical shift, effect of temperature, 390
linebroadening from exchange, 315
saturation by presat, 317
saturation in HNCO experiment, 288
water saturation, 456

Amino acid
chemical shift range in proteins, 24
rate of exchange for sidechain protons,

315
spin system, 251
TOCSY crosspeak intensity, 193

Angle
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phase, change due to evolution, 501
pulse flip angle, 12

Angular momentum, 3, 6
spin, 3

Angular momentum operator
matrix form (Sx, Sy , Sz), 104
Pauli spin matrices, 108
raising and lowering, 103
Sz , 103

Anisotropic chemical shift, see Chemical shift
anisotropy

Anisotropic diffusion
T1/T2 ratio, 455

Anti-phase magnetization, 165
Apodization, 74–78

cos2, 77
exponential multiplication, 75
exponential multiplication, effect on

noise, 74
linebroadening, 75
lorentzian to Gaussian transform, 75
removal of truncation artifacts, 74
sin2, 77
trigonometric functions, 77

Aromatic ring
effect on chemical shift, 23
flipping, averaging of chemical shift, 25

Artifact
axial peak suppression, 243
clipped FID, 53
residual dipolar coupling measurements,

378
sinc wiggles, 69
solvent resonance, 47
truncation, 68
zero frequency spike, 61
zero-filling, 68

Artifact suppression
in 180◦ pulses, 224
coherence editing, 213
DC offset, 61
linear prediction, 71
phase cycle, 61
quadrature imbalance, 62
z-gradient filters, 223

Asparagine, sidechain amide resonances in
refocused-HSQC experiment, 211

Assignment
chemical shifts, 252
correlation of sidechain atoms to main-

chain, 301
general method, 251
mainchain, 278
molecular weight limitations, 253
sidechain, 300
stereo-specific, 389
use of NOESY, 267

Attenuation, pulse power, 35
Autocorrelation function, 440

axially symmetric diffusion, 449
Random isotropic motion, 448

Autopeak, 170
Average chemical shift, fast exchange, 405
Average relaxation rate, 421
AX system, 140
Axial component, alignment tensor, 374
Axial peak, 243

B1 field, 7
Backbone, see Mainchain
Bacteriophage, for residual dipolar coupling,

369
Bandwidth, 45

selective 180◦ pulse, 297
selective 90◦ pulse, 296
water flip-back pulses, 323

Basis function, 90
Basis set, spherical, 214
Bicells, for residual dipolar coupling, 369
Bloch equations, 18

chemical exchange, 407
Bloch-Siegert shift, 292
Boltzmann distribution, 6

equilibrium density matrix, 126
Bond lengths, in structure refinement, 391
Brownian motion, effect on relaxation, 441
Bulk magnetization, 10

Calibration
heteronuclear pulses, 326
RF-pulse, 46
water flip-back pulse, 326

Carbon spectrum
aliasing, 344
chemical shifts, protein, 24

Carbonyl carbon
chemical shift tensor, 437

Carrier frequency, 34
Channel, RF, 34, 325
Chemical exchange, 403

averaging of scalar coupling, 388
Bloch equations, 407
distinguishing fast from slow, 425
effect of temperature, 425
effect on linewidth, 406
effect on spin-spin relaxation, 446
fast, 414
general theory, 407
intermediate exchange, 414
intermediate, lineshape, 409
ligand binding, 427
magnetic field dependence, 426
measurement using CPMG, 416
measurement with T1ρ, 421

INDEX
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relaxation dispersion, 414
slow exchange, 413
slow, measurement with exchange spec-

troscopy, 411
time scale, 404
very slow, 411

Chemical shift, 19, 435
13C, 21
15N, 21
amino acid, 21, 24
assignment, 25, 252
averaged by fast exchange, 414
degenerate, 25
effect of electronic structure, 21
effect of secondary structure on, 391
evolution of density matrix, 498
isotropic, 435
proton, 21
ring current effect, 23
structural constraint, 390
temperature dependence of HN , 390

Chemical shift anisotropy, 17, 434, 435
Chemical shift evolution

aliased peaks, 340
calculating initial delay, 341
determining delays for constant time, 344
determining delays for non-constant time,

342
Chemical shift reference, 86–87
Chemical shift tensor, 435

amide nitrogen, 437
carbonyl carbon, 437

Chemical shift, dispersion, 26
Clipped FID, receiver gain, 53
Coherence level

changes due to 180◦ pulse, 233
HMQC experiment, 233
induced by 90◦ pulse, 226
NOESY experiment, 362

Coherence pathway, 218
COSY experiment, 218
DQF-COSY, 222

Coherence selection, 213, 216
comparison of phase cycling and pulsed-

field gradients, 214
phase cycling, 225
principles, 214
pulsed-field gradient, 218

Coherence, correspondence to elements density
matrix, 155

Coherent spins, 13, 128
Coil

Helmholtz, 7
RF, 7
shim, 40

Commutator, 100
Complex number, 485

Argand diagram, 485
Euler’s identity, 486

Composite pulse, 132
decoupling scheme, 147

Conformational exchange, see Chemical ex-
change

Constant time evolution
description, 499
HNHA experiment, 263
HNHB experiment, 266
in HNCO experiment, 287
semi, 501
with scalar coupling, 500

Constraints/residue, effect on structure determi-
nation, 400

Continuous wave (CW) NMR, 7
Contour plot, 174

HSQC, 199
Convolution theory, and Fourier transforms, 481
Correlated spectroscopy, see COSY
Correlation function, auto, 440
COSY experiment, 173

analysis using density matrix, 175
anti-phase crosspeaks, 181
appearance of spectrum, 180
change in density matrix, 176
coherence levels, 216
experiment diagram, 175
glycine crosspeak, 187
methyl crosspeak, 187
origin of crosspeaks, 178
origin of diagonal peaks, 179
phase cycle, 232
pulse sequence code, 175
signal cancellation in large proteins, 187
use in structure determination, 387

Coupled spins, energy level diagram, 443
Coupling

dipolar, 353
scalar, 135

Coupling constant
heteronuclear, 277
homonuclear, effect of secondary struc-

ture on, 388
CPMG

measurement of chemical exchange, 415
quantitative description, 416

Cross correlation, 456
Crosspeak, 170
Cryoprobe, effect of salt on sensitivity, 314
CSA, see Chemical shift anisotropy
Cyclops, phase cycle, 63

DC offset, 61, 66
Dead-time, receiver, 84
Decibels (dB), 35
Decoupling, 145
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bandwidth, 147
DIPSI, 146
efficiency, 147
GARP-1, 146
MLEV-16, 146
schemes, bandwidth, 148
schemes, performance, 148
selective with SEDUCE, 298
super-cycle, 147
WALTZ-16, 146

Decoupling in the presence of scalar interac-
tions, see Decoupling, DIPSI

Decoupling schemes, guide to use, 149
Degenerate chemical shift, 25
Delay

for semi-constant time evolution, 502
optimization of polarization transfer, 338

Delta function, 15
Density matrix

average, 124
calculation of expectation values, 123
coherent spins, 128
definition, 122
description of ensembles, 122
direct product, 156
effect of pulses, 127
equilibrium, 126
evolution by chemical shift, 498
evolution by scalar coupling, 497
evolution during free precession, 128
incoherent spins, 125
observable magnetization, 156
time evolution, 161
time evolution of elements, 154
two coupled spins, 153

Detection
direct, 172
quadrature, 36

Detection period, 114
multi-dimensional, 172

Deuterium
lock solvent, 315
selective labeling of methyl groups, 301
use in assignment of large proteins, 253

Diagonal peaks, 170
Diffusion tensor, determining from relaxation

data, 464
Digital FT, errors, 79
Digital resolution, 54

increase by zero filling, 67
Digitizer, dynamic range, 54
Dipolar coupling, 353, 443

averaging by molecular tumbling, 356
bond orientation, 353
effect of anisotropic tumbling, 357
energy of interaction, 353
heteronuclear, 438

inter-proton distance, 353
interproton distances, 358–368
relaxation, 437
residual, see Residual dipolar coupling
theory, 353–356
transition rates, effect of molecular size,

358
DIPSI decoupling, 146
Dirac notation, 94

expectation values, 96
operators, 96
scalar product, 96
wavefunctions, 94

Direct product, 156
Discrete Fourier Transform, 15
Dispersion, chemical shift, 26
Dispersive

lineshape, 45
lineshape, COSY experiment, 181

Distance constraints, see NOE constraints
Distance geometry, 395–397
Distance matrix, 396

smoothing, 396
Double quantum filtered correlated spec-

troscopy, see DQF-COSY
Doublet, 136
DQF-COSY experiment, 173, 182–185

apodization, 77
appearance of spectrum, 185
change in density matrix, 183
coherence selection with gradients, 221
phase cycle, 215
product operator treatment, 182
pulse sequence with WATERGATE for

solvent suppression, 320
use in assignments, 254

DSA, chemical shift reference, 86
DSS, chemical shift reference, 86
Dummy scans, 57
Dwell time, 15, 48

TPPI, 242
Dynamics, internal motion, 449

Echo-antiecho, see N-P selection
Effective magnetic field, 19
Eigenfunction, 90
Eigenvalue

definition, 90
determining, 97

Energy function, 385
experimental, 385–391
structure determination, 391

Energy minimization, 393
Equilibrium binding constant, 429
Euler’s identity, 486
Evolution

due to chemical shift, 498
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due to scalar-coupling, 497
Evolution diagram, product operators, 164
Evolution period, 172
Evolution time, due to Hamiltonian, 90
Exchange broadening, 414
Exchangeable protons, effect on relaxation mea-

surements, 456
Excitation period, 114
Excitation, null, 46
Expectation value, 93
Exponential multiplication, 75
Extreme narrowing, 446

F test, 470
Fast exchange

lineshape analysis, 414
qualitative description, 404

Fast motion limit, 446
FFT, see Fourier transform
Field gradient, see Pulsed-field gradient
Flip angle, pulse, 12
Flip-back pulse

Gaussian, 323
Half-Gaussian, 323
rectangular, 323
sine, 323

Folded peaks, 241
Folding, 48
Force field, see Energy function
Forward-backward linear prediction, 72
Fourier series, 475
Fourier transform, 15, 476

comb function, 480
convolution theory, 481
cosine function, 477
exponential decay, 479
linearity, 481
missing points, 80
sine function, 478
square wave, 478
two-dimensional, 172

Free Induction Decay(FID), 8

GARP-1 decoupling, 146
Gaussian selective pulse, 297
Glutamine, sidechain amide resonances in

refocused-HSQC experiment, 211
Glycine

COSY crosspeak, 187
filtering of peaks in TQF-COSY, 237

Gradient, see Pulsed-field gradient
Gyromagnetic ratio

effect on heteronuclear sensitivity, 198
heteronuclear, 4
polarization transfer, 201
properties of nuclei, 4

Hamiltonian, 5

definition, 90
diagonalization, 97
effective, during pulse, 116
evolution in one-pulse experiment, 114
rotating frame, during pulse, 118
scalar coupling, 140
Zeeman, 6

HCCH-TOCSY experiment, 302–308
pulse sequence, 304

Helmholtz coil, 7
Hermite selective pulse, 297
Hermitian operator, 97
Heteronuclear

dipolar coupling, 438
gyromagnetic ratio, 4
instrument configuration, 324
scalar coupling constants, 137

Heteronuclear NMR
coherence selection with gradients, 222
sensitivity, 198

Heteronuclear NOE, 432, 447, 462
effect of internal motion, 451
measurement, 462

Heteronuclear relaxation
CSA, 445
dipolar coupling, 445
T1, 445

HMQC
as experiment building block, 499

HMQC experiment, 199–204
coherence level, 233
comparison to HSQC and refocused-

HSQC, 209–210
product operator analysis, 200
pulse sequence, 200
pulse sequence code, 200

HMQC, heteronuclear multiple quantum coher-
ence, 198

HN(CA)CB
magnetization pathway, 281

HN(CA)CO
magnetization pathway, 281

HN(CO)CA experiment, 291–292
pulse sequence, 292

HN(COCA)CB
magnetization pathway, 281

HNCA experiment, 290–291
magnetization pathway, 281
sensitivity relative to HNCO, 291

HNCO experiment, 282–290
data collection scheme, 285
magnetization pathway, 281
phase cycle, 289
product operator, 285
pulse sequence, 283
pulse sequence code, 284
sensitivity relative to HNCA, 291
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water management, 288
HNHA experiment, 262–265

calculation of coupling constant, 265
crosspeak intensity, 263
product operator analysis, 263
pulse sequence, 263

HNHB experiment, 265–267
pulse sequence, 266

Homogeneity
of magnetic field during spin-lock, 317

Homonuclear
J-correlated spectra, 173
scalar coupling constants, 137

HSQC experiment, 204–207
2D 15N, 258–259
behavior of XH2 systems, 210
comparison to HMQC and refocused-

HSQC, 209–210
for measuring residual dipolar coupling,

377
phase cycle, 234
product operator analysis, 204
pulse sequence, 205, 258
pulse sequence, artifact suppression with

gradients, 224
pulse sequence, coherence selection with

gradients, 223
pulsed-field gradients, 222
sensitivity enhanced, 245

HSQC TOCSY, see TOCSY
HSQC, heteronuclear single quantum coher-

ence, 198
Hydrogen bonding

method to identify, 390
structure determination, 389

Hydrogen exchange, see Amide exchange
Hydroxyl proton, saturation by presat, 317
Hypercomplex quadrature detection, 242–244

IBURP, selective pulse, 297
Identity matrix, 155
Identity operator, 129
Impedance, 41
In-phase magnetization, 165
Incoherent spins, 125
Indirect detection, sampling, 342
INEPT

as experiment building block, 498
HSQC experiment, 205
optimal transfer time, 210
optimization of delay, 338
reverse in HSQC experiment, 205
transfer function for CH, CH2, CH3, 211

Inter-proton distance
from NOESY experiment, 358
measurement errors, 367

Intermediate exchange, 414

Intermediate frequency (IF), 34
Internal motion

correlation time, 449
effect on T1, T2, hnNOE, 451

Interscan delay time, 56
IPAP, residual dipolar coupling measurement,

378
Isotopic label

methyl groups, 301
Isotopic labeling, 198
Isotropic chemical shift, 20, 435
Isotropic mixing, 190

HCCH-TOCSY experiment, 302
Isotropic mixing scheme

DIPSI-2, 192
DIPSI-3, 192
FLOPSY-8, 192

J-coupling, see Scalar coupling

Karplus curve, 138
Karplus curve, use in structure determination,

387
Karplus equation

for Cα-Cβ bond, 389
for N-Cα bond, 388

Laboratory frame, 10
Lamb formula, 19
Laplace transform, 491
Larmor equation, 6
Ligand binding

chemical exchange, 427
exchange time scale, 428
fast exchange, 429
intermediate exchange, 429
ligand titration, 428
slow exchange, 428

Linear prediction, 67
forward-backward, 72
root-reflection, 71
selection of parameters, 73
theory, 69

Linebroadening, 75
Lineshape

absorption, 15, 45
absorptive, 479
anti-phase, 181
chemical exchange, 409
dispersion, 45
dispersive, 479
Gaussian, 75
Lorentzian, 15, 479
phase-twisted, 247
sinc, 478

Lineshape analysis, 414
Linewidth
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effect of chemical exchange, 406
effect of temperature, 332
in HMQC, HSQC, and refocused-HSQC

experiment, 209
Lipari-Szabo

analysis of relaxation, 449
Lock

field-frequency, 33
solvent, 33

Longitudinal
magnetization, 10

Lorentzian lineshape, 15, 479
effect on apodization, 75

Lorentzian to Gaussian transform, 75

Magnet
quench, 29
superconducting, 29

Magnet, actively shielded, 29
Magnetic dipole, 3, 6
Magnetic field

effect on chemical exchange, 426
homogeneity, 34
medical devices, 29
shim, 34

Magnetic susceptibility, 39
Magnetization

bulk, 10
longitudinal, 10
transverse, 10

Mainchain assignments, 278
triple-resonance experiments, 280

Matrix, trace, 123
McConnell equations, 407
Medical devices, safety in magnetic field, 29
Methyl groups

COSY crosspeak, 187
specific labeling, 301

Methyl rotation, averaging of chemical shift, 25
Microcell, NMR tube, 314
Mixing period, 172
MLEV-16 decoupling, 146
Model-free analysis, 449

fitting parameters, 466
Molecular alignment tensor, 375
Molecular dynamics

use in refinement, 394
Multiplet, 136

N-P selection, quadrature detection, 247–251
NMR spectrometer

block diagram, 30
NMR tube

cleaning, 313
microcell, 314

NOE constraints
bi-harmonic, 385

square-well, 385
structure determination, 385

NOE, heteronuclear, 462
NOESY

peak intensity, 363
spin diffusion, 368

NOESY experiment
2D pulse sequence, 360
2D pulse sequence with WATERGATE,

322
3D 15N separated

inter-residue connectivities, 268
pulse sequence, 268

4D 15N separated, 269
pulse sequence, 270
semi-constant time, 270

CN-NOESY, magnetization transfer path,
338

phase cycle for 2D experiment, 362
product operator treatment, 360
use in sequential assignments, 267

Nuclear Overhauser effect, 432
Nuclei,spin-1/2, 4
Nyquist frequency, 48

Observable, 93
time evolution, 100

Observable magnetization
density matrix, 156
product operator, 159

Off-resonance, 42
Off-resonance FID(free induction decay), 14
On-resonance, 42
On-resonance FID(free induction decay), 14
One-pulse experiment, 8

density matrix treatment, 159
Product operator treatment, 165
quantum mechanical description, 113

Operator
angular momentum (Sx, Sy , Sz), 104
commuting, 100
definition, 90
Dirac notation, 96
exponential, 101
exponential hermitian, 101
Hermitian, 97
identity, 129
raising and lowering, 103
rotation, 105
rotation operator, 108
Sz , 103
trace, 100
unitary, 101

Order parameter, 449, 450
diffusion on the surface of a cone, 450
extended model-free, 450

Oscillatory, excitation field, 8
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Out-and-back experiment, triple-resonance, 279

Particle in a Box, 92
Parts-per-million (ppm), 20
Passive coupling, 185
Pauli spin matrices, 108
PFG, see Pulsed-field gradient
Phase

coherence, 16
receiver, 60

Phase correction
first-order, 85
zero-order, 85

Phase cycle, 58
2D NOESY experiment, 362
coherence selection, 213, 225
COSY experiment, 232
Cyclops, 63
DQF-COSY, 215
HNCO experiment, 289
HSQC experiment, 234
pulsed-field gradients, 213
removal of axial peaks, 243

Phase shifts, origin, 83
Phase, induced by pulsed field-gradients, 219
Phase-twisted lineshape, 247
Phasing, spectrum, 82–85
Phenomenological relaxation, 16
ppm, parts-per-million, 20
Pre-amplifier, 32
Precession, 10
Preparation period, 114, 172
Principal axis system, 489

chemical shift tensor, 435, 436
Principal coordinate frame

scalar coupling tensor, 140
Probe, 31

deuterium lock, 31
excitation coil, 7
gradient coils, 32
heteronuclear, 31
inverse, 31, 324
inverse, coil position, 325
tuning, 324
tuning and matching, 41

Processing
frequency reversal, 351
shifting peak positions, 351

Processing, 3D data, 346–351
data structure, 346
defining spectral matrix, 346
directly detected domain, 348
indirectly detected domain, 348

Product operator, 155, 497
analysis of HMQC experiment, 200
analysis of HSQC, 204
detectable magnetization, 159

evolution diagram, 164
in one-pulse experiment, 131
notation, 129

Protein
rotational correlation time, 329

Proton chemical shifts, 21
Proton relaxation

effect of molecular weight and magnetic
field, 330

Pulse
90◦, 10, 13
bandwidth, 45
calibration, 326

flip-back, 326
heteronuclear, 326
heteronuclear, pulse sequence, 327

flip angle, 12
flip-back

Gaussian, 323
Half-Gaussian, 323
rectangular, 323
sine, 323

frequency shifted, 299
heteronuclear calibration, use of for-

mamide, 327
heteronuclear calibration, use of glycine,

327
quadrature, 240
selective 180◦, 297
selective 90◦, 294
shaped, 35

Pulse sequence
building block, 498–503

constant time evolution, 499
HMQC, 499
INEPT, 498
semi-constant time, 501

heteronuclear NOE measurement, 462
heteronuclear pulse calibration, 327
heteronuclear T1 measurement, 458
heteronuclear T2 measurement, 461
TROSY, 337

Pulse sequence code
COSY experiment, 175
HNCO experiment, 284
indirect evolution period, 342
one-dimensional acquisition, 57

Pulsed NMR, 8
Pulsed-field gradient

artifact suppression 180◦ pulse, 224
coherence editing, 218–221
coils, 218
DQF-COSY, 222
HSQC experiment, 222
induced phase shifts, 219
recovery time, 219
triple-axis, 218
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use in N-P selection, 248
use of z-filters for artifact suppression,

223
z-gradient, 218

Pyruvate, for labeling of methyl groups, 301

Quadrature detection, 14, 36
channel phases, 82
hypercomplex, 242–244
N-P selection, 247–251
sensitivity enhancement, 245–246
TPPI, 240–242

Quadrature image, 62
Quadrature imbalance, 62
Quadrature pulse, 240
Quantum mechanics, 89
Quartet, 136
Quench

magnet, 29

R1ρ, 422
chemical exchange, 421
T2 measurement, 460

Rabi formula, transition probabilities, 119
Radiation damping, 319, 456

in 3D 15N NOESY, 269
suppression by gradients, 456

Random isotropic motion
autocorrelation function, 448
spectral density function, 448

Receiver, 36
dead-time, 84
gain, 53
phase, 60

Reference frame
rotating, 9

Refocused-HSQC experiment, 198, 207–208
comparison to HSQC and HMQC, 209–

210
pulse sequence, 207

Relaxation
Bloch equations, 18
CSA, 434
dipolar coupling, 437
effect of anisotropic motion, 454
effect on INEPT transfer time, 210
effect on TOCSY experiment, 193
extended model-free analysis, 450
fast motion limit, 446
heteronuclear NOE, 447
heteronuclear spin-lattice, effect of CSA,

445
heteronuclear T1 measurement, 457
heteronuclear, data analysis, 463
model-free analysis, 449
multi-exponential, 445
phenomenological, 16
Solomon equations, 444

spin-lattice, 16, 432, 442
spin-lattice, like spins, 445
spin-lattice, unlike spins, 445
spin-spin, 17, 432, 446
spontaneous emission, 432
stimulated emission, 432

Relaxation analysis
error propagation, 472
fitting T1 and T2, 468
model fitting, 468
statistical tests, 468

Relaxation data
systematic errors, 467

Relaxation dispersion, 414
Relaxation, heteronuclear

effect of internal motion, 451
Residual dipolar coupling, 368

alignment media, 369
bacteriophage, 369
bicells, 369

alignment tensor, 375
estimation of alignment tensor, 380
introduction during refiment, 397
measurement, 375–379
measurement using IPAP, 378
pulse sequences for measurement, 377
rhombicity of alignment tensor, 375
theory, 371–375
use in structure determination, 386

Resolution
digital, 54

Resonance assignment
chemical shift, 25

Resonance frequency, 6
RF

channel, 34
coil, 7
excitation of transitions, 7
radio-frequency, 3

RF-filter, 52
RF-Pulse

calibration, 46
effect on coherence levels, 226

Rhombicity, see Residual dipolar coupling
Right-hand rule, 12
Ring current, 23
RMSD (root-mean squared deviation), 401
Root-reflection, 71
Rotating

frame, 9
reference frame, 9

Rotation
groups, 105
magnetization, right-hand rule, 12
operator, 105
operators, 110
wavefunction, 109
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Rotation angle, pulse, 12
Rotational correlation time, 441

calculation from structure, 464
effect of temperature, 329
Stokes-Einstein Equation, 329

Rotational diffusion
anisotropic, 454
axially symmetric, 449

Rotational diffusion constant
from ratio of T1 to T2, 464
obtaining from relaxation data, 463

Sample preparation, 313–316
pH, 314
salt, 314

Sample temperature, 39
Sample tube

cleaning, 313
microcell, 314

Sampling, indirect detection, 342
Scalar coupling, 135

AB system, 142
averaging by conformational exchange,

388
AX system, 140
evolution of density matrix, 497
heteronuclear constants, 277
Karplus curve, 138
measurement with HNHA experiment,

262
multiple heteronuclear spins, 140
multiplet, 136
Pascal’s triangle, 139
principle coordinate frame, 140
typical coupling constants, 137
use in structure determination, 387

Scalar product, 91
Scalar, definition, 487
Scan repetition rate, 56
Scatchard plot, analysis of ligand binding, 429
Schrödinger Equation, 89
SE-HSQC, see Sensitivity enhancement
Secondary structure

inter-proton distances, 256
SEDUCE, selective decoupling, 298
Selective excitation, 45
Selective pulse

90◦, 294
excitation profile of 90◦ pulse, 296
excitation profile, 180◦ pulse, 297
Guassian, 297
Hermite, 297
IBURP, 297

selfpeak, 170
Semi-constant time

in 4D NOESY experiment, 270
setting of delays, 502

Sensitivity enhancement, 245–246
Sensitivity, heteronuclear NMR, 198
Shaped pulses, 35
Shielding, 5, 6, 19, 434

tensor, 19
Shifted laminar pulse, 299
Shim, magnetic field, 34
Shimming, 34, 40

optimizing lock level, 40
optimizing with FID, 40
optimizing with lineshape, 40

Signal-to-noise, 56
increase with cryoprobe, 314

Simulated annealing, in structure refinement,
393

Sinc function, 478
Sinc wiggles, 69
Slow exchange, 413

ligand binding, 428
qualitative description, 405

Solomon equations, 444
Solvent suppression, 316–324

coherence selection, 318
heteronuclear spin-lock, 317
jump-and-return, 321
linear prediction, 78
presaturation, 316
WATERGATE, 319

Spectral density
relationship to dipolar coupling, 358

Spectral density function
definition, 440
internal motion, 451
Random isotropic motion, 448

Spectral Resolution, 54
Spectral width, 48
Spin diffusion, effect on NOESY crosspeak in-

tensities, 368
Spin, one-half, 4
Spin-echo, HMQC experiment, 203
Spin-lattice relaxation, 16

isolated spin, 442
like spins, 445
scan repetition rate, 56
unlike spins, 445

Spin-lock, measurement of chemical exchange,
416

Spin-spin relaxation, 17, 446
like spins, 446
unlike spins, 447
unlike spins, CSA effect, 447

Spin-spin relaxation rate, effect of exchange,
414

Spin-system, 25, 169, 251
Spinning, sample, 31
Spins

coherent, 128
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incoherent, 125
Spontaneous emission, 3, 432
States quadrature detection, see Hypercomplex

quadrature detection
States-TPPI, axial peak suppression, 243
Stern and Gerlach, 102
Stimulated emission, 432
Stokes-Einstein Equation, 329
Structure determination

bond length constraints, 391
chemical shift constraints, 390
constraints/residue, 400
energy minimization, 393
hydrogen bond constraints, 389
NOE constraints, 385
refinement, 397
residual dipolar coupling, 386
simulated annealing, 393
torsional angle, 387, 391
van der Waals interactions, 392
X-PLOR, 385

Super-cycle, decoupling, 147
Sweepwidth, 48

T1, 16
effect of internal motion, 451

T1, proton
effect of magnetic field, 330
effect of molecular weight, 330

T2, 16
effect of internal motion, 451
effect of temperature, 332
measurement with CPMG, 461

T2 star, 18
T2, heteronuclear

measurement with T1ρ, 460
offset errors CPMG method, 459

T2, proton
effect of magnetic field, 330
effect of molecular weight, 330

T1ρ, 422
chemical exchange, 421
T2 measurement, 460

Temperature
effect on chemical exchange, 425
effect on linewidth, 332
effect on tuning, 325
sample, 39

Tensor
definition, 488
molecular alignment, 375
residual dipolar coupling, 375
shielding, 19

Tensor product, 156
Three-dimensional NMR, general description,

170
Time domain, 8, 15

Time proportional phase increment, see TPPI
TMS, trimethyl silane, chemical shift reference,

86
TOCSY, 187–194

2D pulse sequence with WATERGATE,
322

3D 15N separated, 259–262
appearance of spectra, 257
product operator, 260
pulse sequence, practical, 260
resolution improvement over 2D, 256
water saturation, 262

effect of resonance off-set, 192
effective J-coupling constant, 192
evolution of density matrix, 190
isotropic mixing schemes, 191
magnetization transfer time for amino

acids, 193
Torsional angle

energy function for refinement, 391
from scalar coupling, 387

Total correlation spectroscopy, see TOCSY
TPPI, quadrature detection, 240–242
TQF-COSY, 235

filtering of peaks, 237
Trace

matrix, 123
operator, 100

Transition probabilities, Rabi formula, 119
Transmitter, 34

defining frequency, 345
Transverse magnetization, 10, 17
Trigonometric functions

use in apodization, 77
Triple-quantum filtered COSY, 235
Triple-resonance experiments

assignment of sidechains, 301
Bloch-Siegert shifts, 292
for mainchain assignments, 280
magnetization transfer pathways, 281
out-and-back, 279
use in assignments, 253

Triplet, 136
TROSY

comparison to HSQC, 333
extending molecular weight range for as-

signments, 254
pulse sequence, 337
sensitivity, 335
theory, 332
transverse relaxation optimized spec-

troscopy, 198
Truncation artifacts, 68
Truncation, FID, 66
Tuning

order of nuclei, 326
probe, 324
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Tuning and matching, probe, 41
Two-dimensional NMR

general description, 170

Unitary operator, 101

van der Waals, use in structure refinement, 392
Vector, definition, 487
Viscosity

effect of temperature, 332
effect on rotational correlation time, 329

WALTZ-16 decoupling, 146
Water saturation, flip-back pulses, 321

Water suppression, T2 CPMG experiment, 460
WATERGATE, solvent suppression, 319
Wavefunction, 90
Wiggles, sinc lineshape, 478
Window function, 74

X-PLOR, computer package for structure refine-
ment, 385

z-filter, artifact suppression, 223
Zeeman, Hamiltonian, 6
Zero-filling, 67

artifacts, 68
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